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PREFACE 


This text was designed to permit students of proper preparation 
to obtain speedy contact with the most useful and interesting parts 
of college algebra. The book offers a rapid* but coherent review of 
the elements of algebra followed by a normal leisurely treatment of 
the truly collegiate parts of college algebra. The text was planned 
as a basis for an efficient first course in college algebra for a class 
where the typical student has had an orthodox third semester of 
high school algebra. The relative brevity of the book is due solely 
to the concise treatment of the most elementary topics and the 
moderately abbreviated discussion of intermediate content. In 
the remainder of the text, the usual topics of colh^ge algebra are 
presented in complete detail without any special aeia'leiat ion. In 
addition to the customary cla.^sical material, llu* book inclu(l(‘s a 
substantial body of contentf particularly appropriate' for students 
of engineering, business administration, the various social sciences, 
and other fields having contact with statistics, d'his cont(*nt involves 
a di.scus.sion of logarithmic and semilogarilhmic graphing, the 
method of least scpiares for solving linear eiiuations, with applica- 
tions to curve fitting^.and related statistical toj)ics through the stage 
of simple correlation. 

In the preparation of this Revised Edilion, all major features of the 
author’s Brief College Algebra wen' preserved. J However, in com- 
parison with that book, this Revised Edition presents many varia- 
tions in details. 

• If a text is desired wliicli offers a more lei.surely treatment of intermediate 
algebra as a pK'liminary to tlio presentation of classical collej'c alf'ebra, see 
College Algebra, Thlnl Kililion, by \\ ili-I.v.m L. II.vht, D. ('. I1i..\tu .\.ni) (’o-\U’.\ny. 

t This material was presented as a .special feature of the first etlition of this 
text 

t A minor exception is that tin* present text does not inchnle the chapter on 
the Mathematics r)f Investment which occurred in the ori-iinal edition. For a 
tx^xt incliidint' such a chapter, .see II.\ur’s College Algebra, Third Kdtlion. 


ill 


PREFACE 


The whole book has been reset in an appealing new format on a 
large page. 

As a consequence of classroom experience with the first edition, 
a few changes have been made in the location of optional chapters 
and certain supplementary topics, to aid the teacher in maintaining 
continuity when it is desired to present a minimum course. 

Presh exercises are included, except in certain places where the 
problems were of simple drill type or of a unique character which 
dictated their retention. 

SPECIAL FEATURES 

The introductory material. The first few chapters exhibit the 
complete skeleton of elementary algebra with emphasis on definitions, 
terminology, and the logical sequence of topics, and w'ith a collegiate 
view of the objectives. Sufficient problems are given in the asso- 
ciated exercises to offer material for a leisurely review if the class 
requires it. ^'a^ious sets of miscellaneous problems, if taken alone, 
provide a basis for a very rapid review. 

The advanced chapters. A high standard of logical accuracy 
is maintained throughout. However, the discussions and proofs 
are phrased so that they should be readily understood by the typical 
student for whom the book is intended. 

The character of the exercises. The problem material is ex- 
ceptionally abundant and in each exercise the examples are arranged 
approximately in order of increasing difficulty. 

Supplementary material. Content which is not essential in a 
minimum course is segregated into obviously independent chapters 
or is clearly labeled with a black star, *, or the word supplementary. 
The omission of such material in whole or in part does not disturb 
the continuity of the text. Moreover, an effort was made to locate 
optional material in such a way that if it were omitted, this action 
would not give a superficially discontinuous appearance to the remain- 
ing content. 

Orientation for later mathematies. At appropriate places, 

the text gives emphatic attention to the special needs of technical 

students and others who will continue their study of mathematics 
at least through calculus. 
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Terminology. Fundamental definitions and the useful technical 
language associated with functions, equations, and analytic geometry 
are introduced and emphasized wherever possible, so that the student 
^ill gain early familiarity with these important parts of the vocabu- 
lary of collegiate mathematics. 


Universiiy of Minnesota 
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CHAPTER ONE 


Elementary Topics 



1. Real numbers. The numbers of arithmetic and the elementary 
paits of algebra are called real numbers. They are classed as either 
positive, negative, or zero. Later, we shall introduce so-called im- 
aginary numbers as the square roots of negative numbers. Until 
then, any number referred to will be a real number. In the case of a 
positive number, it is customary to omit writing its sign, +, except 
for emphasis. For contrast with explicit numbers like 3, - 5, etc., 
we agree that number sjnnbols such as a, h, x, and y will be called 
literal numbers. In this book, any letter which is introduced without 
a qualifying description will represent a number. 

Illustration 1. 3, 0, and — | arc real numbers. We read 5’' as 
minus five. The positive number 6 may be written + G for emphasis. 

2. The fundamental operations of algebra are addition, subtrac- 
tion, multiplication, and division. 


3. Addition. The result of adding two or more numbers is called 
their sum. AVe use the plus .sign, +, to indicate addition. 

Addition is commutative, or the sum of two numbers is the same 
in whatever order they are added. 

Illustration 1. 3 + 5 = 5 + 3 = 8. a + 6 = 6-fa. 


Addition is associative, or, the sum of three or more numbers is 
the same in whatever order they are grouped in adding. 

Illustration 2. a + 6 + c = a + (6 + c) 

= 6 -h (a + c) = (a + 6) -I- c. 


4. Subtraction. To subtract h from a means to find the number 
X which, when added to h, will yield a. We employ the minus sign, 
to indicate .subtraction. By the difference of two numbers a and h 
we mean the result of subtracting the second number from the first. 

Illustration 1. The difference of 7 and 3 is (7 — 3) or 4. If x is the 
difference of a and 6, then z = a — b and a = b x. 
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6. Multiplication. The result of multiplying two or more numbers 
is called their product, and each of the given numbers is called a 
factor of their product. To indicate multiplication we use a cross, 
X, or a dot between the numbers, or merely write them side by side 
with no signs of operations between them. 

Illustration 1. 15a6 means 15-a-6 and is read fifteen a, b” 

Multiplication is commutative, or the product of two numbers is 
the same in whatever order they are multiplied. 

Illustil^on 2. 7 X 3 = 3 X 7 = 21. ab = ha. 

Multiplication is associative, or the product of three or more num- 
bers is the same in whatever way they are grouped. 

Illustr.\tion 3. 5 X 7 X 6 = 7 X (5 X 6) = (5 X 7) X 6. 

abc = {ab)c = {ac)h = a{bc). 

Multiplication is distributive with respect to addition: 

a{b -\- c) - ab + ac. 


6. Division. To divide a by b, where b is not zero, means to find 
the number x such that a = bx. We call a the dividend, b the divisor, 

and X the quotient. We denote the quotient by a -h 6, ®/^* 


The fraction a.'b is read “a divided by 6,’' or “a over b.” In a/b, we 
call a the numerator and b the denominator; also, a and b are some- 
times called the terms of the fraction. The fraction a/b, or the 
quotient a b, is frequently referred to as the ratio of a to b. 


7. Operations involving zero. We have mentioned, that the opera- 
tion a 6 is not defined when 6 = 0; that is, division by zero is not 
allowed. However, no exception arises in multiplying by zero, adding 
zero, subtracting zero, or in dividing zero by some other number. 
Thus, if N is any number, 

N-{-0 = N; N-0 = N; {N X 0) = 0. 

If N is not 0, then = 0, because 0 = 0 X iV. 


Xole 1. Contradictions arise when an attempt is made to define division 

by zero. , Thus, if we were to define 5 0 to be the number x which, when 

multiplied by zero, will jield 5, we would obtain 5 = 0-x. or 5 = 0, which 
is contradictory. 
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8. The absolute value of a positive number or of zero is the number 
itself. The absolute value of a negative number is the given number 
with its sign changed. The absolute value of a number is also called 
its numerical value. The absolute value of a is represented by | a |. 

Illustr.\tiox 1. The absolute value of 5 is 5. The absolute value of — 5 
also is 5. 1 — 3 I = 3. 


9. Laws of signs. The following rules govern the use of plus and 
minus signs in elementary operations. In finding the product of two 
numbers, or the quotient when one number is di\dded by another, 
give the result a plus sign if the numbers have like signs; give the 
result a minus sign if the numbers have unlike signs. 


Illustration' 1. (— 6)-(- 7) = + 42. 




To add two numbers having like signs, add the absolute values of 
the numbers and attach their cominon sign. To add two numbers 
having unlike .signs, subtract the sjnaller absolute, value from the larger 
and prefix the sign of the numl)er with the larger absolute? value. 

Illustration' 2. (— .5) + (— 7) = — 12. (- 8) + .3 = - 5. 


Placing a minus sign iK'fore a numl>er is eciuivalent to mul(ipl.\ ing 
the number l)y — 1, and the result is called the negative of the given 
number. Hence, the negative of a j)ositive or of a negative number 
is obtained b}' changing its sign. 


Illustk.\tion' 3. The negative of ") is — 
— ( — 3) or + 3. The negative of x is — j. 


5. The negative of — 3 is 
The negative of 0 is 0 itself. 


To subtract a number, change its sign and add the resulting number. 
That is, to subtract a numlier, add its negative. 

Illustration 1. h — ( — 3) = f) + 3 = 9. — (i — (+3) = —6 — 3 = —9. 


10. Terms. An e.xpn's.-^ion like (3.r - 2y + 5) is referred to as a 
sum, or sonietiiiR's as an atgehrair sum. In a sum, each part, with the 
sign which prec(‘d(‘s it. is called a tarn of the expression. 

Illustration 1. In (3.r — hg + 7), the term.s are 3x, — oy, and 7. 

11. Parentheses, ( ). brackets, [ ], braces, [ ]. and the vinculum, 

, are symbols of grouj>ing used to indicate terms who.se sum is 

to be treated as a single number expression. To rernoviv (jr to insert, 
parentheses preceded by a plus sign, rewriU^ the included terms 
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vnthoiU altering their signs. To remove, or to insert, parentheses 
preceded by a minus sign, rewrite the terms involved with their signs 
changed. If a symbol of grouping incloses one or more other symbols 
of grouping, remove them by removing the innermost symbol first, 
and so on until the last one is removed. 

Illustration 1. — 3 + 56 — j — (3 — 56 + a:). 

Illustration 2. - {3i/ - [(x + 2) - 4^]! = - {3y — [x -f 2 — 4z]\ 
= — \^y — X — 2 4z\ = — 31/ + X + 2 — 42 . 


12. A fundamental principle for fractions. The value of a fraction 
is not changed if 6o(/i numerator and denominator are multiplied {or 
divided) by the same number, not zero. 


Illustration 1. 


3 ^ 3X4 ^ 12 
7 7 X 4 28' 


24 _ 24 4- 12 2 

36 36 -i- 12 ~ 3' 


To reduce a fraction to lowest terms, we divide out all common 
factors of the numerator and denominator. 

Illustration 2. (Divide out 3d) 


If the numerator (or denominator) of a fraction 
by — 1, the sign before the fraction must be changed. 


Illustration 3. 


Zl- (- 1)(- 5) 5 

7 7 7' 


is multiplied 
4 4 

S5 * 

— a a 


13. Multiplication and division of fractions. The product of two 
fractions is a fraction whose numerator is the product of the numeraiors 
of tlio given fractions, and whose denominator is the product of the 
given denominators. To divide one fraction by another, invert the 
divisor and multiply the dividend by this inverted divisor. 


Illustration 1. 



a c _ ^ 
6 d ~ bd 


4 7 ^ 28 

5 3 15 




a 

6 a d ad 

c be be 

d 


It is frequently useful to recall that any number can be expressed 
as a fraction whose denominator is 1. 

Illustration 2. 7ff) = (q — 

V6/ 16 6 r • 7/ 1 5 " 5 
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To multiply a fraction by a number, multiply the numerator by the 

number. To divide a fraction by a number, multiply the denominator 
by the number. 

Illustrations, cf?) = a I a 

\b) I b b \b’^}-[b'-i) = V-c-Tc 


EXERCISE 1 

Find Oie sum, difference, and product of the two numbers, and the quotient 
Of the first number divided by the second number. 


1. 36 and 21. 3. - 15 and 20. 

2. 16 and 28. 4. - .4 and - .12. 

Remove all signs of grouping and combine terms. 


6. 0 and 12. 

6. 0 and — 5. 


7. 2a; - (4x - 1). 9. - (a - 2) - [2a - (a - 3)]. 

8. - [4a - (2a + 3)]. 10. - |a - [a - (2a - 7)]). 

H. - {2z - ^y) + [2 - (5j; - i/)] - (j + 7^ _ g). 

12. 3(2a: - Sj/) - 6(x - 2y). 13. - 5(3 - x) -f 2(4 - 7x). 

Inclose mthin parentheses preceded by a minus sign. 

14. — 3x -f 5i/ — 7. 15. 4 — 2x - 5a. 16. - 2a + 4 — 5^. 

Reduce to lowest terms without a minus sign in numerator or denominator. 


17. 

18 

30* 

18 32 
18. 


19 *^3 
T\ 


20. 

7d 

21. ^ 

be 

22. 

- 66 

77 

24. 

bch 

35/i 


26. 

h 

- 3 

28. “ 

66 

23. 

36 

- 15 

26. 

21x 

14xy 


27. 

- 2 

a 

29. 

— 6c 


Express the result 

os a fraction in lowest terms. 


30 3 2 

30.-.-. 

33. ^ f . 

/ 0 

36. 5.?. 

39. 1-2. 

5 

31 ^ 3 
^^*5*8* 

34. ^ 
y 

37. 3 |- 

40. 5 . 1. 

82 3 . 4 

2 5- 

m'k 

38. ^ - 3. 
lo 

41. 5c/ ^ 

c 

3 

4 

_8 

1^ 


43. f. 

AA 

AK 

8^- 

4 

■3 

be 

15 

46. 8^ 75. 

47. 2| 4. 

48. 5 -T- 3f. 

49. 2.f ^ 3i 
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60. 

54. 





3A 

k 

6 




4m; 

2u; 



14. Positive integral exponents. By definition, if m is a positive 
integer, then a"' = a a a- ■ a, io m factors. We call o’" the mth 
power of the base a and m the exponent of the power. By definition, 
a' = a. Hence, when the exponent is 1 we shall usually omit it.’ 
We call the square of a and a’ the cube of a. The following prop- 
erties I-V of exponents are called index laws. 

Note 1. Until we reach a later chapter, any literal number occurring in 
an exponent will represent a positive integer. 


1. Law of exponents for multiplication: a'"a" = a'n+n^ 

II. Law for finding a power of a potccr: — c'”". 

= (rt factors a”) 

(By Law I) = a».+m+. . (n terms m) 

2. Since {m + m-\- m) to n terms equals mn, (a™)" = o”"'. 

III. Laws of exponents for division* : 


a"* - o'” /ym 1 

a"’ “ ^ " (if m > n); — = (if ;i > 


Proof, for the case n > m. By the definition of a^ and a-, 

^ _ (m factors) 

a'* a-a- • -a-fi-fi- ■ -fi' (n factors) 


1 1 

~ factors (3^ O' a' • 'a 

R . Law for finding a power of a product: (g6)" = aPh^, 

, {ab)’' = ab-ab---ab; (n factors ab) 

(ri factors a and b) = (a-a- • ■a)(b-b - • -6) = a-b”. 

Law IV extends to products of any number of factors. Thus, 

{obey = a^b’*c’^. 


• We read “m > n” as “m is greater than n ” and 
than n” 


“m < as “m is less 



ELEMENTARY TOPICS 


7 


V. Law for finding a power of a quotient: 


Proof. 

{n factors a) 
(n factors h) 



a a a 

b'b'‘'P 


o*a‘ ■ '0 

b'b - • *6 





( 


a 


n factors t 


Note 2. The determination of powers of numbers is called involution. 
Illustration 1. (- 3)^ = (- 3)-(- 3)-(- 3) = - 27. 

Illustration 2. ^ = 1. ^ = a®. — = i. 


Illustration 3. 
Illustration 4. 


/3y _Z* _ SI (4cd^y (4cd2)2 

\2/ 2 * 16* (3x)“ 

— 15a^j^ _ 3 X® 3a®”* 

lOax* 2 o z® 2x®“® 


IQc^d* 

9x2 

_ 3^ 
2x^ 


16. Coefficients. If an algebraic term is an explicit number, or 
is a product of such a number and positive integral powers of letters, 
we call the explicit number the mtmerical coefficient of the term. Two 
terms are said to be similar if they differ only in their numerical 
coefficients. A sum of similar terms can be combined into a single term. 

Illustration 1. The numerical coefficient or, for short, the coefficient 
of — 2xy* is — 2. 

Illustration 2. 5xy^ — Sxy- = (5 — S)xy^ = — Sxy-. 

16. Integral rational expressions. An algebraic term is said to 
be integral and rational in certain literal numbers if the term does 
not involve them or if it is the product of positive integral powers 
of the letters multiplied by a factor not involving them. 

Illustration 1. The terms 5, ^a®, and — are integral and rational 
in a and 6. The term 3/x is not integral and rational in x. 

An algebraic expression is called a monomial if the expression luus 
just one term, a binomial if there are just two terms, and a trinomial 
if there are just three terms. Any expression with more than one 
term is called a polynomial. An integral rational polynomial is one 
in which each term is integral and rational. Hereafter, unless other- 
wise stated, any term or polynomial to which we refer will be integral 
and rational in all literal numbers involved. 

Illustration 2. (3x + 7ab) is a binomial; {Sx — y — 5) is a trinomial. 
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17. Square roots. R- ~ we call R a square root of A. Every 
positive number A has two square roots, one positive and one negative. 
The positive square root is denoted by + "n/^, or simply "s/Aj and 
the negative square root by - Va. We call VA a radical and ’a its 
radicand. Unless otherwise stated, the square root of A will mean 
its positive square root. If a: is positive or zero, then = x. 

Illustration 1. ■\/9 = 3 because 3^ = 9. The two square roots of 9 
are ± v 9, or i 3. VJ = \ because 

Note 1. In the square of a monomial, each exponent is even because, in 
squaring, each original exponent is multiplied by 2. Thus, 

{SxYy = 

A monomial is called a perfect square if it is the square of an- 
other monomial. Hence, in a perfect square each exponent is an 
even integer. 

Illustration 2. 2ha^¥ is a perfect square because 250^6^ = 

To find the square root of a perfect square monomial, rewrite the 
literal part with each exponent divided by 2 and multiply by the 
square root of the numerical coefficient. 

Illustrations. vTeiy = because 

(4xV)2 = = 16r^^. 

To find the square root of a fraction, find the square root of the 
numerator, and of the denominator, and divide. That is, 

./n Vn 
V D Vd' 

Illustration 4. = ?. /^ — _ a 

>25 5 ~ 

Note 2 At present, we shall consider Va onlyiif A is a perfect square 
monomial, or a fraction whose numerator and denominator are perfect square 
monomials. All literal numbers in A will be supposed positive or zero. 


EXERCISE 2 

Compute by use of the definition of an exponent. 


1. 2^. 

4, (- 6)3. 

7 . m 

10. (- iy. 

13. (i)*. 

2. 0^ 

6. (- 2)3. 

8 . ay. 

11- (- 1)’. 

14. Cf)3. 

3. 10^ 

6 . 10 *. 

9. ay. 

12. (1)2. 

16. 3(2^). 
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Perform the operaXione by use 
U> lowest terms. 

■ of the laws of exponmts. Reduce each fraction 

16. 

18. (62)4. 

20. (06)^. 

22. xx^x^. 

24. (xV)2. 

17. 

19. 

21. {hky. 

23. (0=6)3. 

26. {hx”')\ 

26. ~ 

28. 

or 

30. I- 

- ©• 

34. (f , 

27- I- 

<P 

29. 

X* 

31. 2-:- 

a^ 

33. (I)’. 

© • 

36. (3o)3. 

37. (5yy. 

38. ( 

- 3^/')^ 39. (- 

263)3. 

“ (!)■ 

41 (^y 
\m 

• 

- (ir 

/ c^x\^ 

43. (^1 . 

\ 5a/ 


44, 2xKhx^). 46. - ax*{^ ax^). 48. Za^{5a^)K 


45. 

4oy(3oV)'. 47. - 46c(35<c). 49. 

2a36(3a'^6=). 

60. 

ay 

62. 

4^1/® - 3u;3 

6xi/2 ® * 15uj2 

66. ~ 83ax\ 
-3a3x2 

68. . 
— 15x*y 

9«;^x3 

63. 

2a“ „ - SOx^i 

8a^y ° ‘ Gxy 

57 - 32xy3_ 

-6x=^ 

69. ~ 

28x^?ij6 

Find each square root and check by squaring the result. 


60. V9. 


64. v^. 

68. V^. 

72. >/49n=. 

61. VToo. 


66, V^. 

69. ^/S. 

73. V4?. 

62. 


66. 

70. 

74. v'49a=6s. 

63. V|. 


67. V4z'=. 

71. 

76. V64a^y^ 

\/i' 


80- \IS- 

“•# 

88 

■ Vc«U)W 

"■ nS- 


81. v|- 


89. J/f,- 



82- \E- 


90. J'21a^ 

V 96V 

\IS- 


88- \C- 

87. “ ■ 

\y*Z^ 

V 49V 

18. To multiply or divide a polynomial by a monomial, wc perform 


the operation on each term of the polynomial and combine the results. 

- 3x* Gx-^ - 3 ^ _~Sx* 6x2 ^3 

-2x* -2x*'^ ~2x* - 2x* 

3 3.1 


Illustration 1. 
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19. To multiply or divide one polynomial by another, if many 
terms are involved it is convenient to arrange them in ascending 
(or descending) powers of one letter before performing the operation. 

Illustration 1. To multiply {x^ — x — 2)(2x + 3): 

X ~2 

{multiply) 2j + 3 

— 2x^ — 4a: (Multiplying by 2a:) 

+ 3a:^ — 3a: — 6 (Multiplying by 3) 

{add) 6a:^ + lla:^ -f- — 7x — 6 = product. 


Note 1. After any step in a division, the partial quotient so far obtained 
and the corresponding remainder satisfy the equation 



dividend 

divisor 


- I remamder 

= quotient H — -tt—. 

divisor 


dividend — (quotient)(divisor) + remainder. 


( 1 ) 

( 2 ) 


Ex.uiple 1. Find (6a< + + 15) {2a^ - 3a + 5). 

Solution. 1. Since n(6a*) -t- (2a^)] = 3a*, we subtract 

3a*(2a* — 3a -h 5), or (6a^ — 9a^ + 15a*), etc. 

3a* + 4a “ 1 = quotient 

{divisor) 2a* - 3a + 5 1 6a< - a^ + a* + 15 

{subtract) 6o^ — 9a’ + 15a* 

8a’ - 14a* 

8a’ - 12a* + 20a 

- 2a* - 20a + 15 

- 2a* + 3a - 5 

remainder = — 23a -}- 20 


2. Hence, 


6a^ + Q* - g’ 4- 15 
2a* - 3a + 5 


^ 3a* + 4a - 1 + 


20 - 23a 
2a* - 3a + 5’ 


20. Special products. We usually dispense with long-hand mul- 
tiplication in finding the product of two binomials and perform the 
details mentally. Products of the following types occur frequently. 


I. 

II. 

III. 

IV. 

V. 

VI. 


+ y) = ctx + ay, 

{x-\-y){x~~y) = x^~y^, 

{a + b)^ = fl* + 2ab + b^, 

{a - 6)» = a^- 2ab + 6^. 

{x + a){x -hb) = x^+ {ax + bx) -f- ab, 

{ax -h b){cx + d) = acx^ -|- {adx + bcx) + bd. 
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Nok 1. The terms ax + in Type V, and odx + 6cx in Type VI, can 
be remembered as the sum of the cross products. 

Illustration 1. Type II states that the product of the sum and the differ- 
ence of two nwabers is the difference of their squares. 

Illustration 2. Type III states that the square of the sum of two numbers 
equals the square of the first, plus twice the product of the numbers, plus the 
square of the second number. 

Illustration 3. (c - 2d){c + 2d) = - 4d®. (Type II) 

(5c - 2A)2 = (5c)2 - 2(5c)(2A) + {2hf (Type IV) 

= 25c= - 20cA + 4A^ 

(4x + 5)(- 2x + 3) 8x2 + (i2x - lOx) + 15 (Type VI) 

= - 8x2 + 2x + 


EXERCISE 3 

Multiply and collect similar terms. 

1. 2x(3x — 7). 2. — U'(a — 6 a')- 3. 5y(3 — Cx — 2i/). 

4. {y - 2)((/2 -\-2y + 4). 7. (a2 - 3a + 2){ba^ - 2n - 3). 

6. (4a2 - 2a + l)(2o + 1). 8. (5 + 3x2 _ 4^-)(.v: - :j + j). 

6 . (x2 + 3x + 4)(x2 - 2x + 3). 9. (i/^ + i/ + 2.72 - l)(^.^ - Oy + 3). 

Express as a sum of fractions in lowest terms. 

10. ((/2 - my - i/^) - (- y)- 11* C21a^62 - 42a6‘) -h (- 7a62). 

3 - 5xy - 4x^if ,0 4x2 ~ 

20x2y ' - 2x2^2 

Perform the division. Summarize the result as in Example 1 of 5cc/ian 19. 
14. if + 7y- 18) H- (y + 9). 16. (a + Ga2 + 3) ^ (2a - 1). 

16. ( 5 a - 2 a 2 + Sa^ - 20 ) (a - 2 ). 

17. (x^ - 4x2 4 . 3^2 _ 4 j: + 12) -h (x - 3). 

18. (4x2 _ 9^ _ 8x2 + 7) (2x - 3). 

19. (39// - 8 - 10,72 - 15y*) (3//2 -j- 5^ _ 4). 

20. (8x2 _ 3 _ ^ (7 j _ 2 + 5x2). 

21. (2® - 27) ^ {z- 3). 23. (x® + 32) - (x + 2). 

22. (16x^ - I) (2x - 1). 24. (8u;® - 27) (2 uj - 3). 

Exparid by use of the type products of Section 20. 

26. 5(3a - 4v). 28. (u + vy. 31. (2/, - 3^)2. 

26. 3c(2 - 6 c). 29. (a - x)’-. 32. (3x + . 57 ) 2 . 

27. - 2A(x - y). 30. (h + 5)2. 33. f- « + by. 
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34. (x - 4)(a: + 4). 40. (4a - 36)(4a + 36). 

36. (2 - Si) (2 + 3i). 41. (2x - 5y)i2x + 5y). 

36. (3 + y)(2 + y). 42. (- 3 _ 5a)0 + 4o). 

37. (2 - a) (4 - a). 43. (3i - iay){3x + iay). 

38. (4 + i)(3 - 2i). 44. (1 _ 2i2)(l + 2a:2). 

39. (- 2 + 3i)(5 - 2i). 45. (i - J)(i + 

46. {2xy - 3,/r-. 47. (i - 2xhvr. 48. [y + iy. 49. 

60. [2(i y)J. 51. [-3(3 

63. (c + 2rf - lla)(c + 2d + 11a). 


-zy. 


SoLtTTioN. [(c + 2d) - liaXic + 2d) + lla] 

= (c 4- 2 d )2 — (lla )2 = c* 4 - + 4d2 — I21a^ 


(Type II) 


Employ Types II to \ I in expanding. 

6^ ? til SP ^ ^ + S') + 2]. 

6?' 1 1 t 2' ~ + 26 + c)>. 

• C(« ) + 5] . 59. [2a + (36 - x)J. 61. (4o - 6 - cy. 

62. (31 + y - 2)(3i + y + 2). 

63. (3a — y + 4)(3a — y — i). 

64. (a + 6 + c + 2)(a + 6 - c - 2). 

65. {c - 2d - a ~ x)(c - 2d + a + x). 

66. Expand (x + y + zy and state the result in words. 

Vsc the formula of Problem 66 to expand each square. 

67. (2a + 36 + 4c)= 69. (3a - 26 + 3c)«. 

+ ^“)’- 70. (4^ - 3xy^ - 5x4y. 

stated factoring, unless otherwise 

Such an exot''^- uT ‘ Pob'nomial referred to. 

tatedforZ be 

tei mining whether or not an e.xpression is prime. 

Illustr.\tio.\ 1. We shall say that (x - y) is prime although 

X ~ y = (vx 4- V^)(\/I - 
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22. Factoring by inspection. Each type formula of Section 20 
becomes a formula for factoring when read from right to left. In par- 
ticular, Types II, III, and IV are recalled as follows: 

The difference of two squares: 

n. = {x - y){x + y). 

Perfect square trinomials: 

HI. a^ + 2ab+b^= (a+b)^; 

IV. a® - 2ab + 63 = (q _ 5)2^ 

In a perfect square trinomial, we notice that 

1. two terms are perfect squares, and 

2. the third term is plus (or minus) twice the product of the square 

roots of the other terms. 

Illustration 1. By use of Type I of Section 20, we remove a common 
monomial factor: 

Zx^y^z — “ 4arV = xh/{Zz ~ 4w - 4a). 

Illustration 2. - 25y*z* = (2u; - 5y^z^)(2w -f- oyV). (Ty]>e 11) 

Illustration 3. 25 - 20xy + 4x‘i/ = (5 - 2xy)~. (Ty]jc R') 

Certain trinomials of the form * gx- + hx + k can he factoreil by a 
trial and error method based on the formulas of Types \’ and \T. 

Example 1. Factor ISx* -|- 2x — 8. 

Solution. 1. We wish to find a, b, c, and d so tliat 

(ax + b)(cx + d) — acx"^ + (ad -}- bc)x + bd = 15x- + 2x — 8. 

2. Hence, ac = \5, bd = — 8, and the sum of tljc cross products is 2 j. 
After various unsatisfactorj' trials, we finally select a = 3, c = 5, 6 = — 2, 
and d = 4, and verify that 

15x2 2 j - 8 = (3x - 2)(5x + 4). 

If one prime factor is merely the negative of another, we do not 
consider them as distinct prime factors; we combine their powers 
into a single power of one of them. 

Illustration 4. In (— x - 2)(x + 2) = — x2 - 4x - 4, we notice that 
(— X — 2) = — (x -H 2). Hence, we write 

- x2 - 4x - 4 = - (x + 2)(x -f- 2) = - (x + 2)2. 

* If g, h, and k were chosen at random, without a common factor, the trinomial 
would probably be prime. Later, we shall discuss a condition which g, h, and k 
satisfy when and only when the trinomial is not prime. 
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23. Factoring by grouping. 

Illustration 1. 6 — — 8x -|- 4^^ = (6 — 8a:) — (3a:^ — 

= 2(3 - 4a:) - a:2(3 - 4x) = (3 - 4a:)(2 - a:^). 

Illustration 2. a^ — c* + 6* — £p — 2ab — 2cd 

= (a- ~ 2ab h^) - + 2cd d?) = (a - - (c + d)* 

= [(a - 6) - (c + d)]C(a ~ b) [c d)2 
= (a — 6 — c — d)(a — 6 + c + d). 


EXERCISE 4 


Factor. If fractions occur, leave the factors in the form which arises most 
naturally by use of the standard methods. 

1. ax + ay. 2. ax — tw. 3. — ox + bx. 

4. 3a6 + 2a — 5a*. 6- — Aal + /* — c^. 


6. ly* — 0*. 

7. 4x* - 

8. 9x* - 25z*. 


9. 4a* - 96*. 

10. 1 - 25x*. 

11. 93* - J. 


12 . i — id^. 

13. 25ii^ - c*d*. 

14. 36a*6* - 64x*, 


Insert any missing term to complete a perfect square; then factor. 


16. tiJ* + 12w + 36. 

16. a* + 9 — 6a. 

17. X* + X + i 

18. 49x* + 14ax + a*. 

Factor. 

23. + 8x + 15. 

24. X* + lOx + 21. 

26. X* - X - 6. 

26. x2 + X - 30. 


19. 4x* + ( 

20. 166* - ( 

21. 0*6* - ( 

22. 9x* - ( 


) + 92*. 

) + 49x*. 
) + 9x*. 

) + 


27. 2x* + 7x + 3. 

28. 5a* + 12a + 7. 

29. 15a* + 14a - 8, 

30. 6x* + X - 15. 


Factor icithout first expanding any part of the expression. 

31. 3a(x 4- »/) — 56(x + y)- 36. 36u.’ — 362 — 4au' + 4a2. 

32. 2h{a - 6) + 3(a - 6). 37. (x^ - 2x*) - (x - 2). 

33. 6x + 6y + 2hx + 2hy. 38. oc* + (4 — ad* — cd*. 

34. 3ac -f 36c 4- ad + 6d. 39, 6x* 4- cx* — by- — cy^. 

36. 46x — 46/i - 5cx 4- 56c. 40. x* - (s^ 4- 6s 4- 9). 

Solution of Problem 40. The expression is the difference of two squares: 

X* - (s 4- 3)* = [x - (s 4- 3)][x 4- (s 4- 3)] 

= (x-s-3)(x4-s4-3). 
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41. c2 - 49(a + by, 

42. (i + yy - 16(z - wy. 

43. 6a2 - lla6 + 5M. 

44. 6a2 - Safe - 46^. 

46. 64a2 + 9c® - 48<ic. 

61. 8a®c - 18c3. 62. x* - y*. 

64. (n® - 4n + 4) - 16tc®. 

66. 4a® + 12a + 9 - 25i®. 

66. 9y^ - (4x® + 2Qx + 25). 


46. 9 + 25t'®ic® — 30wc. 

47. 2r - lUr + 15AV. 

48. Zx* ~ 7i® - 20. 

49. 5x* - 16x2 + 3. 

60. 9(a + 6)2 + 12(a -f 6) + 4. 

63. 8lc^ - 16(i^ 

68. 4ic2 -f- 20u) + 25 - 8U\ 

69. y® 4- 2yz + 2® — 4x2. 

60. Otc® - 4a® - 406 - 6®. 

61. 40® - 92® - 62 - 1. 

66. (a® + 2a)® + 2(a® + 2a) + 1. 
66. 10(2 H- wy + 14(2 + tc) - 12. 


67. 46® - (9a® - 12a + 4). 

62. 4x® + 4xy + y® — 9a® — 12ai - 4^®. 

63. 15 + (2 + w) - 6(2 + wy. 

64. 6(x - y)2 - ll(x - y) + 4. 


67. 20(x + y)® — 22u)(x 4- y) + Cic®. 

68. (1 4- ny — 4m(l 4- n) 4- 4m®, 

★69. 64a< - 64a®6® 4- 256^ 


Solution of Problem 69. 1. A j)erfect square involving G4fl^ an<l 2ob* is 

(8a> + 56®)® = C4a^ 4- 80o®6® 4- 256*. 

2. Hence, 64a* — 64a®6® 4- 256* becomes a perfect scjiiare if we add 144a®6®. 
Therefore, we add 144a®6® and, to compensate for this, also subtract 144a®6®: 

64a* - 64a®6® 4- 256* = (64a* - 64a®6® 4- 256* 4- 144a®60 - 144a®62 

= (64a* 4- 80a®6® 4* 256*) - 144a®6® = (8a® 4- 56®)® - 144a®6® 

- (8a® 4- 56® - 12a6)(8a® + 56® + ]2fi6). 

if Factor by reducing to a difference of two stjuares. 

70. a* 4- a® 4- 1. 73. 2* - 62® 4- 1. 76. x* 4- 4. 

71. 2* — 32® 4- 1. 74. 4u’* 4- 8a®?c® 4- 9a*. 77. w* 4- 4x*. 

72. 9x* 4- llx® 4- 4. 76. a* - 9G®y® 4- 16y*. 78. 625x* 4- 4^-*. 


24. The cube of a binomial, ^^'e verify the following formulas 
by direct multiplication on recalling that = a- a- a. 

{x 4- yy = X® 4- 3x*y 4- 3xy* 4- y\ (1) 

(x - yy = x» - 3x^y 4- 3xy* - y\ (2) 

Illustration 1. From formula 1, with x = 2a and y = 6, 

(2a + 6)^ = (2a)’ 4- 3(2a)®(6) 4- 3(2a)(6®) + 6* 

= 8a’ 4- 12a®6 i- 6a6® + 6’. 
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2B. Factors of the sum and the difference of two cubes. 

(^-b^=(a- 6){a» + flb + b^). (1) 

fl3 + ^3 = (a + b){a^ -ab+ b^). (2) 

Illustration 1. From formula 2 mth a — Sx and b = 2y, 

27x3 + 8i/3 = (3x)3 + {2yy 

= (3x + 2y)C(3x)^ - (3x)(2i/) + 

= (3x + 2y)(9x^ - 6xy + 4i/). 

26. The sum and the difference of two like powers. We have 
verified special cases of the following results, where n represents 
a positive integer. Any special case of the results can be checked 
by long division. 

I. For every value of n, (a" — &") has {a — h) as a factor. 
Illustration 1. a* — ¥ — (a — b){a^ + a''b atf^ b^}. 

II. If n is even, (a” — &") has (a -\-b) as a factor. 

Illustration 2. a* — b* = (a + 6)(a3 — a^b — 63). 

III. If n is odd, (a” + 6") has (a + b) as a factor. 

Illustration 3. = (a + b)(¥ — ab ¥). 

IV. If n is even, (a” + 6") does not have either (a — 6) or (a + 6) 
as a factor. 

Illustration 4. (a^ + 6^) and (a^ + 6^) are prime, (a® + 6®) is not 
prime but it does not have either (a + 6) or (a — 6) as a factor: 

a® + 6® = + ¥){¥ - ¥¥ + 6^). 

Special cases of the following general properties were exhibited 
by the second factors in Illustrations 1, 2, and 3. 

A. When {a^ — h") is divided by (a — 6), the coefficients in the quo- 
tient are all 1. 

B. When (a'* + 6") or (a" — 6'*) is divided by {a + b), the coefficients 
in the quotient are alternately + 1 and — 1. 

Factors obtained by reference to results I, II, and III are not 
always prime. Also, as we have seen in Illustration 4, an expression 
+ 6", with n even, may be factorable although result IV is true. 
In order to find the prime factors of a'* + 6”, it is not always desirable 
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to use results I, II, and III immediately. Thus, to factor a" - b'' 
when n is even, first factor as the difference of two squares. To factor 
a" di 6" when n is odd, first factor as the sum or the difference of two 
cubes of powers of a and b, if possible. 

Illustration 5. - (^3)3 _ y3)(^6 + + y ^) 

= {x - y)ix^ + xy y^){x^ + -|- ^6). 

Illustration 6. x * ~ ^ { x^y - { y^y = { x ^- - y ^-){ x ^ + ^2) 

= (x-!/)(a: + ?/)(x2 + j/2). (1) 

By use of result I, 

x*~y* = (x- y){x^ + x'^y + x/ + ^). (2) 

Equation 1 shows that the second factor in (2) is not prime. 


EXERCISE 5 

Divide by long division, and check by Sections 25 and 26. 


1 . 


a — h 


2 . 


+ Sy 

X H- 2« 


3. 


-4 _ 


// 


X - y 


4. 


^ - y 


Multiply by inspection. 

6. (c + w){c^ — cu) + vP). 
6. {u — v){u^ + wf + P). 


7. (3a — c)(9a- + 3ac + c^) 

8. (1 - 3x)(l + 3x + 9x=). 


Factor. 

(F 11. l-P. 13. 2^ -i- 1000. 

10. A3 _|. 23, 12. 27 - 14. 8x3 _ 

Expand each cube by use of the formulas of Section 24. 

17. (c + d)3. 19. (5 - yy. 21. (y - 3x)3. 

18. (2 + yy. 20. (2x + ia')^ 22. (a - b^y. 


16. 210x3 - fp. 
16. x3 - 343y3. 


23. (c + 362)3. 

24. (c - 623)3. 


Find each result without using long division, by use of properties A and B 
of Section 26, and check by multiplication. 



4- y^ 

o + y 






g3 - 3 2x»^ 
2 - 2x2 


29. (a» - 166<) (a2 - 26). 30. (243x3 - 1) (3x - 1). 


Factor each expression which is not prime. 

31. a3 - c3. 33. - 81. 36. + k\ 37. a3 - 27x«. 

32. a< - 34. 32 + x^. 36. a® - 64. 38. 32x3^ ~ 

39. 4x^+1. 41. x‘3 -f 43. IGx^ - y\ 

40. 16x^ + i/. 42. + 812*. 44. + iP. 
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27. The degree of an integral rational term in certain letters is 

defined as the sum of the exponents with which these letters appear 
in the term. The degree of an integral rational polynomial is defined 
as the degree of its term of highest degree. 

Illustration 1. x^yz^ is of the 4th degree in x, 1st degree in y, and 7th 
degree in x, y, and z. (x^ + _ 7) jg of the 3d degree in x. 

28. The lowest common multiple (L.C.M.) of two or more integral 
rational expressions, with integral coefficients, is the expression of 
lowest degree, with smallest integral coefficients, which has each given 
expression as a factor. To find the L.C.M., factor the expressions and 
form the product of all their different prime factors^ giving each factor 
the highest exponent wth which it appears in any expression. Two 
results for a L.C.M, which differ only in sign will be considered es- 
sentially identical. 

Illustration 1. The L.C.M. of 

2(3-x)(3-hx), 4 (x-3)(x- 1), and 3(x - 3)* 

is 4-3(x — 3)H'r + 3)(x — 1). We did not consider (3 — x) and (x — 3) as 
distinct factors because 3 — x = — (x — 3). 

Xoie 1. The highest common factor (H.C.F.) of two or more integral 
rational expressions is the expression of highest degree, with largest integral 
coefficients, which is a factor of each of the given expressions. Thus, the 

H.C.F. of 6xV and ixy* is 2xf, We shall not find it essential to use the 
H.C.F. terminology. 

29. To reduce a fraction to lowest terms, factor the numerator 

and denominator and then divide both of them by all their common 
factors. 

Illustration 1. 3)(x + 3) 

12 + 2x - 2x* 2(3 - x)C2 -hx) 

^ -f 3) _ _ x-h3 ^ 

2^ — SK2 + x) 2(x + 2) (Divide out x - 3) 

In the preceding line, we obtained (x — 3) in the denominator by mul- 
tipljnng (3 — x) by — 1, and hence it was necessary to change the sign 
before the fraction to keep its value unaltered. 

30. Addition of fractions. The sum (or the difference) of two 
fractions with a common denominator is a fraction whose denomi- 
nator is the common denominator and whose numerator is the sum 
(or the difference) of the numerators of the given fractions. 
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Illustration 1. ~ — - — - + — = ^ (a - 6) -f c 

4d 4d ^4d 4d 

_ 3 — g + 6 4 - c 
4d 

The lowest common denominator (L.C.D.) of two or more frac- 
tions is the L.C.M. of their denominators. To express a sum of frac- 
tions as a single fraction, 

1. factor the denominators and find the L.C.D. ; 

2. for each fraction, divide the L.C.D. by the denominator and then 
multiply both numerator and denominator by the resulting quotient, to 
express the fraction as an equal one having the L.C.D.; 

3. combine the new numerators just obtained, and divide by the L.C.D. 

Note 1. Recall that any polynomial may be written as a fraction whose 
denominator is 1 . Thus, x = i/l- 

Example 1. Express as a single fraction; — „ ^ 

X* - 9 j* - + 6 

Solution. 1 . The denominators are 

_ 9 := (j _ 3 )(j. + 3 )^ ^nd - 5 j -|- 0 = (j - 3)(x - 2). 

Hence, the L.C.D. is (x — 3)(x -|- 3)(x — 2 ). 

2. For the first fraction, [(L.C.D.) -r (x- — 9)] = x — 2. 

For the second fraction, [(L.C.D.) -h (x- - ox + 0)] = x + .3. 

3. We multiply both numerator and denominator by x — 2 in the first 
fraction and by x -|- 3 in the second : 

4x 3x 

x2 - 9 x" - 57+' (> 

4x(x — 2) 3x(x + 3) 

" (r^)(xT.3)(x“ 2 ) (x“- 3 )Tx^2)(7+^ 

4x(x - 2) - 3.r(x + 3) _ x^ - 17 j 

(x - 3)(x + 3)(x - 2) (x - 3)(x -b 3 )(x’- 2) 


KXKItCISE 


6 


Write iji lowest terms with no minus signs in the fraction. 





a 


4 . . 

— X — b 



_2c +_2_6_ 
- 3a - 36 




Reduce to lowest terms. 

. axjx -b y ) 
cx(x + )jj ' 


cM{x - y) 
2c(x - g) 
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9. 


12 . 


13 . 


14 . 


18. 


- 4 
2x - 4' 

m- — m — 42 
m~ — 3m — 28 

+ 2m - 15 
m- + m — 20 

3x2 _ lQy2 

9x2 _ 4^2 


10 . 


2a2 - 262 


19. 


4fl2 - 96S 

2ax — 36x 


15 . 


16 . 


17 . 


ax ay 

3x2 + 3(/2 


11 . 

3x2 _ 7aj. _j_ 4^2 

3x2 -^2ax - 8a2‘ 
2x2 + 2ax - 12a2 
3x2 ^ i2ax + 9a2 
a2 — 4gx — 5x2 
2a2 *- 9ax — 5x2 


4x2 _ 4y2 

CX + cy 


20 . 


27x2 - 8i/ 
3x2 -\-xy - 2y 


Combine into a single fraction in lowest terms. 

4 


91 ^ 

2a 36 


24. 3a - 


22 . 


7a 


25. 


26. 


27. 


28. 


29. 


2a - 3 

2x - 1 X + 2 
" 2 - 3x' 

2x - 5 
' x + 3‘ 

2 - 11a 


2xH-a 

3x 

4x + 1 
a — 4 


by - 1 

3a2 oab 

30. 

31. 


23. + l 

4c a 


2x4-1 


x2 4- 4x - 60 X - 6 

1 n 4- 6 

n — 1 n2 4- 3n — 4 


32. 1 - - 4- — \ 

y 2/2 - 4w 


a - 2 




2a — n 


2 - a 
3a — 4a 


33. 


a 


+ 


2c 


4x - x2 ' 3x2 _ 43 


2a — 2a 6a — 6a 

5x 4x2 _j_ 2x — 1 

a: -h4 ~ x2 -h X - 12 


34. - 4- 1 - - 

y y^-^by 


35. 


x2 4- 5 3x 4- 2 


8x^ - 27 2x - 3 


31. Multiplication and division of fractions with integral rational 
terms, lo torm the product of two fractions, or to divide one frac- 
tion l)y another, first factor their numerators and denominators. 

lLLUSTIt.VTION' 1 “x — 15 2x2 _ JQj. ^ 43 

2 x 2 - 3x _ 14 8 x - 12 

= f2x_^3)( x + 5) (2x - 7)(x - 6 ) _ (x -h 5)(x - 6 ) 

(2x - 7)(x 4- 2) 4(2x - 3) 4(x 4- 2) 

- y^ 

lLLUSTR.\Tro\ 2. — ^ ~ — xy ~ 2,v2 

X' — 2 xy 4- if x^ 4- x 2 y x 2 - 2xy 4 - y'^- 

X- — xy ^ 2^2 

_ V'jx - y) ^ (x - 2 ^)(x 4 - y) _ y-(x ~ 2y) 
xKx 4- y) (x - i/)2 x2(x - y) * 


- j- • 

I 
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A simple fraction is one without any fraction in its numerator or 
denominator. A complex fraction is one in which one or more frac<« 
tions appear in the numerator and denominator. A mixed expression 
is one consisting of an integral rational part and one or more frac- 
tions. It is frequently desirable to combine a mixed expression into 
a single fraction before performing other operations. 


32. To reduce a complex fraction to a simple fraction, we may 
first reduce the numerator and the denominator to simple fractions 
and then form their quotient. 


Illustration 1 . 



5 + 3 8 

5 5 

6 - 4 “2 

3 3 


8 3 
52 


12 

5 


Sometimes it may be convenient to reduce a complex fraction to a 
simple fraction by the single operation of multiplying both numerator 
and denominator of the complex fraction by the L.C.D. of all simple 
fractions involved. 

lLLUSTR,moN 2. To rcduce the given complex fraction of Illustration 1 to 
a simple fraction, multiply both numerator aiu! denominator by 15; 


Illustration 3. 


-1 


a — a- 


15 + 9 24 
30 - 20 10 


i? 

5 


a — O' 
- 1 


a 


- 


a 


— a 


a — a{a + 1 ) 


(i+ 1 

rt{l - a) 


a + 1 
a + 1 


(a - l)(a + 1) 


a 


1_ 

a{a 


a- - 1 


a- 


a+ 1 

a _ 1 
a 


- 1 ) 


Definition I. The reciprocal of a number II is jj- 

,, 3.1 14 4 

Illustration 4. The reciprocal 4 T “ J ' 3 " 3 ' 


The reciprocal of ^ is — 



1 b 
1 a 


fraction is the fraction inverted. 



a 


Thus, the reciprocal of a 
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EXERCISE 7 

Perform the indicated operations and express the result as a simple fraction 
in lowest terms. 


1 L i- 

5 6d 


2. J_ 

5x ‘ 10a;2 


3. ~ - lOcx. 


4. 1205 -r 


3ca: 

d? 


6 . 


hx ~ hy bw — cw 
ab ^ QC 3x ^ 3y 

5w 


6. (/i2 - x2) 


7. 


X — 1 


• ■ • 

cA — ca; 

- 4x - *6)- 

8 y" + iy 

■ - 16 6!/ - 2 ■ 


9 ~ be ^ 3a — ab 

* ow — aw * 5k — ak 

10 ~ ^ - yr 

‘ 5x + 3y * 4 j “ — 

11 - 9 . - 6^ + 9 

Sx — 3y ~ ^ 

12. (5x - 3x2) ^ 25 - 9x2 


x + 3 


13. - 1 . - 2x + 1 

* ox + 5 6x - 6 * 16x2 — 1 


T:r^ ^ ('‘a* - 256^). 


16. {a? + Sax- 4x^) H- 

5a — X 


16. 


20 . 


15 -f 

i + i 

l+3-a 


1 -I- -2- 

17 - ^ 

1 /. ^ 


le ~ ? 


19. 


2a 


1 - 


1 

9a2 


23. 


a *4- 6 


- 1 


a 


a 


26. 


3:^ - i 

y^-i 

4a 


21. 


a — 

£ ' 1 
a 


24. 


« + 1 


— a 


22 . 


c — 


c + 


2crf 

c + 2rf 
2cd 


25. 


29. 


c + 2d 
2 j 4" 3a 

9 


a 4- 6 

2 _ 3 
X y 


X* ^2 

3.-2 

y_ 

x-' 


- 1 


a 

2 


1 

2a 


27. 


a^b^ ^ 

ab 


1 - 




2x + 


28. 


1 

5y 


10X2 _ 


1 


m 


30. 


- a2 


32. (A _ 

96 a/\a + 36/ 


5c + 


34. - 


S(P 

25c2 


5ac + 2ad 


35. 


6 

62 


5ac + 36c 


31. ? 

. 36 


5 4- — 
a 


1 

33. (A 

_ 3^\ 

/ 36c2d2 \ 

\9d 

c / 

Ic - 3d/ 

i _ 1? 


nx + t'X 

ab a2 

t 4 L • 

36. 



9a2 - 4 


2 _ 


cx — oc 
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Find lh£ reciprocal of each expression, and express the result as a fraction 
in lowest terms. 


37. 75. 38. §. 



4x - 7 
3 j + 3‘ 


39. - 12f. 40. (c - 2d). 41. {od - 3a). 



5a - 35 
6a + 2c 



Reduce to a simple fraction in lowest terms. 


45 


X -\-7y 


. (6a:2 _ 5 ^^ _ 15 ^ 2 ) ^ ^4 _ 

46. + 

(a -2 2 W 2 3 \ 

\ a a + 3Aa + 2 3 - aj 

48. ^2 - 


) 


j* + 3x - 21\ . /X + 2 X - 3 
x2 + 2x-8j ■ \X“2'^x + 4 


) 


49. 


1+1 

X 


3 - T 


'Ja 


1 


61. 


00 — 1 


X — 


2x + 


x + 1 


4a — 


2o 


1 - 


a 


60. 


2a2 


1 +T 


1 + 2a 


2a= 


5o — 


4a — 1 


62. 


.V; — 3 


1 + 


2 a + 5 
3a - 2 


2a + 


4a - ()a- 
a — 1 


- 3 


3 + 


a — 1 


33. Equations. An cqiialion is a statcnnont tliat two number ex- 
pressions are etjual. Tlu^ two expressions are called the sides or 
members of the equation. An identity, or identical equation, is one 
in which the members are (‘(pial for all p(*rmissible values of the lettei s 
involved. A conditional equation is otie whose members are not 
equal for all permissible values of the letters. 

Illustratio.n 1. (a — b)- = a- — 2a6 + is an identity, x — 2 = 0 
is a conditional cciuation wliose meinbers are equal only when x = 2. 


The word ajualion by itself will be used in referring to both identi- 
ties and conditional eciuations, except where such usage would cause 
confusion. Tsvially, liowever, the word cqiialion refers to a con- 
Jitional ecpiation. At times, to emphasize that .some (‘(luation is an 
identity, we ii.se “ = ” instead of between the members. 
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A conditional equation may be thought of as presenting a ques- 
tion; the equation asks for the values which certain letters, called 
unknowns, should have in order to make the two members equal. 
Some letters in an equation may represent known numbers. 

Illustration 2. + 3x — 5 = 0 is an equation in the unknown x. 

34. Solution of an equation. An equation is said to be satisfied 
by a set of values of the unknowns if the equation becomes an iden- 
tity when these values are substituted for the unknowns. A solution 
of an equation is a set of values of the unknowns which satisfy the 
equation. A solution of an equation in a single unknown is also 
called a root of the equation. To solve an equation in a single un- 
known means to find all the solutions of the equation. 

Illustr.\tion 1. 4 IS a root of the equation 2 j - 3 = 5 because if 

x = 4, the equation becomes 2(4) -3 = 5. which is true. 


36. Equivalent equations. Two equations are equivalent if they 
have the same solutions. Each of the following operations on an 
equation yields an equivalent equation. 

A. Addition of the same number to both members. 

B. Subtraction of the same number from both members. 

C. Multiplication {or division) of both members by the same num- 
ber, provided that it is not zero and does not involve the unknowns. 

JMechanical processes grow out of operations A, B, and C. 

.1 term appearing on both sides of an equation can he canceled, by 
subtracting the term from both sides. 


Illustration 1. 

Subtract a froin both .sifles; 


a; + a ~ 5 -h a. 
X = 5. 


.1 term can be transposed from one member to the other with the sign 
of the term changed, by subtracting it from both members. 


Illu.str.\tion 2. 

Subtract (a - 5) from botli sides: 

The signs of all terms on both sides 
both sides by ~ 1. 


X + a — 5 = 7. 

X = 7 ~ a + 5. 

may be changed, by multiplying 


Illustration .3. 

Multiply both sides by — 1: 


3x — 6 = 5 — ax. 

— 3j + 6= — 5 -\- ax. 
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Note 1. The following absurd result that 2 = 1 iUustrates the contradic- 
tions that arise if division by zero occurs. 


1. Suppose that 

2. Multiply by y\ 

3. Subtract b^: 

4. Factor: 

5. Divide by (y — b): 

6. Since y = b (Step 1), 

7. On dividing both sides by 6, we obtain 


y - b. 

= by. 

i/-b‘^ = by ~ b\ 

iy - b){y + b) = biy - b). 
y -f 6 =6. 

6 + 6 = i), or 26 = 6. 
2 = 1 . 


Discussion. In Step 5 we divided by zero, because y — b = 0 \i y ~ h. 
Hence, Steps 5, 6, and 7 are not valid, because division by zero is not allowed. 


36. Linear equations. An integral rational equation is one where 
each member is an integral rational pol 3 Tiomial in the unknowns. A 
linear equation, or one of the first degree, is an integral rational 
equation where the terms in the unknowns are of the first degree. 

Method I. To solve a linear equation in one unknown: 

1. Char the equation of fractions, if present, by multiplying both 
sides of the equation by the L.C.D. of the fractions. Transpose all 
terms involving the unknown to one member aiid all other terms to the 
other me7nher. 

2. Combine terms in the tinknown, exhibiting it as a factor, and 
divide both sides by the coefficient of the unknown. 


In the case of a linear equation in a single unknown x, if x remains 
in the equation after Step 1 of the standard method of solution is 
applied, the equation is then of the form cx = b, whei’e cr^O, and b 
and c do not involve x. On dividing both sides of cr = 6 by c we 
obtain x = b/c. That is, a linear equation in a single unknown has 
just one root. 


Note 1. In directions for solving an equation, in this book, the words 
add, subtract, multiply, and divide will mean to perform the operation on 
both members of the preceding equation. 


Example 1. Solve: 


27 8_ 

z — 5 2 + 2 



Solution. The L.C.D. is (z — 5)(z + 2). On multiplying both sides 
by this L.C.D. we obtain 


27(z + 2) - 8(z - 5) = 18; z = - 4. 

The student should test the root — 4 by substitution in the original equation. 
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37. Operations which may not yield equivalent equations. 

A. If both members of an equation are divided by an expression 
involving the unknowns^ the new equation may have fewer roots than 
the original equation. 


Illustration 1. By substitution, we verify that x = \ and x — 2 are 
roots of — 3x + 2 = 0. On divnding both sides by (x — 2) we obtain 

x"- - 3x + 2 


X — 2 

(x - 2)(x - 1) 


= 0 , 


X - 2 


= 0, or X — 1 =0. 


The final equation has just one root, x = 1. The root x = 2 was lost by 
the division. 


In solving equations, we usually avoid operations of Type A in 
order that roots may not be lost. 

B. If both members of an equation are multiplied by an expression 

involving the unknowns j the new equation thus obtained may have 

more solutions than the original equation. 

Illustration 2. The equation x — 3 = 0 has just one root, x = 3. If 
both sides of x — 3 = 0 are multiplied by (x + 2) we obtain 

(x + 2)(x - 3) = 0, or x2 - X - 6 = 0. 

By substitution, we verify that this equation has two roots, x = 3 and 
X = — 2. Tlie root — 2 was introduced by the multiplication. 

A value of the unknown, such as x = — 2 in Illustration 2, which 
satisfies a derived equation but does not satisfy the original equation, 
is called an extraneous root. 

henever an operation of Type B is employed, test all values ob- 
tained by substituting them in the original equation, to reject extraneous 
roots, if any. 

E.xasiple 1. Solve the following equation: 

X 12 

x2 - 1 

Soli tion. The L.C.D. is x- — 1; multiply both sides by x^ — 1: 

X — 1 + 2(x — 1) = 0; 3x = 3; or x = 1. 

Test. Since x = 1 makes X" 1 = 0 in the denominators of the given 
equation, 1 cannot be accepted as a root because di\ision by zero is not ad- 
missible. Hence, 1 is an extraneous root and therefore tlie given equation 
has no root. 


ELEMENTARY TOPICS 


27 


EXERCISE 8 

Solve each equatiwi Jot j, or y, or 2, whichever appears. 

1 . 2(/ - 4 = 1 - 4^. Q, 5y + ^ = dy ~ I 

2. 2(4 — x) = 8 — 3j:. 7. § — 3i/ = — oy — 

3. 5 - = 5 - 4(/. 8. 5x - i = 3x + 

4. 8i/ + 3 = 5^ - 4. 9. 3x - .55 = .33 - 5x. 

6. 7 - X = 2(1 - 4x). 10 . .20 - 2 = .98 - 82. 

,, 3x - 2 , lOx - 8 13 . X - 2 

4 + 

12. = 3 + 


13 . 


14 . 


5 - 2x 25 


3 — X 


ox — 3 
4 

_ o 


15 . 


3 - 2x 9 X - 3 


16. 4 + 


2x + 7 


3x - 
4 


17 . .21x - .46 = .79 + .96x. 

18 . .2Gx - .2 = .53x - .38. 

19 . .19x - .358 = .032 - .07x. 

20. .421 - .03x = .07 - 3x. 

21. cx — 5a = 3/i. 

22. ay — by = 5. 


24. 7x — (/ = oax + 8. 

25. ax — 3ox = 5c — bx. 

26. 35x - 2ox = 95- - 4a=. 

27. 4a2 — a- = 4z ~ 1. 

28. mnx — a = arix — m. 

29. X 4- «(x -f 5) = ax + 5. 

30. x= - 3»i2 = (3 a - x)^ 


23 . 3x = ox + 25. 30 . x= - 3n- = (3a - x)^ 

31 . OCX 4* adx (P = c- — bcx — bdx. 

Solve for y in tcrtn.'i of x, and then for x in terms of y. 

32. 3x — 2?/ 4" 5 — 0. 34. 5x — 7// — 3 = 0. 

33. 2xi/ - 3x 4- 5y - 7 = 0. 35. 2xy - 3x - 2f/ - 4 = 0. 

36. Solve F = /'(I 4- rt), (a) for P; (5) for t. 

Each equation will reduce to a linear equation if cleared of fractions properly. 
This reduction may be prevented and extraneous roots may be introduced if 
unnecessary factors arc employed in the L.C.D. Solve each equation and check 
each root. 

2x . . 5 1 4- 8x 20x 


,0 4( - 5 2/ - 3 

0(4- 1 3i 4- 4' 

1 - Oi 4 - 3f 1 - 3/ 


40 . 


41 . 


42 . 


2x - 1 


-^^- = 0 
5x - 3 


10_- ^ 4 - 3x _ 

21 1- !)x 

/ - 3 _ 4- 20 - 9/ 

^ - 1 “ /• +'/ - 2' 
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2x+ 1 
3x - 1 


2x2 - a: + 14 

3x2 -f 5a: _ 2* 




3x — 1 
3x - 2 


6x2 + 6 

6x2 — X — 2 


2x + 3 ^ 3 - x2 

X ^ 5 x2 — 6x + 5 


46. The Fahrenheit reading, F, and the Centigrade reading, C, in degrees, 
for a given temperature are related by the equation F = |C + 32. (a) Solve 
for C in terms of F. (b) From the result of Part (a), find C if F = 50^ 

47. Solve / = ma for a. 49. Solve s = it + for v. 

48. Solve s = vt for t. 60. Solve t = irl/g for I 


61. 


Solve for x or w, whichever appears. 

3-^ , 2n + X _ - 

2x + n 2x * 


63. 


.3 + X 


- .6 - 


.3 — X 


62. 


w 


+ 


w 


6-1 ' 6+1 


= 12. 


64. 


.3 + X 
uj + 6 w + a 


^ a^ a ^ b a + 6 


Solve for P , or A, correct to two decimal places^ by first clearing of fractions, 
65. 300 = F[1 + |(.07)]. 66. 500 = ^[1 - i%(.05)]. 


38. Applications of algebra demand that number expressions de- 
scribed in words be translated into formulas. 

4 

Example 1. How long will it take Jones and Smith, w'orking together, to 
plow a field which Jones can plow alone in 5 days and Smith, alone, in 8 days? 

Solution. 1. Let x days be the time required by Jones and Smith, 
working together. In 1 day, Jones can plow i and Smith i of the field. 
Hence, tlie fractional part of the field which can be plowed in x days by 

Jones i.s ^ and by Smith is g- 

2. Since the whole field is plowed in x days, the sum of the fractional parts 
plowed by the men in x days is 1 : 

X X 

5 + g= l: 8x + 5x = 40; x = 3^ days. 


Note 1. The words per cent are abbre\'iated by the symbol % and mean 
hundredths. To change a number r to per cent form we multiply r by 100 
and add the symbol Tc- Thus, if r = .0175, then r = 1.75%. If a number 
M IS described by the relation M = A>, where r = JZ/A, and if r is ex- 
pressed m per cent form, we then say that M is expressed as a percentage 
of tlie base N. 

Exa-mple 2. IMiat percentage of a 20% solution of hydrochloric acid 
should be drawn off and replaced by water to give a 15% solution? 
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Solution. 1. Think of the solution as consisting of 100 units of volume- 
then the solution contains 20 units of acid. 

2. Let x% be the rate for the percentage which should be drawn off. 
Then, from the 100 units we should draw off x% of 100, or x units. 

3. In X units there are .20x units of acid. There remain (20 - .20x) 
units in the final solution of 100 units, after water is added. Therefore, 




X = 25. 


Or, we should draw off 25% of the original solution. 

Note 2. If a principal SP is invested for t j'eai-s at the rate r, simple 
interest, the interest I and the final amount F resulting at the end of t yeais 
satisfy the equations 

7 = prt; p = p 4- 7; p = p(i _|_ rt). (1) 

InCl),if r is in per cent form, we have 7 expressed as a percentage of the 
principal, multiplied by L We may call P the present value of the amount 
P, due at the end of / years. Unless otherwise specified, in this book, the 
word interest will mean simple interest. 


Illustration 1. To find the present value of SHOO wliicli is due at 
the end of 2^ years, if money can be invested at 4%, we would solve for P 
in the equation P = P(1 + rt) with P = .?1100, r = .04, and t = 2^. 


EXERCISE 9 

Solve by use of an equation in just one unknown. 

1. A line 68 inches long is divided into two parts where one is 3 inches 
longer than the other. Find their lengths. 

2. Find the dimensions of a rectangle whose jjerimeter is 55 feet, if the 
altitude is f of the base. (The perimeter of a ])olygon is the sum of the lengths 
of the sides.) 

3. A sum of money amounting to $13.55 consists of nickels, dimes, and 
quarters. There are three timc.s as many dimes as nickels and three less 
quarters than dimes. How many of each coin are there? 

4. In 1 hour, Jones can plow ^ of a field and Roberts of it. If they 
work together, how long will it take them to plow the field? 

6. How long will it take two mechanical ditchdiggers to excavate a ditch 
which the first machine, alone, could complete in 8 days and the second, 
alone, in 11 days? 

6. A merchant has some coffee worth per pound and some worth 50{?. 
How many pounds of each are used in forming 100 pounds of a mixture 
worth 65{* per pound? 



30 


ELEMENTARY TOPICS 


7. How many gallons of a solution of glycerine and water containing 55% 
glycerine should be added to 15 gallons of a 20% solution to give a 40% 
solution? 

8. How many pounds of cream containing 35% butterfat should be added 

to 800 pounds of milk containing 3% butterfat to give milk containing 
3.5% butterfat? 

9. An airplane and its carrier start at 7 a.m. from the same place, in 
opposite directions, at speeds of 200 miles and 30 miles per hour, respectively. 
When ^W11 they be 600 miles apart? 

^ 10. At 6 A.M., a motorcycle messenger starts from a city at a speed of 

45 miles per hour to meet a regiment which is 120 miles away and is ap- 

proacliing at a speed of 5 miles per hour. \\Tien will the messenger meet 
the regiment? 


Note 1. The point of support of a lever is caUed its fulcrum. If two or 
more weights are placed along a lever in such a way that the lever is in a 
position of equihbrium, then, if each weight is multiplied by its lever arm, 
the sum of these products for all weights on one side of the fulcrum equals 
the sum of the products for all weights on the other side. In other words, 
th sum of the moments of the weights about the fulcrum is the same on both 
sides. In all lever problems in this book, it will be assumed that the weight 
of the lever is negligible for the purpose in view. 

11. A teeterboard is balanced when one girl weignmg 80 pounds sits 4 feet 
from the fulcrum, another girl weighing 100 pounds sits 7 feet from the 
fulcrum on the otiicr side, and a third girl sits 6 feet from the fulcrum. 
How much does the third girl weigii? 

12. Jones and Smith together weigh 340 pounds. Find their weights if 
tliey balance a lever when Jones sits 5 feet from its fulcrum on one side and 
Smith sits G feet from the fulcrum on the other side. 

13. How hea\y a weight can a man lift witli a lever 9 feet long if the fulcrum 

weight and if the man exerts a force of 

140 pounds on the other end? 

14. At what rate will .$750 be the interest for 5 years on S6000? 

16. Find the invested principal if it earns S375 interest in 3 months when 
the interest rate is 3^%. 

16. Find the principal if it earns 8150 interest in J 3 *ear at 8%. 

17. (a) Find the principal which will amount to S1300 by the end of 
6 years when invested at 5%. (6) ^^erify the result by computing interest 

r\r\ IT f/^f• R ^ 


18. Find the present value of $1888 which 
if the interest rate is 4^%. 


is due at the end of 4 years, 
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19. Jones agreed to pay Smith $6000 at the end of 5 years. What should 

ratfnf ®outh at the 

ner hour K f r'' r ‘he rate of 20 miles 

pe hour. I the wireless set on the airplane has a range of 500 miles, when 

Will the airplane pass out of w ireless eomniunication witli the ship? 

‘i" "T"' ^ "hies per hour, a motor- 

boat takes as long to travel 12 miles downstream as to travel 8 miles up- 
stream. At what rate could the boat travel in still water? (The rate of 
the current is added to, or subtracted from, the rate in still water, as the 
Doat goes downstream or uiistream, resiiectivcly.) 

22. Roberts buys a bill of goods from a merchant wlio asks S2000 at the 

wislies to pay immediately, wliat should the 
seller be willing to accept if he is able to inve.st his money at 8%? 

23. How long will it take a given principal to double itself if invested at 
0 % simple interest? 

Tf »>-*lance at 4^c- 

R the total annual interest is S320, liow mud. is invented at e.-ich latf'!^ 

26. When the wind velocity is -10 miles jkm hour, if faki-s a cert;iin air- 
plane as long to travel 320 miles against flic wind as -J.SO mile.s uifh it. How 
fast can the airplane fly in still air? 

26. An air]>lane wliicli can My 2:)0 miles per li.mr in still air takes 2 as long 
to make a trip between two cities with the wind as is refiuircd for the return 
journey. Find the velocity of the wind. 

27. A tank lias one supply jiipe wlileh fills if in 0 hours, and another 
which fills it in 9 hours. How many hours will it fake to fill the tank if 
both pipes are used simultaneously? 

28. A boat, which can travel 9 rnih's per hour in still water, travels U[)- 
stream for a certain time on a rivea- who.<(* current flows at the rate of 2 miles 
per hour, and then the boat returns to its starting place. If the trip, up 
and back, consumed 7 hoiiis, how far di-i the boat travel upstream? 

29. A man makes two im.-estmenfs whose sum is $12,000. In one year 
he gained 5% interest on one iri\ c.'tiiK'nt and lost 3% on the other; his 
net gain was $30-1. I’ind each of the investments. 

30. Find two eon.secutive [)o<itive integers who.>e sfpiares difTer by 27. 

31. At how many niiniite.s after 2 will the minute hand of a clock 
overtake the hour liaii'l? 

32. At how many minutes .after 4 [-..m. will the hands of a clock becoiiie 
perpendicular for llie fir<l time? 



CHAPTER TWO 


Exponents and Radicals 



39. Imaginary numbers. We have called R a square root of A 
— A. If A is positive, it has exactly two squxire rootSj one positive 

and one negative, denoted by zt VZ. If a negative number, - P, 

has P as a square root, then R^ = - P. But, if P is either positive 

or negative then R^ is positive and cannot equal — P, Hence, - P 

has no positive or negative square root. Therefore, in order' that 

— P may have square roots, we define the symbol V— P as a new 

variety of number, called an imaginary number, with the property 
that 

iy— PY = - P and (— P )2 = — p. 

Thus, — P has the two imaginary numbers ± V— P as square roots. 
As an extension of this terminology, we agree that, if Af is a real 
number, each of the expressions (iW -h V— P) and {M — V— P) 
^\ill be called an imaginary number. Unless otherwise stated, any 
literal number in this book will represent a real number. 

Illustration 1. Th e squ are roots of the negative number — 5 are the 
imaginary numbers ± 5, (7 + V — 18) is an imaginary number. 

40. Roots. We call R a square root of A if R"^ A and a cube 
root ol A if R^ = A, If n is any positive integer we say that 

P is an nth root of A if P" = A. (1) 

The following facts will be proved at a more advanced stage. 

1. Every number A, not zero, has just n distinct nth roots, some or all 
of which may be imaginary numbers. 

2. If n is even, every positive number A has just two real nth roots, 
one positive and one negative, with equal absolute values. 

3. If n is odd, every real number A has just one real nth root, which is 
positive when A is positive and negative when A is negaXive. 

4. If n is even and A is negative, all nth roots of A are imaqinary 
numbers. 
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Illustration!. The only nth root of 0 is 0 . 

2® = 32. — 3 is a cube root of — 27. 


2 is a 5th root of 32 because 


If A is 'positive^ its positive nth root is called the principal nth root 

of il. If A is negative and n is odd, the negaiive nth root of A is called 
its principal nth root. 

Illustration 2. The real 4th roots of 81 are ± 3 and + 3 is the principal 
4th root. The principal cube root of + 125 is + 5 and of - 125 is -5. 
All 4th roots of — 16 are imaginary numbers. 

41. Radicals. The radical v^, which we read the nth root of 
A, is used to denote the principal nth root of A when it has a real 
nth root, and to denote any convenient nth root of A if all nth roots 
are imaginary. In v^, the integer n is called the index or order of 
the radical, and A is called its radicand. When n = 2, we omit the 
index and use VA instead of ''XJ for the square root of A. In this 
chapter we shall deal only mth real nth roots. 

I* is positive if A is positive. 

II. VA is negative if A is negative and n is odd. 

III. VA is imaginary if A is negative and n is even. 

Illustration 1. ^ - 3. = - 2. is imaginary. 

42. Rational and irrational niunbers. A real number which can 
be expressed as a fraction m/n, where the numerator and denominator 
are integers, is called a rational number. All integers are included 
among the rational numbers because, if m is any integer, then m 
can be expressed as the fraction m/1. A real number which is not 
a rational number is called an irrational number. 

Illustration 1. 7, 0, and — f are rational numbers. Any terminating 
decimal fraction, such as 3.017, or 3017/1000, is a rational number, tt and 
y/2 are irrational numbers (see Note 1 in the Appendix). Any irrational 
number can be expressed as an endless but not a repeating decimal fraction. 
In particular, tt = 3.14159 . . . and \/2 = 1.414 ... are endless but not 
repeating decimals. In a later chapter we shall prove that any endless re- 
pealing decimal represents a rational number. Thus, .1666 . . . = 1/6. 

If A is not the nth power of a rational number, and is real 
then ^>yA is irrational and is called a surd of the nth order. 

Illustration 2. V3 is a surd. is not a surd because = 2, A 
surd of the second order is sometimes called a quadratic surd and one of the 
third order a cubic surd. 
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43. Rational and irrational expressions. An algebraic expression 
is said to be rational in certain letters if it can be expressed as a 
fraction whose numerator and denominator are integral rational 
polynomials in the letters. An algebraic expression which is 710 / 
rational in the letters is said to be irrational in them. Hereafter, 
until otherwise stated, in any integral rational pol 3 momial we shflU 
assume that the numerical coefficients are rational numbers. 

Illustration 1. ^ ^ ^ is rational in a and x. 

Ii.LUSTRA.TiON 2. -f- y is not rational in x and y. 

Illustration 3. The expression xV2 - - V 5 is an integral rational 

polynomial in x. The presence of V 2 and V 5 is of no concern. 


44. Perfect powers. A rational expression is called a perfect nth 
power if it is the nth power of some rational expression. A rational 
number is called a perfect nth power if it is the nth power of some 
rational number. 

If an integral rational term is a perfect nth power, then each ex- 
ponent in the term has n as a factor, because in obtaining the nth 
power of a monomial each exponent is multiplied by n. 

Illustration 1. 32(/*5 is a perfect 5th power: 32?/*® = (2?/®)®. 


46. Elementary properties of radicals. In the follomng list, 
Property I is a direct consequence of the definition of an nth root. 
The other properties require formal proofs. 

I. {VaY = a. 


Illustration 1. (v^)5 = 17. 

II. = a. 


(v^)® - 2xV. 

{If a is positive when n is even)* 


Illustration 2. = x . = 5 


Proof of (II). Since (a)" = a”, by definition = a. 

III. = 


Illustration 3. V9? = v^Vx* = 3x. 

• To avoid imaginary numbers in elementary problems, tlie following agrefr- 
ment will hold in this book unless other\\’ise specified. If the index of a radical 
IS an even integer, all literal numbers in the radicand not used as exponents rep- 
resent positive numbers, and are such that the radicand is positive. 
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IV. = 

Mb 


Illustration 4. 



_ 3 

^l6 2’ 


because l~)* = = §1. 

\2/ 2* 16 


V. If m/n is an integer, — a". 

Illustration 5. = a¥ = o<, because {a*y = 

*Note 1. The foUowing proofs are complete if a and 6 are positive. The 

mterrated student may consider the possibility of negative values for a 

and 6. To complete the proofs, it should be demonstrated that in all cases 

the two sides of each formula, in (III), (RO, and (V), are either both positive 
or both negative. 


Proof of (III). Raise (VaVb) to the nth power; 

(v^v^)" = (\>a)'‘(v/b)” = ah. 

Hence, by definition, is an nth root of ab, or 

Proof of (V). By Law II, page 6, == = a”*. Hence, 

IS an nth root of a"*, or 


We observe that Property II is a special case of Property V. 


Illustration 6. 

Or, by Properties III and 


- v^(2j:y)3 = 2xV. (Property II) 
V, = 2xV. 


Illustration 7. 


W 81 ^ x'M ^ _3_. 

Vl6x8 \/T^ 2x^' 


(Properties IV; II) 


Note e. If a is negative jmd n is even, tlien a" is positive and the positive 
nth root of a" is — a, or ■v^a'‘ = — a. This case is ruled out in Property II. 
For instance, if a is negative, = — a. 


EXERCISE 10 


Perform the operations by use of the index laws. 


1. {x^)\ 2. (5xhj)*. 3. (- 2a^y. 4. ((P)«. 6. (- .Zed^y, 



11. State the two square roots of 64; 49; 81; J; .01. 

12. State the principal square root of 100; 144; 

13. State the principal cube root of 8; — 27; — 1; — 216; 125 
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14. State the two real fourth roots of 81; 16; 10,000; .0001. 

Find the specified power of the radical, or the indicated root. 


16. 


19. (v^)*. 23. 

4)®. 

27. v^. 

31. 1. 

16. 


20. (v^)<. 24. (v^)’. 

28. 

• 

1 

eo 

17. 


21. (\^y. 26. VM. 


29. v^625. 

33 . v^SOOO. 

18. 


22. V^. 26. v^. 


30. 

34. v^. 

35. 

'y-i 

38. 

41. 


44. V^. 

36. 


39. 

42. 


46. ^81a». 

37. 


40. 

43. 


46. 

47. 

>/!■ 


49. 

ala^b^ 

\ 27 

63. f 

61. 

V9tc*. 

66. V|f. 

69. 


63. V.04i“. 

62. V 

66. 

60. 

X^2®. 

64. ’^.1250’. 

63. 

V9^. 

67. \^16x*^. 

61. 


66. 

64. 

V^xV- 

68. 32z‘». 

62. -^2160®. 

66. - .064. 

67. 

j25x* 

\4zi2 

= 8 .^. 63. </£-:• 


- < 1 ^^- 



72. What is the expression for V? when (a) X is positive ; (6) x is negative? 


46. Fractional powers. We have previously defined only when 
p is a positive integer. We shall now introduce other types of powers 
in such a way that all the types, together, will obey laws of the 
same forms as those for positive integral exponents. 

If fractional exponents are to obey the law of exponents for multi- 
plication, then, for example, we should have 

= a^, or (a^)- = a®, 

so that should be a square root of a®. Accordingly, if m and n are 
any positive integers, we define c" to be the principal nth root of a”': 

a" = (1) 

[when m = 1 in (1)] ^ ( 2 ) 

The defining equation 1 is consistent ^vith Property V of page 35, 
which was proved for the case where m/n was an integer. 

Illustration 1. (— g)a _ ^ 
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In accordance with the footnote on page 34, we agree not to deal 
with an if n is even and a is negative. With this case eliminated, 

(3) 

because [(^)"]’‘ = [(%^)»]'» = [a]m = gm 

Hence, from equations 1 and 3, we obtain the new formula 

(4) 

Illustration 2. From (4), 64* = = 2^^ = 32. Notice the rel- 

ative mconvemence of the following evaluation by use of (1) ; 

64* = v'^ = ■v^(2')‘ = •^'2“ = 2‘ = 32. 

★Note 1. The following contradiction “ + 1 l” results from reck- 

less use of the symbol (- 1)*, which we have agreed not to use. 

- 1 = -yzri = (_ (_ j)| ^ ^ ^ ^ ^ j 


47. Zero as an exponent. If operations with o” are to obey the 
law of exponents for multiplication, then we should define a” so that 

= 0 "+” = a", or a»o’‘ = a", or o» = — = 1 

O'* 

Hence, U a 9 ^ 0 , we define a° hy the equation a® = 1, 


48. Negative exponents. If a negative exponent is to obey the laws 
of exponents, then, for instance, we should have a^a-^ = = aP = 1. 

Hence, if p is any positive exponent of the types previously intro- 
duced, we define a~^ by the equation = 1, or 



Illustration!. = j,- 5-* = ^ = 1. (- 8)-* = — = _ 1. 

In a fraction, any power which is a factor of one term (numerator 
or denominator) may be removed if the factor, with the sign of its 
exponent changed, is written as a factor of the other term. That is, 

a _ ax~^ 

bx^ ~b ^ 2 ) 


0 _ g-z " _ ax~^ __ ax~^ 
hx^ bx^‘X~^^ hxP b 


Proof. 
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49. Extension of the index laws. We have defined o'" if p is 
any rational number but we have proved the index laws only for 
positive integral exponents. A detailed discussion (see Appendix, 
Note 2) shows that the formulas of Laws I to V of pages 6 and 7 
apply if the exponents are any rational numbers. 

Hereafter, unless otherwise specified, to simplify an expression 
involving exponents will mean to perform indicated operations by 
use of Laws I to V, and to express the result without radicals and 
without zero or negative exponents. 

In operations wth exponents, it is frequently convenient to ex- 
press numerical coefficients as products of powers of prime factors. 

Illustration 1. (x®)^ = = x^. x^x^ = = x^. 

/216x®\^ /8-27x®x\§ psW 36x^ 

U25x“V I 125 i I 53 j 52 25 * 

(iJ - + yi) = - {yiy = x* - yi. 


Illustration 2. 


ar^y-^ 


+ y 


-1 



1 

+ 02 y2 _|_ 

a2y2 


Illustration 3. On multiplying both numerator and denominator 
below by ah/ to eliminate negative exponents, we obtain 

_ (a-2y-2) (flV) _ flV 1 

a “2 + y -2 (0-2 + y-2)(c2j/2) ahf + y* + 


EXERCISE 11 

Find the value of the symbol by changing to a radical or from a negative to a 
positive exponent if necessary. Use formula 4, page 37, when convenient. 


1. 25i 

7. (A)i. 

13. 4i 

19. (171)». 

26. rf. 

2. si. 

8. (A)i 

14. (- 27)-i. 

20. .OOOli. 

26. 81*. 

3. 4->. 

9. (¥)i. 

16. arh 

21. (- 125)i 

27. (1)4. 

4. 16“. 

10. IG-i. 

16. (- 2)-2. 

22. (-^K 

28. (^)S. 

6. 5 - 2 . 

11. (- 8)i. 

17. .3Gi 

23. 8i. 

29. (- 27)4. 

6. 8li. 

12. 

18. .OOSi. 

24. 25i. 

30. (- 64)4 

Express 

with positive 

exponents. 



31. b-^. 

32. a-362. 

33. 3/1-''. 

34. x“V^- 

35. 4-'ax-’. 

36- h- 

37 . 

00 

c^d* 


in 3-’o’ 
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Write withaui a denominator by use of negative exponenis. 


A1 S 

41. —• 

y* 

42. 43 . i5l. 

y* 3x^ 

AA 

^ (1.05)“ 

46. — - — 
X ~ 5y 

Express each fractional power as a radical and each radical 

as a power. 

46. zt 

48. Sc*. 60. 

62. (6c)i 

64. (2x3)i 

47. a^. 

49. axi. 61. 

63. (2xy)i. 

66. >^(0 4- 6)2, 

Simplify and, if no letters are involved, 

evo^uo^. 


66. x^xi. 

68. (3‘)i 60. (4i')§. 

62. x'^x**. 

64. (x»)-^ 

67. xV, 

69. x-2x2. 61. (5a-2)3 

63. (iS)i. 

66. (6=>)-2. 

66. (2x-«)3. 

69. (3x-y)2. 

72. 32*. 

76. (4-V)i 

67. (aV)-». 

70. (6x-V^)"^. 

73. 125*. 

76. (27a-3x8)i 

68. (6-2x2)-^. 

71. (5a-262)-2. 

74. 216*. 

77. (25x-2)“$. 

00 

79- 80. 

81 

xhjt 

82. 

5x^y^ 

83. ^54- 

86. 

X Y 

- (SJ- 

89. (^y. 

\ah-y 

84. 

a-^b~^ 

- ©■ 

“■ &)' 

“ (:5)‘ 

91. (27m»)S. 

92. (32a‘6‘)i 

93. (x3'=(/“)i 

94. (21Cx-«)i 

Simplify to 

a single fraction in lowest terms. 


96. a~* 4- 6“*. 

96. 3a-2 4- b. 97, 

. a-3 - b-\ 98. 

. (4a-3 - 6)'i. 

99. ~ 

100 ^ - 101 

~ 102 

a-> - 6'> 

a- 24-6 


' 4^ - a-2 

a“^ — 6“® 


Expand and simplify, mtkout eliminating negative exponents. 

103. (I'» - 7r*)(x-i + 106. (x^ + y^)(x^ - yi). 

104. (li - 4y){x^ 4- 4(/). 106. (a^ - 26^) (a J + 36^). 


107. (a^ + 6 ) 2 . 108. (x^ + 3)^ 109. (x* — 2y~^y. 110. (2 + x~^)^. 

111. (a — 6^)(a^ 4" ab^ 4" b). 112. (c^ 4" d)(c^ — c^d 4- d^). 

ieFactor into two factors involviny fractional or negative exponents. When 
possibk, factor as the difference of two squares or as a perfect square. 

Illustration 1. x-y = (x^)^ - {ijfy = ( x ^ - yh)(x^ -f 
113. x2 - y- 2 . 114. 1/ ~ x^. 116. 4a - 96. 116. 8a - 276. 
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117. - 2xjr^ + 119. 4a^ - 20aibi + 25bi 

118. z 2 _ Gzx-^ -I- 9x-2. 120. 3x-2 + x-^y - 2yK 


irFind the quotient by use of factoring. 


121 . 


- y-* 


•-2 


+ y 


-2 


122 . 


4x - y 
2x^ + y^ 


123. 


a — b 


124. 


-• bh 


60. Operations on radicals. Although it is possible to express a 
radical as a power with a fractional exponent, in some operations it is 
convenient to retain the radical form. 

To remove factors from the radicand in a radical of order n, first 
separate the radicand into factors of which as many as possible are 
perfect nth powers. Then, find the nth root of each of these powers 
and use the property v^oS = v^6. 

Illustration 1 . Vl47 = V49 • 3 = ViQ Vz = 7V3. 

■^64a*‘>c® = = \/25a‘«c^ • 2c* = = 2a2c'^^. 

In a sum, two or more terms involving the same radical as a factor 
may be combined by factoring. 

Illustration 2. 5 V3 + 26 Vs = (5 H- 26) V3, 


The product or the quotient of two radicals of the same order can 
be expressed as a single radical : 



Illustration 3. (2V3)(5-n/ 6) = lOVs Vfi = lOVlS = 30V^. 


Illustration 4. 


V3 

V5 


-4 





1 3 ^ 
b\h 


Illustration 5. (2\/3 + 3'V^)(3V3 - V2a:) 

= 6(>/3)2 - 2V3 + 9V3 - 3(v^)2 

= 18 - 2v^ + 9\/fe - 3(2x) = 18 - 6a: + 7Vfe. 


Comment. The student may prefer an expanded solution: 

2Vz + 3v^ 

3v^ — (multiply) 

6(V3)2H-9'\/3v^ 

- 2V3V^ - S(V^)i 

18 + iVzV^ - 3(2x) = 18 - 6x + 7VEx. 


exponents and radicals 4j 

Illustration 6. ^y5 = 2ai^. 

If we remove a positive factor P multiplying a radical <yj 
must muUiply by P" under the radical sign because 

P</A = v<P" vd = 

Illustration 7. zVb = Vgy/fc = 

tinJf otherwise specified, if a radicand involves frac 

ons, reduce it to a single fraction. If a radical is of order n simolifv 

t rr vr i “j ““ » • «« 

+ 5 + 5 _ ■^3i^> + 5 


\^“ + I = ^ 




Illustration 9, = v^ITi 

- 26 = + 26) = 




EXERCISE 12 

5imp% remownff per/ec/ pou-ers /rm </ie radicands. If no letters 
involved, then compute by use of Table I. 

!■ V^. 4. VT2. 7 . 


are 


2 . V24. 

3. V27. 

16. 

17. Vuay. 

18. <^12aY. 


6. >445 

6 . 


8 . 

9. 


10. >4(m. 

11. Va\ 

12 . 


13. 


28. 


v/^ 


19. >y^. 

20 . -yr^*. 

21 . 


29. 


22 . 

23. 

24. \ 




14. -s/^. 
16. 

26. V 32a^*^, 
26. 


27. >4^^ 



30, 


<1 


216x^ 

125y3 


31 


>/ 


_16 


32. V^+ 5a26. 33 . 34 . 


36. 


4 


36. v4^. 


37, 


^s 


38 




2 /^ 


5tmp% and collect terms, exhibiting any common radical factor. 

39. 5V2 + 3V2. 41. + 2V^. 43 . ^ 

W. 3V3 - av/3. 42. VOa + v/^. 44. 
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Express by means of a single radical^ simplify, and then compvXe by use of 
Table lif no letters are involved. 


45. 

V2V3. 

47. V3vl5. 

49. (3V5)^ 

61. V^Vl8. 

46. 

VE.V 56 . 

48. V^V^. 

60. (3V2)’. 

62. V^Vn. 

63. 

VIB 

VE 

KB ^ 

Vn' 

V2i- 

„ vw 

09. ,, • 

V40A 

64. 

VT 6 

VB 

66. 

V3 

68. 

V123: 

fiO ^ 
bU. — • 

61. 

VBViV^. 

62. VwV^*. 

63. (2V4^)’. 

$4. (3^'^)®. 


Perform the operaiion and collect similar terms. 

66. (2 + 3V5)(3 - VI). 67. (3V2 + V3)(V2 + 4V3). 

66. (Vs - V2)(V3 + V2). 68. (2^3 - V7)(2V3 + Vj). 

69. (V 2 + 5)». 71. (V 2 - 2V3)^ 73. 

70. (3 + 5V2)\ 72. {Vi - hV^y. 74. V - Za^b Vi^K 

Replace the coefficient of the radical by a factor under the radical sign. 

76. 3V^. 76. aV^. 77. 3^. 78. 2 </^. 


61. Rationalizing denominators. In a radical of order n, suppose 
that the radicand has been expressed as a simple fraction. Then, the 
denominator can be rationalized by multiplying both numerator and 
denominator of the radicand by the simplest expression which will 
make the denominator a perfect nth power. 




655. 


(Table I) 


T„ « 3/^ 3/ 4® -3x2 vi 

Illustration 2. = Vg^Tl^ = ^ 


-^43 • 3x» 4v^ 




3x2 


^fr 1 + O'O Vi(63 + a ^) 


The method of the following illustration frequently is equivalent 
to the procedure of Illustration 1. 

Illustration 3. The denominator below is multiplied by ^^2 in order 
to make the new radicand in the denominator a perfect cube: 

^ 2 * 


43 


EXPONENTS AND RADICALS 

Illustration 4. ^ ^ 2 ^ _ VIs 

V5 5 ' 

If a denominator has the form aVb - cVd, we can rationaUze 
It by multiplying by aVh + cVd because 

(oVb- cVd){aVb + cVd) = (aVby - (cVd)^ = a?b - c^d. 

Illustration 5. 3v^ - V3 ^ SV^ - V3 2V2 + V3 

2V2 - Vs 2V2 - Vs ' 2V2 + Vs 

= 6(^^)^ + (3 - 2)V6 - (V3)^ _ 9+a/6 _ 9 + 2.449 
(2V2)* - (\/3)2 8-3 5 ~ 

tJf radicals, it may be desirable to 

wnte the expression as a single radical before rationaHzing. 

Illustration 6. _ j*/3^^ _ jl ~ y ^ v''^ 

\81xV \ 27 x ^ ~ 3 x ' 


EXERCISE 13 


EhmiTiaU any negative exponents and rationalize any denominator. If no 
toners are involved, then compute by use of Table I. 


1- -A- 3. 


6- rSu- 7. 

VS- 

9. V.012. 

2. Vf. 4. 


6. 

8. 

V - .03. 

10. V- .128, 

“•A- 

6 

V5* 

16. ~. 

V 3 

17. ~ 

V 3 

19. 

V 5 

21 ^ 

12.^. 14. 

3 

V 7 ’ 

16. 

Vn 

V 7 

18. 

V2 

20. 

2 V 5 

22 . 

Vi^ 

23. ^ ~ 


V2 

26 ^ 

-3 


V 2 + V 5 

3 + Vs 


2 V 2 

+ V 3 


3 V 5 - V 2 ’ 

24. ^ 


2R 

-Vs 

28. 

V 7 - Ve 

3 + 2 V 2 


^0. ^ 

2 V 3 

- V5 

2 V 6 + V 7 ’ 

vi' vE' 33 . Y 

H. 

2b 


J7.X|. 

JO. 3J. 

34. y 

V' 

“xS- 


SB.fi. 

40. 

V^ 

V60j3 

-41 

V5a=63 

42. 

'i'ibV 
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48. VF^, 49. 




60 . 61 . vjF®. 



- 1 

Va + 6 — 


“■vTS- 



3 

a/ 3- V2 + Vs 




62, To change a product of powers involving fractional exponents 
to radical form, first change the fractional parts of the exponents to 
fractions with their lowest common denominator. 

Illustration 1. 6 ijh ^ == 5 z'^yhi = 

63, Operations on radicals performed by using fractional ex- 
ponents, mth the results desired in radical form. 

Type I. To find a power or a root of a radical. 

Illustration 1. = [(3xy)i]i = {Zxy)^ = VSxy. 

In simple cases, it may be unnecessary to introduce fractional 
exponents in an operation of Type I. Also, with experience, one 
observes simple rules such as 

"the mth root of the nth root of A is the mnth root of A.” (1) 

Illustration 2. (Va)^ = 3. = V^. (V2)* = V2 V2 = Vi. 

(V^)^ = C(3x)^]5 = (33-)^ = (3x)2(3x)i = ftc^V^. 

Type IL To find the product or the quotient of two radicals of 
different orders, express eaeh radical as a fractional power of its radi~ 

cand, change the fractions to their L.C.D., and then rewrite in radical 
form. 

Illustration 3. Vs V2 = 3^2^ = 3^2^ = 

Illustration 4. ^ ^ ^ ( 4 ^ ^ ‘fME 

VSab (3ah)i (3ab)^ ^ (3ab)^ 

_ ejiGbx^ V27 • IGa^bx^ 

\27a^ ~ 


3a 
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I" 

denominator, and then rewnie in radical form. 

Illustration 5. = ^ = 5! = 5* = ^= 

= (iV)A = iA„A = 


In reducing the order of a radical, it is convenient to commence 
by expressmg the radicand as a power of some expression. 

Illustration 6. = (4^)| ^ ^ ^ 

damentallv sim.^ “f fractional exponents, the operation is fun- 
tomentally simple. Fortunately, this exponential form of the result is ade- 
quate m a great many appUcations. 


64. Simplest radical form. As far as problems in this text are 

if alf^^'^’-Kr expression is in its simplest radical form 

fol J °f the following varieties have been per- 

lormed, with any negative exponents eliminated. 


1. Express any power or root of a radical, or product of radicals, as a 
single radical, with the radicand a simple fraction in lowest terms. 

2. Rationalize all denominators. 

3. Remove from each radicand all factors which are perfect nth powers 

where n is the order of the radical. ' 

4. Reduce each radical to the lowest possible order. 


The preceding operations need not be performed in the specified or- 
der. To simplify a radical expression will mean to reduce it to sim- 
plest radical form. 


Illustration 1. To simplify the following radical we rationalize the 
denominator, and finally notice that tlie order of the radical can be reduced. 

\l6c'o \l6-4c‘2 26-2 2^ 


EXERCISE U 

Change to simplest radical form. 

1. 0^6^. 3. 5, 7^ 2a^b^. 

2. iSyi 4 . 2x^. 6. cdi. 8. Zxhj^. 


9. (uV- 11. 2a2rfct. 

10. cdiyi 12. 
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Reduce to a radical of lower order. 


13. v^2. 

16. 

19. v^. 

22. -^49. 

26. 

14. ^2. 

17. 

20. v^. 

23. >732. 

26. v^^’. 

16. 

18. 

21. v^. 

24. v^. 

27. v^276’. 

Change to simplest radical form. 



28. (Viy. 

32. (Vzy. 

36. (\/3^)<. 

40. -^Vi. 

44. ^>7^. 

29. (v^)‘. 

33. (v^)^ 

37. (■v/2x)‘. 

41. V^. 

46. ■^\G. 

30. (v^)‘. 

34. (v^)‘. 

38. (\^y. 

42. 

46. 

31. 

36. (v^)^ 

39. (2v^)<. 

43. V>/3. 

47. v^v^a. 

48. Va'Va. 

49. 

v^. 60. 

v^>73. 

61. >7^v^. 


52. 

>7i + V^. 


66. ^ 


68. a/6 -j- 

63. 

Vb-^Vb. 


66. >78 

a/2. 

69. v'c^ -7- a/^. 

64. V2 >72. 


67. >73 

-f- v^. 

60. 3a/^ v^. 

61. 

^7S. 

64. 

>7iF5. 

67. -^>7^. 

70. ■^x2a/8. 

62. 

>7?. 

65. Vx-^ 

68. >7'27>/a5. 

71. V3^^. 

63. 

^ - ixK 

66. 

V21G. 

69. 

72. ^x-2 + y-2. 

73. 

\b^' 

74. 

ef^o 

>462' 


- 

77. 


79. 

VW2. 

81. (a^)‘. 

83. 

78. 

C2v^)^ 

80. 

Vs;^9i/2. 

82. (6>73)'. 

84. a/2. 

86. 

X - 

66 

8x2’ 


86. byj^ + 

5 + - + 2- 

6 a 


87. 88. -J—-. 89. -. ^ + 1 

^9-v4 V^-Vb VoT^ - 

90. v^y-2 - 6a:- V + 9//"=. 92. Va + b ~ - 6*. 

91. V 64^6 _ 93^ \ 81^ - 

94. Vja + 6)3 + 2avV6* + 2a6= + 66 -f- Va”* + 6->. 
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’ \a - 1 



v4a^ 

v^a ~ 2ab" -f ab* 
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CHAPTER THREE 


Rectangular Coordinates and Graphs 


sente'd in numbers are repre- 

sented in order by the points on the scale to the right of /a^d 111 

“U“bers by the points to the left of A. The unit points 

r. .ts:r ““ « “» 




M 

i- i x i 

“7 -6 -5 



-4 -3 -2 -i 


FlO. 1 


is ZliZ ^ “ ■" - b) 

Vontive. We use the signs > and < to indicate greater than and 
less than, respectively. We read i!/ < W as "il/ less than Nr ‘ 

Illustration 1. — 8 > — 36 because [— 8 — (— 36)] = 28. 

2 < 15 . - 5 < 2 . 0 < 17 . - 15 < 0 . 

^/ < 0 is equivalent to saying that M is negative, 
lo say that M > 0 means that M is positive. 

Suppose that M and N are two numbers on the scale in Figure 1 
hen, to say that M < N means, geo- 
metrically, that M is to the left of N in 
Figure 1. 

66. Rectangular coordinates. On each 
of the perpendicular axes OX and OY in 
Figure 2, we lay off a scale with 0 as the 
zero point on both scales. In the plane 
of OX and OY we shall measure vertical 
distances in terms of the unit on OY and 
horizontal distances in terms of the unit 
on OX. We agree that horizontal dis- 

tances will be considered posfbre if measured to the rigU and negoiive 
to the Ufl; vertical distances will be considered vonlive if measured 
wpward and negative if downward. Let P be any point in the plane 

47 
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rectangular coordinates and graphs 


The horizontal coordinate, or the abscissa of P, is the perpendicular 
distance, x, from OY to P; this directed distance is positive if P is to 
the right of 0 F and negative if P is to the left of 0 Y, 

The vertical coordinate, or the ordinate of P, is the perpendicular 
distance, y, from OX to P; this directed distance is positive if P is 
above OX and negative if P is below OX. 

Each of the lines OX and OF is called a coordinate axis, and the 
abscissa and ordinate of P together are called the rectangular co- 
ordinates of P. The point 0 at which the axes intersect is called 
the origin of the coordinate system. When the axes are labeled 
OX and OF as in Figure 2, we sometimes refer to the abscissa as the 
x-coordinate and to the ordinate as the y-coordinate. 

Notice that there is no necessity for using the same unit of length 
for the scales on OX and OF. 

Illustration 1. In Figure 2, the coordinates of P are x = and 
y = — 2. The coordinates of a point are usually written together within pa- 
rentheses with the abscissa first. Thus, we say that P is the point (5J, — 2). 

Note 1. The coordinate axes divide the plane into four parts called 
quadrants, which we number I, II, III, and IV, counterclockwise. 

To plot a point, whose coordinates are given, means to locate the 
point and to mark it with a dot or a cross. 

Note S. The word line in this book will refer to a straight line unless 
otherwise specified. 


EXERCISE 15 

Insert the proper sign, < or >, between the numbers. 

1. 2 and 5. 2. - 12 and 3. 3.-3 and 0. 4. - 3 and - 6. 

Plot the following points on a coordinate system on cross-section paper. 

6. (3, 4). 7. (1, - 2). 9. (- 3, - 5). 11. (0, - 2). 

6. (3, 0). 8. (- 3, 5). 10. (- 5, 0). 12. (- 8, - 1). 

67. Constants and variables. In a given problem, a constant is 
a number symbol whose value does not change during the discussion. 
A variable is a number symbol which may take on different values. 
When desirable, we may think of a constant as a variable which may 
assume only one value. 

Illustration 1. The volume F of a sphere is given by the formula 
V = %TrP where r is the radius. In considering all possible spheres, r is 
a constant, approximately 3.1416, but r and V are variables. 
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68. Functions. If a first variable, x, and a second variable, y, 
are so related that, whenever a value is assigned to x, a corresponding 
value (or corresponding values) of y can be determined, we say that 
y is Q. function of x. Then x is called the independent variable and the 
second variable, y, is called the dependent variable. To say that y is a 
function of x means that the value of y depends on the value of x. 
Any formula in a variable x represents a function of x; the values 
of the function can be computed from its formula. 

Illustration 1. In the formula A = irr^ for the area of a circle, if r 
is a variable then A is a variable and A is a function of r. 

Illustration 2. (Sx^ + 7x + 5) is a function of x. If x = 2, the value 
of the function is (12 + 14 + 5) or 31. 

Note 1. If just one value of y corresponds to each value of x, we say that 
y is a single-valued function of x; if just two values of y correspond to each 
value of X, then y is a two-valued function of x; etc. 


69. Graph of a fimction. Let y represent any function of x. 
Then, each pair of corresponding values of x and y can be taken as 
the coordinates of a point in an (x, y) coordinate system. This leads 
us to adopt the following terminology. 

Definition I. The graph of a function, y, of x is the set of all points 
{or the locus of points) whose coordinates form pairs of corresponding 
values of x and y. 

To graph a function will mean to draw its graph. In graphing 
a function, we usually plot the values of the independent variable on 
the horizontal axis of the coordinate system. 


Illustration 1. If x is the independent variable, in order to graph the 
function (Jx — 3), we introduce y to represent it. That is, we let y = jx — 3. 
If X * — then y = i(— 5) — 3 = — 6. Hence, one point on the graph 
is (— 5, — 6). Similarly, we let x = 0, — 2, etc., and compute the corre- 


sponding values of y given in the following table. 
We plot (— 5, — 6), (— 2, — 4Di etc., in Figure 3 
and join them by a straight line, which is the 
graph of the function. From the graph, we read 
that the function equals — 2 when x = Ij, ap- 
proximately. 



Y 
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RECTANGULAR COORDINATES AND GRAPHS 


A linear function of x is a polynomial of the first degree in x and 
hence has the form ax + 5, where a and h are constants. In Illustra- 
tion 1 we met a special case of the fact that the graph of a linear 
function of x is a straight line. This fact, whose proof we omit, is 
the basis for the name linear function of x. If i/ is a linear function 
of X, we need only two pairs of values of x and y to obtain the graph, 
because a straight line is definitely located if we know two points 
on it. However, in graphing any linear function, we shall compute 
three values of the function in order to check the arithmetic involved. 

If a function of x is defined by a formula, in general its graph 
is a smooth curve.* To graph such a function, we introduce some 
letter, such as y, to represent the function, compute a table of cor- 
responding values of x and y, and draw a smooth curve through the 
corresponding points on a coordinate system. 

Illustration 2. To graph — 4x -f 6, we let 

y = — 4x 4- 6, 

compute the following table of values, and plot the 
points. The graph, in Figure 4, is a curve called a 
parabola. 


Fio. 4 

60. Functions not defined by formulas arise frequently. Some- 
times the only information concerning a function consists of a table 
of corresponding values of the function and the independent variable, 
where the table may be obtainable by experimental means. In 
drawing the graph of such a function, sketch a smooth curve through 
the points obtained, unless otheiTV’ise directed. Instead of dra^\^ng 
a smooth curv'e through the points, we sometimes connect them by 
segments of straight lines and thus obtain a broken-line graph. 

EXERCISE 16 

The Utter x represents an independent variable in all problems. Clearly 
indicate the scale on each coordinate axis employed. 

1. Graph (x^ — 6x 4* 7) by computing its values for the following values 
of x: — 1, 0, 2, 3, 4, 6, and 7. From the graph, (a) read the values of the 
function when x = 5 and x = 1 ; (5) read the values of x for which the func- 
tion equals 0 or 10. 

• Or. in some cases, two or more disconnected smooth curves. 


X = 

- 1 

1 

2 

3 1 

5 

y = 

11 

3 

2 

3 1 

11 
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‘ “* -a 

2.31 + 5. 4.3-4^. 6. 3^. 8 - 2x 

«--2- 7.0. 9;7-., 

any vrrilble^r tT of 

any vanable x. The graph is parallel to the ar-axis. 

hT'* “ f *''® ‘oo'Po^to^e of the air. 

?rom t 'POO on the vertical axis. 

•* rom til6 ffrftnn. ^aqH it al^ x • 


Velocity, pt. per sec. 

1030 

1040 

1060 

1080 

1110 

1140 

1170 

Temp. (Fahrenheit) 

- 30° 

0 

O 

( 

0° 

20° 

1 

50° 

80° 

110° 


DXic v^euiigraae reading C' as a function of the Fahrenheit reacl- 
mg F from - 40« to 200^ Fahrenheit by use of F = |C + 32. FromX 
graph read the temperature in degrees Fahrenheit at 29° Centigrade. 

c, ^ k notation. Sometimes we represent functions by 

^i^)f ^(s), etc. The letter in parentheses tells 
wnat the independent variable is. 

_ Illustration 1. We read “/(x) ” as “tlie /-function of x,” or for short 

} ot X. We may represent 3x= - 5 by /(x) and write /(x) = 3x= - 5' we 

read this “f of x is 3x» - 5.” II{y) would represent a function of ij. ' 

If F(x) is any function of x and a is any value of x, then 

F(.a) represents the value of F(x) when x = a. 

Illustration 2. “F(a)” is read “/r of a.” If fr(x) = 3x= - 5 - x, 

nS) = 3-3“ - 5 - 3 = 19; 

F(- 3) = 3(- 3)' - 5 + 3 = 25; 

F(- b^) = 3(- - 5 - (- 6») = 36* - 5 + i^; 

[FC- 2)y = (12 - 5 + 2)^ = 81. 


A variable x is said to be a function of two variables x and y in 
case a value of z can be determined corresponding to each pair of 
values of x and y. Similarly, we may speak of a function of three 
variables, or of any number of variables. 

Illustration 3. F(,x, y) would be read “fr of x and y” and would repre- 
sent a function of the independent variables x and y. Thus, we mav let 
F{x, y) = X + 3y^ + 2. Then, F(2, 1) = 2 + 3 + 2 = 7. 
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EXERCISE 17 

1. If/(i) =2x + 3, fiiid/(2); /(- 3): /(- i); /(f). 

2. If (7(z) = 2z - 3^^ find (?(- 3); (?(5); G(6); G(3a:). 

3. If F(x) = a:* - a: + 3, find F(- 2); FQF); F(c/d); F{2x - 1). 

4. If(?(«,) = 3!(!^,fi„d3(?(5); C(?(2)]S- 

6. J{K(,z) = find 3K:(2); Km(- D; iC(c=); if(y); Jg- 

6. If /(x) = x3 - 12x + 3, graph /(x) by use of /(- 4), /(- 3), /(- 2), 
/(- l),/(0),/(l),/(2),/(3), and/(4). 

7. If Fix, y) = 3x + 2y, find F(2, - 3); F(a, 26). 

8. If Fix, y) = x^ H- 3xy, find Fi- 1, 2); ^(x, 2c). 

62. Functions defined by equations. A solution of an equation 
in two variables x and y is a pair of corresponding values of x and 
y which satisfy the equation. Usually, an equation in two variables 
has infinitely many solutions. 

Illustration 1. Consider 3x - 5y = 15. If x =- 3, then 9 - 5y = 15, 
or y = — Hence, (x = 3, y = — |) is a solution of the given equation. 
If y = 0, then 3x = 15 or x = 5; hence, ( 2 : — 5, y = 0) is another solution. 
Thus, we could find as many solutions as we might desire. 

In case x and y are related by an equation, then usually we may 
think of y as a function of x and, likewise, of x as a function of y. 
This is true because, in general, for each value of either variable we 
can find corresponding values of the other variable by use of the 
equation. In particular, a linear equation in x and y defines either 
variable as a linear function of the other variable. 

Illustration 2. From 3x — 5y = 15, x = 5 + f y and y = fx — 3. 

63. The graph, or the locus, of an equation in two variables x 
and y is the locus of all points whose coordinates (x, y) form solu- 
tions of the equation. If we think of x as an independent variable, 
the graph of the equation is identical with the graph of the function, 
y, of X, defined by the equation. In particular, if a, 6, and c are con- 
stants, the graph of the linear equation ax + by = c is a straight line. 
For, the graph of this equation is the graph of the linear function of 
X, or of the linear function of y, defined by the equation. 

Illustration 1. From 3x - 5y = 15, we obtain y = fx - 3. The graph 
of 3x — 5y = 15 is the graph of the linear function f x — 3 (page 49). 



Rectangulah coordinates and graphs 53 

The abscissa of any point where a graph on an (x iA cnnrrUnot 
system meets the x-axis is called an x-intercept of the graph The 

y intercept. To find the x-intercepl (or inlercepls) of the graph of 
a. equation m x and y, place y = 0 in the equation and soKr x 
to find the y^niercept (or iniercepls), place x = 0 and solve for y. ' 

^ solutions correspond- 

m to the X and y inta-cepls, and one other solution of the enuatim- 
then draw the line through the points thus found. ’ 

0 f = > 5 , S^t let x = 0 and obtain 

r*. ^-intercept is 5, or (5, Ol^rpoint 

on the graph. These points check with Figure 3, page 49. ^ 

^ e^^ion of a curve on an (x, y) co- 

orinate plane is an equation in the variables x and y whose graph 

tsthe given curve. If two equations have the same graph, in general 
he equations differ only in nonessential features. Hence, although 
a pven curve may have infinitely many different equations, we shall 
reier to any one of these as the equation of the curve 

We shall assume without proof the fact that the equation of any 
Straight luie on an (x, y) coordinate plane is of the form ax + hy^c 
where a, b, and c are constants. The equation of a line is a linear 
relation between x and y which is tme when and only when the 
point {x, y) is on the line. 

Illustration 1. 3x + 2y = 7 is the equation of a certain straight line, 
this line also is the graph of 6x + 4y = 14 because these two equations 
have the same solutions. 

_ Frequently we refer to a function of a variable x, or to an equation 
in X and y, by giving the function or equation the name of its graph. 

Illustration 2. Thus, we may refer to the line 3x + 2y = 7. 

Illustration 3. The equation of the vertical line 3 units to the left 
of the y-axis is x = — 3. 

Illustration 4. Let P, with coordinates (x, y), be any 
point on the line through (0, 0) and (1, 2). Then, from 
similar right triangles in Figure 5, 

V 2 

^ = Y or y = 2x; 

this is the equation of the line. xp 

X 10» 5 
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EXERCISE 18 

Graph each equation. 

1. 3x + 2i/ = 6. 4. 3i/ - 4x - 12 = 0. 7. Sx - 7y = 0. 

2. 3j: - y = 9. 6. 3 j: = 5 + 6y. 8. 2x + 3y = 0. 

3. X -\- 5y = 15. 6. 4x — = 20. 9. x = 7. 

10. y = — 8. 11. X = y. 12. X — — y. 13. 5x + 9 = 0. 

14. Find an expression (o) for the linear function of y defined by the equa- 
tion 2x -|- 7y = 9; (6) for the linear function of x defined by the equation. 

16. Give the equation of the horizontal line which lies (a) 6 xuiits above 
OX ; (6) 4 units below OX. 

16. Give the equation of the vertical line which is (a) 4 units to the left 
of OF; (6) 7 units to the right of OY. 

SUPPLEMENTARY PROBLEMS 

Find the equation of the line through the points by use of similar triangles. 

17. (0, 0) and (1, 1). 19. (0, 2) and (3, 5). 

18. (0, 0) and (- 1, - 4). 20. (- 3, 0) and (1, 6). 

Note 1. On an (x, y) coordinate system, on any line which is not vertical, 
select any two points P and Q. Then, the slope of the line is defined as the 
ratio of the difference of the ordinates of P and Q to the difference of their ab- 
scissas. Thus, two lines are parallel if and only if they have the same slope. 

21. If the coordinates of P are (x,, yi) and of Q are (xa, yz), prove that the 
slope of line PQ is {yz — y\)/{^i “ ^i)- 

Draw the line through the points and find its slope. 

22. (3,5); (5,9). 23. (2,4); (6,2). 24. (-2,3); (3,7). 

26. Find the slope of the line y = 3x + 5 by first finding the coordinates 
of two points on the line. 

26. Prove that the slope of the line y = mx + 6 is m and the ^-intercept 
is h. (We call y = mx + h the slope-intercept form of the equation of the 
line.) 

Find the slope and the y-intercept of the graph of the equation by first re- 
ducing it to the slope-intercept form. Graph the equation. 

27. Zx-\-2y = 9. 28. 3x - 4i/ = 8. 29. 3x + 8z/ = 0. 

Determine whether or not the graphs of the equations are parallel by finding 
their slopes. 

j2x-5y = 7, .. J3x + 4y = 7, f 5x - Sy = 2, 

\ 4x - lOy = 5. \ 9x + I2y = 5. \ lOx + 4y = 7. 



CHAPTER FOUR 


Systems of Linear Equations 


66. A solution of a system of two equations in two unknowns 
X and y, is a pair of corresponding values of x and y which satisfy 

both equations. If a system has a solution, the equations are called 

simultaneous. 


Example 1. Solve graphically: 2 / — 5, ( 1 ) 

\x + 2y = 2. ( 2 ) 

f ■* ^Sure 6, AB is the graph of (1) and CD is tlie graj)!) 

of (2). The point of intersection, E, of AB and CD is the only point whose 

coordinates satisfy both equations. 

Q 2. We observe that E has the coordinates (4, - 1). 

Hence, {x = 4., y ~ — 1) is the only solution of the 
system. 

^ Comjnent. Usuall}' a graphical solution gives only 
aiiproximate results, because in obtaining them we 
estimate tlie values of certain coordinates by meas- 
uring line segments in the graph. 


Y 



Flo. 6 


To solve a system of two equations in two unknowns grapliically. 

1. Draw the graphs of the equations on one coordinate system. 

2. Measure the coordinates of any point of intersection of the graphs; 
these coordinates form a solxdion of the system. 

Usually a system of two linear equations in two unknowns has 
just one solution, as was the case in Example 1, but the following 
special cases may occur. 

A. If the graphs of the equations are parallel lines, the sxjstem has 
no solution and the equations are called inconsistent equations. 

B. Jf the graphs of the equations are the same line, each solution of 
either equation is also a solution of the other and hence the system has 
infinitely many solutions. In this case the equations are said to be 
dependent equations. 
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SYSTEMS OF LINEAR EQUATIONS 


66. Solution of a system by elimination. 


Example 1 . Solve for x and y : 

First solution. Eliminalion by substitution. 

1. Solve (2) for x: 2x = A — Zy\ x — J(4 — Zy). (3) 

2. Substitute (3) in (1); 4[J(4 — 3y)J + 5i/ = 6. (4) 

In obtaining equation 4, we have eliminated x by substituting for x from 
one given equation into the other. 

3. Solve (4) for y: 8 — 6y + 5y = 6; y = 2. 

4. Substitute y = 2 in (3): x = J(4 — 6) = — 1. 

Hence, the solution of the system is (z = — 1, y = 2). 


r4x + 5y = 6, (1) 

1 2z + 3y = 4. (2) 


Second solution. Elimination by addition or subtraction. 


1. Multiply (1) by 3: 

12z + 15y = 18. 

(5) 

2. Multiply (2) by 5: 

lOz + 15y = 20. 

(6) 

3. Subtract, (5) — (0): 

2z - — 2; z = — 1. 

(7; 

In obtaining equation 7, we have eliminated y by subtraction. 


4. On substituting z — — 1 in (2) we obtain 3y = 4 + 2 or 

y = 2. 

Example 2. Solve for z and y: 

(ax -{-by = e, 

\ cz + dy = /. 

(8) 

(9) 

Solution. 1. Multiply (8) by d: 

adx 4- bdy = de. 

(10) 

2. Multiply (9) by b: 

hex + bdy = bf. 

(11) 

3. Subtract, (10) — (11): 

adx — bex — de ^ bf. 

(12) 

4. Factor left member: 

x{ad — be) = de — bf. 

(13) 

5. Suppose that ad — be 0 and 

de — bf 

(14) 

divide by od — 6c in (13): 

ad ^ be 

6. By similar steps [multiplying (8) 
by c and (9) by a]] we find y: 

II 

1 1 

• 

(15) 

Comment. Notice that, in a system 

with literal coefficients, it 

is usually 


best to solve for each unknown in turn by addition or subtraction. 


EXERCISE 19 

Solve graphically and also by elimination by svbstUvium. 


1 . 


3z - y = 7, 

2x + 3y = 12. 

y — 2x = 6, 
z + 2y = 2. 


3. 


3z — 4y = 9, 
2z — 3y = 7. 

5y — 2z = 0, 
3z + 2y = 0. 


6 . 


6 . 


2z - 3y = 12, 
5z + 2y + 8 = 

6y — 3z = 10, 
9y — 6z = 14. 


0 , 


2 . 
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Solve graphically and also by elimination by addition or subtraction. 

A _ 


7 . 


8 . 


2 , 

4y - 3a: = 2. 

2a: - 3y = 9, 
4a: + 3y - 15. 


9 . 


10 . 


52/ + 3a: = 0, 
Zy ~’2z - 0 . 


11. /fy + 6^ = 

1 Cy + 4a: = 


/ 6 a: + 9y = 
9y-4x = l. \3x-6y = 

Solve for x and y, for r and s, or for w and z hy any method. 


-9, 

- 1 . 

-14, 

14. 


13 . 


14 . 


4x - 82 / = - 3, 
lla:-f-5y- - 15. 

2 a: - y = 8 , 

7a: + 4y = 43. 


16 . 


16 . 


6 x - 5y = 3, 
4y - 9x = 5. 


17 . 


4x + 3y = 6.4, 
3x - .5y = 1.5. 


9r + 14s = - r _ 6 j. = 3 45 ^ 

6 r + 2ls=-7. \4y + 5x=-,e7. 


19 . 


2x , 5y 

, 1 

5^6 

% 

'^2'' 

X 5y 

5 

6 9 ■ 

■ 2 


20 . 


'l + l+.-o, 

2x y ^ _7 
3 “^4 12’ 


21 / 3/ix + y = A, 

\2Ax-3y-A. 


22 . 


2 x - 6 y = c, 

3x + 26y = 4c. 


24 . 


26. 


aa: + 5y = 3, 
6 x + ay = 3. 

fx -2 2 + y 


25 


23 I ^ ^y — 

’ Ux-ay = 2 . 

bw — az — = 0, 

aw bz ■- bw = a\ 


x+1 

5 + y 


1 + y 
X - 3 


27 . 


[4 + y X - 4 


== 0 , 


5 4.?y 

c~^ d 


X - 2y = 


C^-(P 

cd 


Note 1. If the two equations are inconsistent, or dependent, then, in 
eliminating one unknown, the other is also eliminated; (a) if tlie equations 
are dependent, an identity 0 = 0 results; (b) if the equations are incon- 
sistent, a contradictory equation, such as 0 = 36, is obtained. 


^ Proceed mth the solution until you recognize that the equations are incon- 
sisient or dependent; check by graphing the equations. 



a: - y + 3 = 0, 
2x - 2y = 7. 


r 3x + y - 8 , 

1 6 x + 2 y = 20 . 


30. / ^ + ^ - 9, 

\ 2 x-h 2 y= - 10 . 

31 . (3a:-3y = 7, 

\ 6 x = 14 -f- 6 y. 



i'^-3y = 5, 
I2x-6y = 3. 


33. / - 8 , 

\ 6 x -f- 8 y = 16. 


Solve by introducing two unknovms. 


34. Workmen A and B complete a certain job if they work together for 
6 days or if A alone works for 3 days and B alone works for 10 days How 
long does it take each man to complete the job alone? 



58 


SYSTEMS OF LINEAR EQUATIONS 


35. A weight of 5 pounds is 6 feet from the fulcrum on the right side of a 
lever. The lever is balanced if we place a first weight 4 feet from the fulcrum 
on the right and a second weight 7 feet from the fulcrum on the left, or 
if we place the first weight 8 feet to the right and the second weight 9 feet 
to the left of the fulcrum. Find the unknown weights. 

36. An airplane, flying with the vnnd, took 2.5 hours for a 625-mile run 
and took 4 hours and 10 minutes to return against the same wind. Find the 
velocity of the wind and the speed of the airplane in calm air. 

37. How much silver and lead should be added to 100 pounds of a mixture 
containing 15% silver and 30% lead to obtain an alloy containing 25% 
silver and 50% lead? 

38. An army messenger will travel at a speed of 60 miles per hour on land, 
and in a motorboat whose speed is 20 miles per hour in still water. In 
delivering a message he will go by land to a dock on a river and then on the 
river against a current of 4 miles per hour. If he reaches his destination in 
4i hours and then returns to his starting point in SJ hours, how far did he 
travel by land and how far by water? 

39. If a two-digit number is divided by its units* digit, the quotient is 16. 
If the digits of the given number are reversed, the new number is 18 less 
than the original one. Find this number. 

40. It takes a man 3 hours to row 20 miles downstream on a river and 10 
hours to return. Find the rate of the current and the rate at which the man 
can row in still water. 

67. A system of three linear equations in three unknowns usually 
has one and only one solution. In special cases, however, such a sys- 
tem may have no solution, in which case the equations are called in- 
consistent, or infinitely many solutions, in w'hich case the equations 
are called dependent. Such cases will not be considered in this chapter. 



(Zx + y-z= 11, 

(1) 

Example 1. Solve for x, y, and z'. 

1 X -h 3y — 2 = 13, 

(2) 


\x y — Zz = 11. 

(3) 

Solution. 1. Subtract, (1) — (2): 

2x — 2y = — 2. 

(4) 

Multiply (2) by 3: 

3x -|- 9y — Zz = 39. 

(5) 

Subtract, (5) — (3); 

2x -f 8y = 28. 

(6) 

2. Solve (4) and (6) for x and y: 
Subtract, (6) - (4); 

lOy = 30; y = 3. 


Substitute y = 3 in (4) : 

2x - 6 = - 2; X = 2. 


3. Substitute (x = 2, y = 3) in (1): 

6-1-3-3 = 11; z= - 2. 


The solution of the given system is {x = 

2, y = 3, 3 = - 2). 
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1 . ii’rOTn one pair of the equations, eliminate one of the unknowns- 
eliminate tins unknown from another pair of the original equation^. 

2 . Solve the resulting equations for the two unknowns in them. 

3. Substitute the values of the unknowns found in Step 2 in the 
simplest of the given equations and solve for the third unknown. 


EXERCISE 20 

Solve. Do not commence by clearing of fractions. 


1 . 


6 . 


8 . 


f 3i/ - 5x = 1, 

3x + z = 

I 2 + = 2. 

x~y-{-Gz = 7, 
2 x + 3y + 62 = 0 
L a: + 2i/ + 92 = 3. 

[ 2x - y + 2z = 2, 

I 12^ + 1/ - 3z = 3, 
I 6 x - 1 / + 62 = 12 . 

^2 5 . 

--- = c 

^ y 


2x + y ^ 2 , 
2. <2y ~5z = 7, 
6a: -I- 22 = 1. 


9x + 7 = 52, 
3. I 9x — 5y = 3, 
3i/ 4- 32 = 2. 


6 . 


7. 


2^ - 3S - C = 0, 

2^ + 3B - 2C + 1 = 0, 
^ + 3B + 2C = 1. 

f 9x 4- 4^/ + 32 = 3 , 
y - Gx - 62 + 3 = 0 , 

[z - y - X = 2. 


9. 


5 + «=I4, 

X y ' 

2+5 = 4 . 

X y 


10 . 


2y u = 4, 

X + 2 z - 3u = 6 , 

3(/ - X - 62 = - 2, 
3u + y - z = - 2. 

Hint for Problem 8 . Eliminate one unknown by addition or subtraction 
mlhoul clearing of fractions. 

Hint for Problem 11. Let 


11 . 


6 2 2 , 

- H D. 

X y Z 


1 1 


and - = w 

z 


in all equations. Then, first solve for u, v, 
and w. Finally obtain (x, y, z) by use' of 
(«, V, w). 

12. A man divides $10,000 among three investments, at 3%, 4% and 
6 % per annum, respectively. His annual income from the first two invest 
ments is $80 less than his income from the third investment and his total 
income is $460 per year. Find the amount invested at each rate. 

13; In a three-digit number which is 31 times the sum of the digits the 
units digit IS one half the sum of the other digits. If the digits are revemed 
the new number is 99 greater than the original number. Find its digits ’ 
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'A^68. Solution of two linear equations by determinants. 

page 56, we found the solution of the following system: 

I ar + by = e, 

1 cx + dy = /. 


If od — 6c 7*^ 0, 


de — bf af — ce 

-I v = — 

ad — be* ad — be 


On 

( 1 ) 

( 2 ) 

( 3 ) 


The symmetrical nature of the numerators and denominators in 
(3) was noticed by early mathematicians and led to the introduction 
, of the following notation. The symbol on the left below is called a 
determinant and is an abbreviation for ad — 6c. Or, by definition, 

“ j = ad -be. (4) 


We read (4) as follows: *Hhe determinant (a, 6), (c, d) equals 
ad — he” We call a, 6, c, and d the elements, and od— 6c the ex- 
pansion of the determinant. This determinant is said to be of the 
second order because it has two rows and two columns of elements. 


Illustration 1. 



= 3(-5)-(-4)(2) = -15 + 8- 



By the definition of a determinant, we observe that the solution 
of system [(1), (2)] given in equations (3) can be written as follows: 



e b 


a e 

f d 

• ft ^ . 

c f 

a b 

f y — 

a b 

c d 


c d 



We refer to the denominator in (5) as the determinant of the coefficients 
of the unknovms. 


Summary. If the determinant of the coeffiicients of the unknmtms 
is not zero, the system of linear equations has just one solution, in 
which the value of each unknown is the quotient of two determinants: 

1. the denominator determinant, for all unknowns, is formed by 
writing the coefficients of the unknowns by rows in a regular order; 

2. the numerator, for any unknown, is obtained from the denominator 
by replacing the coefficients of this unknown by the constant terms. 

Illustration 2. In (5), the constant terms c and / are in the 1st col- 
umn in the numerator for x and in the 2d column in the numerator for y. 
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Example 1. Solve by determinants 
Solution. From (5), 


- 4y = - 14, 
31 + 7y = 5. 


X = 


- 14 - 4 1 
5 7i 

II 

1 

00 

II 

1 

o 

• 

» 

2-14 
3 5 

2-4 

26 y = 

2 - 4 

3 7 


3 7 


52 

26 


= — s= 2 


18 . 


^ -bij = I 

bx - ay ^ 1. 


The symbol 


( 1 ) 


★EXERCISE 21 

Solve for X and y by use of determinants. 

1-17. Solve Problems 1-17 of Exercise 19. 

3a: - 5 = 0 , (Zx~7y ^0, 

- 3y = 18. ' \ 2a: + 5i/ = 0. 

21-24. Solve Problems 21-24 of Exercise 19. 

26-27. Problems 28-30 of E.xercise 19. In each case tell why formulas 5 
page 60, cannot be used; then solve graphically. ' 

★69. Determinants of the third order 

Gl hi Cl 
Ga &a Ca 
Gs ha Cs 

is called a determinant of the third order and is defined as an abbrevia- 
tion for the expression 

GihaCa + oshica + oahaCi - a^h^Ci - - GahiCa. (2) 

The numbers Oi, hi, a, etc. are called the elements and the 

polynomial in (2) is called the expansion of the determinant. 

Note 1. The terms in (2) can be remembered as fol- 
lows. Repeat the first two columns of the determinant 
at the right of the determinant as in the diagram. Find 
the product of each set of three elements through which an ^ 

arr^ is drawn. Give the product a plus sign if its arrow points downward 
ana a minus sign if the arrow points upward. ’ 

1 5 2 

4 7 3 

2 -3 6. 

(1-7-6) + (5-3-2) + C2-4-(- 3): - (2.7-2) - [(- 3).3.1J - ( 6 . 4 . 5 ) 

= 42 + 30 - 24 - 28 + 9 - 120 = - 91. 



Illustration 1. 
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★EXERCISE 22 


Obtain the expansion of each determinant. 




1 

— 

3 

— 

2 


- 2 

0 


2 


di 

61 

Cl 

1. 


2 


1 


4 

3. 

1 

3 

4 

— 

1 

6. 

dz 

62 

C2 



2 


1 

— 

3 


4 

- 2 


3 


dz 

63 

C3 


5 

— 

• 3 


1; 



0 

2 

1 



' fli 

61 

di 

2. 

2 


0 

— 

2 

• 

4. 

- 1 

3 

5 

• 

6. 

az 

62 

dz 


! 1 


3 

— 

4 



3 

4 - 

1 



az 

63 

dz 


★70. Solution of three linear equations by determinants. 

Example 1. Solve for x, y, and z\ 

[ flix + hiy + ciz = di, (1) 

j QiX + bzy + C2Z = £?2, (2) 

I flaX + h^y -\-CzZ = dz, (3) 

Solution. 1. By the method of Section 67, we solve the system of 
equations C(l), (2), (3)J for x, y, and z and obtain the following fractions, 
provided, of course, that the denominator in them is not zero: 


d\h-iCi -j" dzhxOj -h dzhzCx — dzh-aCi — d\hzC‘> — dd>\Cz 

Q \ b -> C 3 + 036102 + O263C1 — azbiCi — 016302 — 026103’ 

axd-iCz + a3rfi02 + ocdsOi — osdcOi — a\dzC2 — OodiCs 

016203 + 0361C2 + O263O1 — O362O1 — O163C2 — 0261O3’ 


0162^3 -h 0361(^2 -h 0263^1 — 0362^1 — 0163^2 — a'i!b\dz 
O162C3 + 036102 + O263O1 — 036201 — O163C2 — O261C3 


(4) 

(5) 

( 6 ) 


2. The denominator in these fractions is seen to be the expansion of the 
determinant discussed in Section 69. The numerator for x in (4) differs 
from the denominator only in that the o’s of the denominator are replaced 
by d s. Hence, in the following expression for x, the numerator determinant 
IS obtained from the denominator by replacing the column of o’s by d’s; 
this numerator was explicitly verified in Problem 5 of Exercise 22. Similarly, 
we may rewrite (5) and (6) in determinant form and finally obtain 


di 

61 

Cl 


Cl 

di 

Cl 


Cl 

bi 

di 

^2 

bz 

Cz 


02 

dz 

Cz 


02 

bz 

dz 

dz 

bz 

Cz 


Cs 

dz 

Cz 


C3 

bz 

dz 

Cl 

bi 

Cl 

1 y — 

Cl 

bi 

Cl 

» ^ = 

Cl 

bi 

Cl 

02 

bz 

Cz 


02 

bz 

Cz 


02 

bz 

Cz 

03 

bz 

Cz 


C3 

bz 

Cz 


C3 

bz 

Cz 



The solution of Example 1 shows that Steps 1 and 2 of the sum- 
mary on page 60 apply without a change in wording to a system of 
three linear equations in three unkno\vns. 
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Formulas 7 of this section, or formulas 5 of page 60 for a system 
of two equations, apply when and only when the denominator de- 
terminant is not zero. In more advanced mathematics it is proved 
that, m case the denominator determinant is zero, the equations of 
the system are either dependent or inconsistent. 


• '''“‘d is ““cemed, determinants were 

invented in 1693 by the German mathematician Leibniz (164&-1716) How- 

were invented at least ten years earlier by Seki-Kow. 

Ub4J-1708), the great Japanese mathematician. Due to the isolation ol 

Japan, the work of Seki-Kowa had no influence on mathematical develoo- 
ment outside of Japan. ^ 


Example 2. Solve by determinants: 
Solution. By use of formulas 7, 


^ 3a: + y - 3 = 14^ 

X + 3y - 2 = 16, 

. X + y - 32 = - 10. 




1 

1 


1C 

- 10 


14 

1 

- 1 


16 

3 

- 1 


- 10 

1 

- 3 

- 126 + 10 - 

3 

1 

- 1 

- 27 - 1 - 

1 

3 

- 1 


1 

1 

- 3 


13 

14 

-11 



1 

3 


- 20 


- 120 
- 20 


“ 6 . 2 = 


3 

1 

1 


1 

3 

1 - 


14 
16 
10 j 


- 20 


- 100 
- 20 


- 140 _ 

- 20 


★EXERCISE 23 

1-7. Solve Problems 1 to 7 of Exercise 20 by use of determinants. 

Solve for x, y, and z by use of deler?ninants. 

f r ox + 6y = c, 

8. j 6x -f- cy = A, 9, j ox + C 2 = 6, 

[dx-^€y+fz = k. [by + cz = a. 

10. Carry through the elimination by addition or subtraction which is 
necessary to obtain the expression for x in equation 4, page 62. 



CHAPTER FIVE 


Quadratic Equations 


71. Introduction to imaginary numbers. By definition, 72 is a 
square root of A if 72^ = A. Hence, — 1 has no positive or negative 
number 72 as a square root because, in such cases, 72^ is positive and 
cannot satisfy 72^ = — 1. For this reason, we introduce the symbol 
1 as a new variety of n umb er, called an imaginary number, \vith 
the property that V— iV— 1 = — 1. And, for contrast, we call 
positive and negati ve nu mbers and zero real numbers. For conven- 
ience we let ^ = V— 1. Then by definition = — 1. We shall 
assume * that the operations of addition, subtraction, multiplication, 
and division may be applied to combinations of i and real numbers as 
if i were an ordinary real literal number, ^vith = — 1. Then, in' 
particular, (— iy = = — 1, so that — r, as well as -f is a square 

root of — 1. 

Illustration 1. (3 + 5i)(4 + i) = 12 + 23i + 5i* 

= 12 -1- 23i - 5 = 7 + 2Zi. 

If F is any positive number, we verify that 

{Wpy = i2F = - F; (- iVPy = = _ F. 

Hence, the negative number — F has the two square roots ± i'n/F. 
Hereafter, we agree that the symbol V — P or (— F)^ represents the 
parti cula r square root iy/P. Then, — F has the two square roots 
± V — F = ± i\/ p. This agreement about the meaning of v—F 
is equivalent to saying that we should proceed as follows in dealing 
with the square root of a negative number: 

= V(- 1)-“F = V^VP = iVP. (1) 

Illustration 2. The square roots of — 5 are ± V— 5 = =fc i^/E. 

. 3 ^. 

Illustration 3. = (iV4)(fV9) = 61= = - 6. 

• This procedure can be justified by a more advanced discussion. 

64 
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formula v^^/6 = „.as proved only for the ease where 
o and V6 are real M e can verify that the formula does not hold if a 
and h are negative. Thus, by the formula, 

V34V^ = V(- 4)(- 9) = V36 = 6, 
which is wrong, because the correct result is - 6 (m lUustration 3). 

If a and 6 are real numbers, we call (a + In) a complex number, 
uhose real part is o and imaginary part is hi. If 5 ^ 0, we call (a + hi) 

an magmary number A pure imaginary number is one whose real 
part IS zero, that is, (a + hi) is a pure imaginary if a = 0 and 6 0. 

y real number a is thought of as a complex number in which the 
coefhcient of the unagmary part is zero; that is, a = a + 0i. 

Illustration 4. (2 - 3t) is an imaginary number. The real number 6 
can be thought of as (6 + Oi). Also, 0 = 0 + Oi. 

Note g In this book, unless otherwise stated, all literal numbers repre- 
sent real numbers, except that hereafter i will always represent 

^y hteral number m a radical of even order will be supposed positive, if 
this is possible and adds to our convenience. 

Positive integral powers of i can be easily computed by recalling 
that - — 1 and hence that i* ^ 1. ^ 

Illustration 5. = iH = (- l); = - = 2 . i = ». 


EXERCISE 24 
Express by use of the symbol i and simplify the radical. 


6. v^. 7. vCTI. 


1. 3. 

2. 4, V^. 6. 8. 

11* 12. V— I2xw^. 13. 128:cV^ 


9 . 

10. V - 9j2 
14. 48a V. 


Give the two square roots of each number. 

16. -81. 16. 17. 18. -63. 19 . - f . 

Perform any indicated operation and simplify by iwe of P = ~ \ 

20. V". 21. P. 22. P. 23. P. 24. t*. 26. i's. 26. 1^9 

27. (3 - i)(3 + i). 28. (3i + 5)(4 - 3i). 29. (3 + 2t)(3 — 2i). 

30. (2i + 3)=. 31. (4 + 3i)2. 32. (5 - 2i)^. 33 . (31 _ 4^2^ 

34. (4i — 7r'*)(2t + bP). 36. (2i + AP — p){2 + 3i). 

36. 37, - gv^). 33 . (5 . 

39. lifix) = 3x^' + 2x - 7, 6nd/(2i): /(- 3i); f{2 - 5i). 
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72. A quadratic equation, or one of the second degree^ is an integral 

rational equation in which, after like terms are collected, those of 
highest degree in the variables are of the second degree. A quadratic 
equation in x can be reduced to the standard form ax^ + + c = 0, 

where a, 5, and c are constants and a 5*^ 0. A complete quadratic 
equation in x is one for which 6 0, and a pure quadratic equation is 

one for which 6 = 0. 

To solve a pure quadratic equation in z, we solve the equation 
for and extract square roots. 

Example 1. Solve: 7y^ = 18 + 

Solution. = 18; y ^ = 

Thus, y must be a square root of Hence, by use of Table I, 

y = = ±1^^ = ±^(1-414) = ±2.121. 

Example 2. Solve: 2 y ‘^ -f 35 = — 5^^ 

Solution. = — 35; y^ = — 5. Hence, y = ±. V^— 5 = ± iV5. 

Note 1. If the coefficients in a quadratic equation are explicit numbers 
and if a radical occurs in any solution which is a real number, compute the 
decimal value of the solution by use of Table I. If it is desired to check such 
a solution, substitute the radical form instead of the approximate decimal 
value, which, as a rule, could not lead to an absolute check. 

73. To solve an equation of any degree in x by use of factoring: 

1. T ranspose all terms to one member and thus obtain zero as the other 

member. Factor the first member if possible. 

2. Place each factor equal to zero and solve for x. 

Example 1. Solve: ex® + 5x = 6, 

Solution, i. Subtract 6: 6x® + 5x - 6 = 0; 

(3x - 2)(2x + 3) = 0. 

2. The equation is satisfied if 3x — 2 = 0 or if 2x + 3 = 0. 

3. If 3x — 2 = 0, then 3x = 2; x = f is one solution. 

4. If 2x + 3 = 0, then 2x= — 3; z = — fisa second solution. 

Example 2. Solve: 4x® + 20x + 25 = 0. 

Solution. 1. Factor: (2x + 5)® = 0; or (2x + 5)(2x + 5) = 0. 

2. If 2x + 5 = 0, then x = — f. Since each factor gives the same value 
for X, we agree to say that the equation has two equal roots. 
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In solving an equation, if both sides are divided by an expression 
involving the unknowns, solutions may be lost. 

Example 3. Solve: = gx. 

Solution. 1. Transpose 8x: 5x2 - 8x = 0; a:(5x - 8) = 0. 

2. Hence, x = 0 or 5x — 8 = 0; the solutions are 0 and f. 

Incorrect solution. Divide both sides of 5x2 = gx by x; 

5x = 8. 

Then, incorrectly, v.-e obtain a: = f as the only solution. 


Solve for x. 

1. 5x2 125. 

2. 3x2 =: 12. 


EXERCISE 25 


3. x2 = 

4. 


- 9. 


6. 4x2 = — 9, 


7 4x2 c, 


9. 7x2 = 5 - 

10. 9x2 ^ 49 = 0. 

Solve by factoring. 

16. x2 — 3x = 10. 

16. ~ 5y = 14. 

17. 2x2 _|_ = 3 

18. 3x2 _ 2 j = 5. 

19. 5x2 _ 9 ^ _ Q 

20. 6x2 ^ i5_p 

Solve for x or for w. 

33. 36x2 ^ _ Q_ 

34. x2 + ax — 0a2 = 0. 
36. 2x2 + 6 x - 362 = 
36. 3uj2 _ 5 ^ _ 452 ^ 


2x2 = 3. 6. 9x2 

11. ix2 - 1 == Jx2. 

12. 18x2 + 04 = 0. 

21. 21x = 14x2. 

22. 9x2 _ 144 ^ 0. 

23. 8x2 _|_ 3 = iQj. 

24. 16x2 = 24x - 9. 

2j. 12 - 5x2 = 17^^ 
26. 25i/2 = 2Qy - 4. 


“ 25. 8. 3ax2 = h. 

13. 4ax2 — c ~ d . 

14. 4a + 2cx2 = Ad . 

27. 8 = 22x - 15x2. 

28. 4uj 2 + 7m = 15. 

29. 8x2 -f 2x = 15. 

30. 7x2 + 9x = 10. 

31. 9x2 - 4 = 

32. 6 + 5x = 6x2. 

obx - = 0. 


37. 2a2x2 

38. 0cx2 -f- a5 = 3ax + 26cx. 

39. (x + 3)C2x - 5)(3x + 7) = 0. 

40. 0x2 + 3,2 _ 15^ = 0^ 


74. Completing a square. A binomial x2 + px becomes a perfect 
square if we add the square of one half of the coefficient of x. That 

/ ._\ O A 


is, we complete a square if we add 





( 1 ) 


Illustration 1. 


To make x2 — 7x a perfect square, we add (J)2 or 
x2 - 7x + ^ = (x - 
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76. To solve a quadratic equation in x by completing a square: 

1. Transpose all terms involving x to the left side and all other terms 
to the right member and collect terms. 

2. Divide both members by the coefficient of xK 

3. Complete a square on the left by adding the square of one half 
of the absolute value of the coejfficient of x to both sides. 

4. Rewrite the left member as the square of a binomial. 

5. Extract square roots^ using the double sign on the right. 

Example 1. Solve: - 8x + 2 = 0. 


Solution. 1. - 8x = - 2; or x^ - fx = - f. 

2. Since (f -r- 2) = add (f)2 or to complete a square: 

= or (x-t)2-^. 

3. Extract square roots: x — J ± jVlO; or x = § ± Jv^; 


4 + 3.162 ^ 4-3.162 

^ 2 = 2.387, and x = ^ = -279 


(Table I) 


Example 2. Solve by completing a square: x* + 4x + 7 = 0. 
Solution. 1. x^ + 4x = — 7. 

2. Since (4^-2)= 2, we add 2^ or 4 to both sides; 

x2 + 4x + 4 = 4-7: or (x + 2)^ = - 3. 

3. Hence, x + 2 = ± V— 3 = ± iVS; 

X - - 2 ± iVs. 


Example 3. Solve by completing a square: ox* + 6x + c *= 0. 


Solution. 1. Subtract c 

2. Divide by a: 

3. Add (ly. org: 

4. Simplify: 




cx^ + 6x = — c. 


2 _ 1 _ ^ 
X^ + -X 

a 

. fb\^ 


{■ 


— ^ ^ 
4a* a 

6* — 4ac 
4o* 


5. Extract square roots: the equation ax* + 6x + c = 0 is satisfied when 
and only when 
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76. The quadratic formula. In Example 3, page 68, the equation 

+ bx + c = 0 ( 1 ) 

was solved by the method of completing a square; the solutions are 

— b ± — 4ac 

* 25 (2) 

We call (2) the quadratic formula. In (2), it is permissible for a, b 
and c to have any values, mth a 0. To solve a quadratic equation 
by the quadratic formula, first reduce the equation to the standard 
form 0 x 2 + bi + c = 0 v^jugs gf ^ 


^LUSTRATION 1. To solve - 6i - 2 = 0, we observe that a = 3. 
0 , and c — — 2. Hence, from the quadratic formula, 

^ - (- 6) rb V J— 6y — 4-3-(— 2^ 6 ± 2vl5 3 -+- 3.873 

3 + 3:813 ^ 2 . 291 , ^ ^ ' 


X 


X ~ 


Illustration 2. To solve 2x2 - 4x + 5 = q, ^ ^ 

0 4, and c = 5. Hence, from the quadratic formula, 


2 , 


X = 


4 dr Vl6 - 40 ^ 4 ± V- 24 _ 4 ± 2iV6 _ 2 ± tVo 


Example 1. Solve for x\ x^ - Sex + 5dx - 15de = 0. 

SoLXJTiON. 1. Group terms in a:: + x(- 3c + 5d) — 15dc = 0. 

2. In the standard notation, a - 1, 6 = — 3e + 5d, and c = — I5de. 
From the quadratic formula, 


- (- 3e + 5d) ± V(5d - 3c)2 - 4(- 15de) 

X - 

The student should simplify to obtain x = 3e and x = — 5d. 

NoU 1. Table I is useful in detecting perfect square numbers. 


77. Summary for solution of quadratic equations. A pure quadratic 
equation should be solved by merely extracting square roots, as 
in Section 72. Any other quadratic equation should be solved by 
factoring if factors can be easily recognized. In all other cases, solve 
by use of the quadratic formula, unless otherwise specified.' The 
method of completing the square is not recommended in any problem 
unless specifically requested; this method was introduced mainly 
as a means for deriving the quadratic formula. 
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EXERCISE 26 

Solve for X by completing a square. 

1. + 6a: - 7 = 0. 4. So:* - 2 = 4a:. 7. 4a:* + 25 = 20a:. 

2. X* + 10a: + 24 = 0. 6. x* + 13 = 6x. 8. 9x* 4- 1 = 12x. 

3. 9x* 4- 6x = 1. 6. 4x* 4- 13 = 12x. 9. 2x* = 4x - 7. 

10. X* - ax = Ga*. 12. 3x* 4- ax - 6 = 0. 

11. 2x* - 5&X = 36*. 13. 6x* 4- 4- P = 0. 

Solve for x or y by use of the quadratic formula. 


14. 

6x* 

4- X - 2 = 0. 

19. 

4x* 4- 9 = 12x. 

24. 4x* 4- 3 = 2x. 

16. 

32/^ 

• 

o 

II 

1 

4- 

20. 

16x* - 25 = 0. 

26. 4x* 4- 13 = 4x. 

16. 


1 

00 

II 

• 

21. 

9x* 4- 6x = 1. 

26. 4x* 4- 13 = 12x. 

17. 

yl . 

- 2j/ 4- 10 = 0. 

22. 

4 4- 4x = 6x*. 

27. 18x* 4- 33x = 40. 

18. 

X* 4- 13 = 4x. 

23. 

2x* 4- 3 = 8x. 

28. 21x2 4- 19x = 12. 

29. 

6x* 

• 

o 

II 

0 

1 

1 


31. 5ky^ - 

Sky 4-6 = 0. 

30. 

ax* 

— dx 4“ 3c = 0. 


32. 6A?/* - 

4hy + 10 - 15y = 0. 


33. 3x* 4- 36x* - 6x 4- 56x - 10 4- 5x = 0. 


Solve for x or y or z by the most convenient method. 


34. y* - 33 = %y. 

35. 16j/* 4- 9 = 24?/. 

36. 14x* - X = 3. 

4 2x 


37. 32* - 6 = 22. 

38. 49x* 4- 4 = 14x. 

39. 25x* - 20x = 1. 


43. 


44. 


3 — X 
3x 


4- 


54-x 

1 


= 1. 

45. 

7 

14 - 2 ?/ 

= 2. 

43. 

1 

1 1 


40. 16 - 5x* = 0. 

41. 6x* = 7x. 

42. 20x* 4- 13x = 21. 

by ^ 1 

3* 


2/ 4- 3y 4- 1 
3 - 2x 


2x 


= 1 . 


X - 2 X* - 4 

47. i?/x* 4- ax = 3S. 49. 3x* 4- Ar 4- 3jtx -f = 0. 

48. 4x* 4- 26x + 6 = 1. 60. ax* - 26x = 2x 4- 3. 

61. Solve for x in terms of y: 2^* 4- 15x* — 2 — x 4- 3y — 13xy = 0. 

62. Solve for y in terms of x in Problem 51. 


Solve each problem by introducing only one unknown nurnber. 

63, Divide 45 into two parts whose product is 434. 

64. The area of a rectangle is 221 square feet and one side is 4 feet longer 
than the other. Find the dimensions. 

66. After plowing a uniform border inside of a rectangular field 50 rods 
long by 40 rods wide, a farmer finds that he has plowed 60% of the field. 
Find tlie width of the border. 

66. Find two consecutive integers whose product is 306. 
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speed, a motorist increases his 
speed by 10 imles per hour and travels 100 miles farther. If he took 3 hours 

to cover the 150 miles, find his speed during the first 50 miles. 

68. If an object is shot verticaUy from the surface of the earth with an 

initial velocity of t; feet per second, and if air resistance and other disturbing 

actors are neglected, it is proved in physics that s = vt - where s feet 

IS the height of the object above the surface at the end of t seconds and 

g ~ 32, approximately, (a) Solve for t in terms of s. (b) If v = 200 feet 

use the result of part (a) to find when s = 500 feet and when the object wul 
nit the ground. 

69. If A is the measured cross-section area of a chimney, its so-called 
ettective area E is the smallest root of the equation E^~2AE-\-A^—.3QA = 0 

Solve for E in terms of A, and, from the result, find E if A = 20 square feet! 

78. Graph of a quadratic function. A quadratic function of x is 
a polynomial of the second degree in x and hence has the form 


ax® 4- hx + c, 

where a, h, and c are constants and a 9 ^ 0. 

Example 1. Graph the function x* — 2x — 3. 

Solution. Let y = ~ 2x — 3. We select values for x and compute 

the corresponding values for ij. In Figure 7, 
we plot the points (- 3, 12), (- 2, 5), etc. The 



X = 

-3 

- 2 

0 

1 

9 

4 

5 

y = 

12 

5 

- 3 

' - 4 

- 3 

5 

12 


curve through these points is the graph of the 
function and is called a parabola. The point V at 
the rounded end is called the vertex of the parab- 
ola. Since V is the lowest point of the graph, the 
ordinate of V, or — 4, is the smallest or minimum 
value of the fimction, and we call V the minimum point of the graph. The 
vertical line through V is called the axis of the parabola. The part of the 
curve to the right of this axis has exactly the same shape as the part to the left. 
That is, the parabola is symmetrical with respect to its axis. The equation 
of the axis of the parabola y = x^ - 2x ~ 3 shown in Figure 7 is x = 1. 


If a parabola is concave downward, instead of upward as shown 
in Figure 7, then the vertex of the parabola is its highest point and 
would be called the maximum point of the curve. 
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Note 1. A parabola can be defined geometrically as the curve of inter- 
section when a right circular cone is cut by a plane which is parallel to a 
straight line on the cone through its apex. 


At a more advanced stage, we meet proofs of the following facts: 


I. The graph of ax^ + bx-\- c is a parabola with its axis perpendicular 
to the x~axis; this parabola is concave upward if c is positive and 
concave downward if a is negative. 



The abscissa of the vertex of the parabola is x — — 


h 

2fl’ 


when X 


has this value, the function has its minimum or its maximum value 
according as a is positive or negative. 


Illustration 1 . In Figure 7, at F, z - 



To form a table of values in graphing a quadratic function f{x ) : 

1, Find the coordinates of the vertex of the graph. 

2. Choose pairs of values of x where, in each pair, the valves are equi- 
distant from the vertex, one value on each side; the values of f{x) cor- 
responding to each pair will be equal. 


79. Graphical solution of an equation. If x has a value for which 
the graph of f(x) meets the z-axis, then with this value of x we have 
f(x) = 0. Hence we are led to the follo\vmg procedure for finding 
approximate values of the real roots of an equation in x graphically: 

1. Simplify and transpose all terms to one member to obtain an equa- 
tion of the form f{x) = 0. 

2. Graph f{x) and measure the abscissas of the points where the 

graph meets the x-axis; each of these abscissas satisfies f(x) = 0. 

Example 1 . Solve — 2x — 3 = 0 graphically. 

Solution. 1. Let y = x- — 2x — 3 and consider its graph in Figure 7, 
page 71. The graph crosses the x-axis at x = 3 and x = — 1. 

2. Since y = 0 when x = 3 and when x = — 1, these are values of x for 
which x^ — 2x — 3 = 0. That is, 3 and — 1 are roots of the equation. 

80. The graphical solution of a quadratic equation 

+ c = 0 (1) 

is obtained by use of the graph of the quadratic function 

ax^ + -f c. 


( 2 ) 
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The parabola, which is the graph of this function, 

I. cuts the x-axis in two points when and only when equation 1 has 
unequal real roots; 

II . touches the x-axis in just one point, or is tangent to (hex-axis, when 
arui only when the roots are equal; 

III. d.oes not meet the x-axis when and only when the roots are 

imaginary. y 

Illustration 1. In Figure 8, parabolas I, II, and 
HI are, respectively, the graphs of the functions in the 
left members of the following equations. 

(I) - 2a: - 8 ^ 0; 

(II) - 2a: + 1 = 0; 

(III) a:2 - 2x + 5 = 0. 

We see that (I) has the roots x = 4 and x = — 2 • 

(II) has equal roots, i = 1 ; (III) has imaginary^ roots.’ f.o. 8 
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we have no license to 

simplify Its form by muItipUcation or by division. But, before solving 
a quadratic equatwn graphically, we may (1) clear the etiuation of 
tractions; (2) divide out any common constant factor from all terms: 
(d) make the coefficient of x- positive. Operation (3) would cause 
the corresponding graph to open upward. 


EXERCISE 27 

For each function, (a) find the coordinates of the vertex of the graph and the 

equation of its axis; (b) graph the function; (c) state the maximum or minimum 
value of each function. 

3. x^ — 4x + 7. 6. — 3x2 _ 5_ j 5^ 

2. - x2. 4. x2 + 6x *f 5. 6. - 2x2 + 8x 4- 3. 8. 8x - 2x2. 

Find the real roots of the equation graphically. 

9. x2 + 2x - 8 = 0. 11. x2 + 4x + 7 = 0. 13. 5u) = 13 - 2 m 2 

10, x2 + 6x + 9 = 0. 12, ii/ = 2 - y\ 14. 2x = - ^ - ^ 2 ^ 

Stoic whether the function has a maximum or a minimum value, and obtain 
^his value without graphing by finding the coordinates of the vertex of the graph 
16 . 4 x 2 - 8x + 3 . 15 _ 3^2 _j_ _ 3. 17 . - Cx2 + 17. 

Graph the equation, with the x-axis horizontal. Give the coordinates of the 
vertex and the equation of the axis of each parabola. 

18. y = 4x2. 19. X = - 4f/2 + 2. 


20. X = 2^2 4. _ 5^ 
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21. Rewrite statements I and II of page 72 for the case of the graph 
oi z = by c, with the x-axis horizontal in the coordinate system. 

22. If an object is shot vertically upward from the earth’s surface with 
an initial velocity of 96 feet per second, (a) draw a graph of the distance « 
as a function of i\ (6) from the graph, find when the object commences to 
fall, the maximum height which it reaches, and when it hits the surface. 
(Recall the formula of Problem 58, page 71.) 


'kSolve each problem by introducing just one unknovm x and then finding the 
maximum of a quadratic function of x, without graphing. 

23. Divide 60 into two parts whose product is a maximum. 

Hint. Find the maximum of x(60 — x). 

24. Find the dimensions of the rectangular field of largest area which 
can be inclosed Arith 600 feet of wire fence. 

25. In forming a trough with a rectangular cross section and open top, 
a sheet of tin is bent upward on each long side. If the sheet is 30 inches wide, 
find the dimensions of the cross section with the largest area. 


81. Character of the roots. Let r and s represent the roots of 
ox^ + 6x + c = 0. Then, from the quadratic formula, 


— 6 + — 4ac —h — V6^ — 4ac 

2a ’ ® 2a 



We assume that a, 5, and c are real numbers and that a 0. 
Then, the roots are imaginary when and only when b^ — 4ac is 
negative; if one root is imaginary, the other is also. 

If h~ — Aac ~ 0, then r ~ s = — 6/2a. Moreover, if r = s, on sub- 
tracting the expressions in (1) we obtain 




2V62 - 4^ 
2a ’ 


■\/ h’ — 4ao 


a 


-0; 


— 4ac = 0. 


Hence, if r = s then 6= - 4ac = 0. 

From the preceding remarks and Section 80, we see that the 
items in any row of the follo^ving summary hold simultaneously. 


The Roots op 

ax- + 6x + c = 0 

The Value of 

6“ — Aac 

The Graph op 
ox* + 6x + c 

real and unequal 
real and equal 
imaginary 

62 _ Q 

6^ — 4ac = 0 
b- — Aac < 0 

cuts x-axis in two points 
is tangent to x-axis 
does not touch x-axis 
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If a b, and c are rational numbers, the roots are rational when 
and only when - 4ac is real and is a rational number. That is 
the roots are rational wher, and only when b^ - 4ac is a perfect square 

+ c - 0 quadratic equation 

ox + 6x + c - 0, or of the quadratic Junction ax^ + bx + c because 

aa soon as we know the value of - 4ac, we can tell the geS 

character of the roots of the equation ivithout solving it and the 

general nature of the graph of the function without graphing it. 

Illustrations of the Use op the Discriminant 


Equation 


“ 3a; + 5 * 0 


4a;* - 4a; + 1 = 0 


4a:* - 3x - 5 =: 0 


- 2a; - 3 = 


Discriminant 


(- 3)2 _ 4.4.5^ -71 


4* -4-4 = 0 


(-3)* + 4-4-5 = 89 


Hence, the Roots Are 


imaginary numbers 


real; equal; rational 



real; unequal; irrational 
real; unequal; rational 


Example 1. Find the values of k for which the following equation in 
a: has equal roots; Ax* + 2x* - 3Au; + jfc = 0. 


Solution. 1. In standard form: (A + 2)x* — 3Ax + A = 0 
Hence, the standard coefficients are a = A + 2, 6 = — 3A, and c = A 

2. If the roots are equal, the discriminant ¥ — 4ac is zero; 

discriminant = (- 3A)* - 4(A + 2)(A) = 0; or 5A* - 8A = 0. 

3. Hence, A(5A - 8) = 0; or A = 0 and A = f. 

Example 2. State what you can learn about the graph of the quadratic 
function — 3x* + 5x — 6 without graphing. 


Solution. The discriminant of the function is 25 - 72 = 
the graph would not touch the x-a.\is. Since the coefficient of 
graph is concave downward and therefore lies wholly below the 


— 47. Hence, 
is - 3, the 
X-axis. 


82. Conjugate imaginaries. If two imaginaiy numbere differ 
only in the signs of the coefficients of their imaginary parts, then either 
of the given numbers is called the conjugate of the other. 

Illustration 1. The conjugate of (3 + 50 is (3 — 50. 

When the roots of a quadratic equation are imaginary, these roots 
are conjug ^e imagi nary numbers, because the imaginary parts come 
from ± V6* - 4ac in the quadratic formula. 

Illustration 2. The roots of a:* + 4x + 5 = 0 are x = - 2 -t- i 
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EXERCISE 28 

Compute the discriminant and tell the character of the roots, mthmt solving 

1. - 7(/ + 10 = 0. 4. 9a:2 + 12x + 4 = 0. 7. 25x2 + 1 = - lOx. 

2 . x 2 + 2 x — 2 = 0 . 6 . 4x2 -|- 4 ^; = 3 . 8. 1 = 2 x — 2 x 2 , 

3. 3x2 - 5x + 7 = 0 . 6 . 5x2 + 1 = 2x. 9. 3 + 5x2 = 0 . 

Solve graphically; check the graph hy computing the discriminant. 

10. x2 - 4x = 6 . 11. x2 + 7 = 4x. 12. 4x2 + 4x = 

Compute the discriminant of the function and, without graphing, state all 
facts which you can learn about its graph. 

13. 4x2 _ i2x + 9. 16. 3x2 _ 47 ^ 4 a :2 ^ 5 a; 7 . 

14. 2x2 - 3x - 5. 16. - 3x2 + 5 a; - 7 . is. - 3x2 _ 2x + 4. 

By use of the discriminant, find the values of the constant k for which the 
equation will have equal roots for the unknown z. 

19. 4x2 - 3fcx + 1 = 0. 21. x2 - fcc2 - 5fcE - 3* = 0. 

20. kx^ + Skx + 5 = 0. 22. fcr + x2 + A:x2 - 2x = 4. 

Find the values of the constant k for which the graph of the function of x 
will be tangent to the x-axis. 

23, 5x2 _ 2kx + k. 24. x2 — 3x — ft — fee. 

★26. Prove that, if a and c are opposite in sign, the roots of the equation 
0 x 2 + 5x + c =0 unequal. 


83. The Slim and the product of the roots. By use of 

— 5 + a/ 62 — 4ac 


r — 


2a 


we obtain 


r+ s = 


and s = 

-26_ 

2a 


— 6 — V62 — 4ac 


2 a 


h 

a 


rs = 


— 6 + V62 — 4ac — 6 — V 62 — 4ac 


2 a 


2 a 


rs 


_ (— 6)2 — (52 — 4ac) _ 4^ _ c 


4a2 


4a2 a 


Hence, for the equation ax 2 + 6 x + c = 0, 
the sum of the roots equals — 

d 

the product of the roots equals 

a 


r+s=-- 

c 

rs = - • 
a 


( 1 ) 

(2) 


Illustration 1, For 3 x 2 _ 53. _j_ 7 ss 0 , we find r + s = ^ and rs = 
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M. Factored form of a quadratic function. If r and s are the 
roots of ax^ + + c = 0, then 

+ tx + c = a(x - t)(x - s), (2) 

Proof. 1, We can write + 6x + c = afx2 + -x + -V 

\ a aj 

2 . From Section 83, ^ = - (r + «) and -^ = Hence, 

ax^ -bbx-h c = — (r + s)x + rs] = a{x — r){x — 5). 

Illustration 1. A quadratic equation whose roots are 5 and — 3 is 
(x + 3)(i-5) = 0, or 2a: -15 = 0. [o = 1 in (1)] 
Illustration 2. A quadratic equation whose roots are §(2 ± 3i) is 

aCx - 1(2 + 3i)][i - i(2 - 3i)J = 0. 

To eliminate fractions we use a = 4^ = 

2(.-^).2(._2-3i 


‘j = ( 2 i _ 2 - 3 iK 2 r - 2 + 3 i) = 0 ; 


2 ! 2 
[(2a: — 2) — 3i][(2a: — 2) + 3ij = 0, or (2x — 2)^ — gja 0. 
4x2 - 8a: + 4 + 9 = 0, 4^:2 _ ^ 

Example 1. Factor Gx^ - 23x + 20 by first solving an equation. 
Solution. 1. Solve 6x^ — 23x + 20 = 0, by the quadratic formula; 

4 


^_23±V49_23±7_ 5 ^ ^ 

^ — 12 ^ = 2 ^ = r 


2. From (1), Ox^ - 23x + 20 = 6(x - f)(x - J) = (2x - 5)(3x - 4). 


Formula 1 states that any quadratic function of x can he expressed 
as a product of factors which are linear in x. However, these factors 
involve rational, irrational, or imaginaiy coefficients depending on 
the nature of the roots r and 5. In particular, from the facts about 
rational roots, on page 75, vve draw the following conclusion: 

If a, b, and c are rational numbers, ox- + 6x + c can be expressed 
as a product of real linear factors with rational coefficients when and 
only when the discriminant ¥ — 4ac is a perfect square. 


86. Miscellaneous problems relating to the roots. 

Example 1. If c is a constant and 2 is one root of the equation 

fi J , 3x* - 7x 4- c = 0, 

find the other root. 


78 


QUADRATIC EQUATIONS 


Solution. Let the roots be r and s, with r - 2, Then, 

r + s = J; or, 2 + s = s = 

Example 2. Find the constant h if one root of the following equation 


exceeds the other by 5: — x — 2A = 0. 

Solution. 1. Given condition: /• — ^ = 5. (1) 

2. Sum of the roots: r + s = 1. (2) 

3. Product of the roots: ra = - 2h. (3) 

4. Solve (1) and (2) for r and s: . r == 3; s - — 2. (4) 

5. Substitute (4) in (3): — 6 = — 2h; h ^ 3. (5) 

EXERCISE 29 


Find the sum and the product of the roots of each equation in the variable x, 
without solving the equation for x, 

1. x2 + 5x - 3 = 0. 3. 7 - 3x = 4x\ 6. 5 - 9x^ = 7x. 

2. - 2x2 + 7 - 5x = 0. ^ 5^2 - 17 = 0. 6. ax^ + dx = A. 

Form a quadratic equation with integral coefficients hawing the specified 
numbers as roots. 

7. 3; -7. 8. i; 2. 9. - f . 10. =t 3v^. 11. ± 3f. 

12. 1 ± V2. 14. - 6 d= 3t. 16. f ± 

13. - 2 ± 3V5. 16. 1 ± f \/2. 17. o ± 6i. 

factoring or solving any equation, determine whether or not the ex- 
pression has real linear factors with rational coefficients. 

18. 8x2 + 7x - 2. 19. 11x2 _|_ i2x - 5. 20. 6x2 ^ 25xy + 2by\ 

Find the value of the constant h under the given condition. 

21. One root is 2: 3Ax2 — 5x + 2A = 0. 

22. One root is 0: 6/1x2 - 3x + ^^2 _ 3ft = Q. 

In all problems, x is the unknown and all other letters are constants. 

23. If one root is 3, find the other root: 2x2 — 5x + d = 0. 

24. If one root is — 5, find the other root: 2x2 + 6x — 3 = 0. 

Find the value of the constant h under the given condition. 

26. The sum of the roots is — 5: 3Ax2 — 4x — 5Ax + 6 = 0. 

26. The product of the roots is 9: 2x2 — 3^2 — gx + 4A = 0. 

27. The product of tha roots is 6: Shx^ + 5x + A = 1. 

28. One root exceeds the other by 2: 2x2 — 4^ + 5x = 0. 

29. One root is four times the other: 2x2 _j_ 20x + A2 = 13. 

30. One root is three times the other: 2x* — 16x + 3A = 1. 
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Fodffr hy first solving a quadraiic equation jar x by 
formula. 

31. \2x^ + llx - 36. 33. 27x2 - Qxy - 16y2. 

32. 27x2 + 21x — 40. 34. x2 + 6x + 10. 


use of the quadratic 

36. 4x2 _ i2x + 7, 
36. 4x2 - 4x + 


★Prove the following theorems about roots of ax'^ + hx c = Q. 

37. If one root is the negative of the other, then 6 = 0. 

38. If 6 = 0, then one root is the negative of the other. 


Notel. Problem 38 IS the converse of Problem 37. If the words onrf con- 
versely had been added to Problem 37, this would have required us to prove 
both theorems as now stated in the two problems. 

39. If 6 = 0 and c = 0, then both roots are zero, and conversely. 

40. If a and c are of opposite sign, then one root is positive and one is 
negative, and conversely. 


•kSolve the following problems by use of one of the preceding theorems. 
Find the ctmsiant h if one root is the negative of the other. 

41. 6x2 - 6x + 36x - 5 = 0. ^2 2 ^^ _ ^ q 

Find the constants h and k if both roots of the equation are zero. 

43. 5x2 -f- 26x - 36x + A — X - 36 - j ^ ^ 


86. Equations in quadratic form. 

Example 1. Solve: x^ - 5x2 -j- 6 = 0. 

Solution. 1. Factor: (x2 - 3)(x2 - 2) = 0. 

2. If x2 — 3 = 0, then x = it VS; if x2 — 2 = 0, then x = rb V2. 
The given equation has four solutions, =b V3 and ± V2. 

Comynent. The given equation is said to be in the quadratic form in x2 
because we would obtain a quadratic in y on substituting y = x^. 


Example 2. Solve: 2x-^ - x-2 - 3 = 0. 


Solution. 1. Let y = x~^\ then y 2 = 2y2 — ^ _ 3 = 0. 

2. Solve for y\ {2y - 3)(y + 1) = 0; hence, y = - 1 and y = J 




then x “2 


3 1 

2’ x2 





4. If y = — L then x~2 = — 1; hence, x2 = — 1; x = ± t. 


Example 3. Solve: (x2 + 3x)2 - 3x2 - 9x - 4 = 0. 

Incomplete solution. 1. Group: (x 2 -f 3x)2 - 3 (x 2 + 3x) - 4 = o. 

2. Let y = x2 -h 3x; then y2 - 3y - 4 = 0; hence, y = 4, and y = - 1. 
We then would solve x2 3x = 4 and x2 -|- 3x = — 1. 
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« 

Note 1 , In solving an equation of the form — A where A; is a positive 
integer greater than 2, we agree for the present that we desire only real 
solutions unless otherwise specified. The real solutions, if any, oi — A are 
the real fcth roots of A. Thus, = — 8 has no real solutions while x® = 64 
has the real solutions x = ± — ± 2. 

ExAiiPLE 4. Obtain all roots by use of factoring: 

Solution. 1. Factor: (2x + b){4x^ — lOx + 25) 

2. Hence, 2x + 5 = 0, or ix"^ — lOx + 25 

3. X = “ f and x — J(10 zb V 100 — 400) 

ExAiiPLE 5. Find the four 4th roots of 625. 

Incomplete solution. If x is any 4th root of 625, then x* = 625. 

In this section the student has met further illustrations of the 
truth of the fundamental theorem of algebra that an integral rational 
equation of degree n in a single variable x has exactly n roots (we admit 
the possibility that some of the roots may be equal). 

EXERCISE 30 

Solve by the method of Section 86 without first clearing of fractions when they 
occur. Results may be left in simplest radical form. 

1. - 13x2 4- 36 = 0. 4. 3x< + llx^ = 4. 7. 16y< - 81 = 0. 

2. x^ - 26x2 4- 25 = 0. 6. 16x^ = 8x2-1. 8. Ay-* - Sj/"* 4- 1 = 0. 

3. 2x* 4- 17x2 -9 = 0. 6. x« 4- 7x2 = 8. 9. 9a;-4 _ 4- 4 = 0. 

10. - 3ir" 4- 2 = 0. 13. (x2 4- x)2 - 8(x2 4- x) + 12 = 0. 

11. 2x-^ - llx-2 4- 5 = 0. 14. (x2 - 3x)2 - (3x2 _ 93.) ^ 4, 

12. 8x« - 35x® 4- 27 = 0. 15. 3(x2 4- 2x)2 - 8x2 - 16x - 3 = 0. 

+ rri - 2 = 0 - (- - S' + i- - !) = 5. 

*Find all roots by first using factoring. 

18. 27x2 - 8 = 0.- 20. x® 4- 8 = 0. 22. 16 = 81x®. 

19. 81 - 625x^ = 0. 21. 8y® - 125 = 0. 23. 125x2 4- 27 = 0. 

*24. Find the three cube roots of (a) — 27; (6) 64; (c) 1. 

*26. Find the four fourth roots of (a) 16; (b) 81; (c) 

87. An irrational equation is one where the variables occur under 
radicals or in expressions ^nth fractional exponents. To solve such 
an equation, transpose the most complicated radical to one member 
and all other terms to the other side. Then, proceed as follows. 


8x3 4- 125 = 0 . 

= 0 . 

= 0. 

= I ± K Vs. 
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1. If the most complicated radical is a sqicare rooty square both mem- 
bers; if a cube root, cube both members; etc. 

2 . Repeat Step 1 with the effort to eliminate all radicals involving the 
unknowns. Then, solve the resulting equation. 

3. Test each value obtained in Step 2 by substitution in the given 
equation to determine which values are roots. 


Note 1. Recall that, is positive, Va, or A^, represents the positive 
square root of A and that A represents only the principal nth root of A. 

ExAiiPLE 1. Solve for x in the following equations (a) and (6). 


(a) 2x - 2 = V2x2 + 4. 

(6) 2x - 2 = - V2x2 + 4. 

Solution. 1. Square both sides : 

2. 4x2 - 8 x + 4 = 2 x 2 + 4 . 

3. 2x2 — 8x = Q. 2x{x — 4) = 0. 

4. X = 0 and x = 4. 

Test. Substitute x = 0 in (a) : 

Does 0 — 2 = a/^? Or, does 
-2 = 2? No. 

Substitute x = 4 in (a) : 

Does 8 - 2 = V^? Yes. 

X = 0 is not, and x = 4 is a root. 

Solution. 1 . Square both sides: 

2. 4x2 - 8 x + 4 = 2x2 _|_ 4 

3. 2x2 - 8 x = 0; 2x(x - 4) = 0. 

4. X = 0 and x = 4. 

Test. Substitute x = 0 in (5); 

Does 0 - 2 = - VI? Yes. 

Substitute x = 4 in ( 6 ) : 

Does 8 — 2 = — v^? Or, 
does 6 = — 6? No. 

X = 4 is not, and x = 0 fs a root. 


If an operation on an equation in x produces a new equation which 
IS satisfied by values of x which are not roots of the given equation, 
we have agreed to call such values extraneous roots. From Ex- 
ample 1, we observe that, if both sides of an equation are squared,* 
extraneous roots may be introduced. 

Note 2. We met the extraneous roots a: = 0 in solving (a) and x = 4 
in solving (6). The test of the values obtained in Step 4 in either solution 
was necessary in order to reject these extraneous roots. The necessity for 
the test is also shown by the fact that, although (a) and (6) are different 
^aiions, all distinction between them is lost after squaring. 

★Example 2. Solve: + 5 2Cx2 + 5)i = 15. 

Incomplete solution. 1. The equation is in the quadratic form in 
( 3 :^ + 5)i. We let y = {x- + 5)^. Then, the original equation becomes 

?/* -f- 2y = 15; y = — h and y = 3. 


2. If y = 3, then VxM-5 = 3; x = ±2; etc. 

* Also true if both sides are raised to any positive integral power. 
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Example 3. Solve: (x — 2)i — V2x + 5 = 3. 

Solution. 1. Vx — 2 = 3 + V2x + 5. 

2. Square: 1 — 2 = 9 + 6^2^: + 5 + 2a: + 5. 

3. Simplify: — a: — 16 = 6V2a: + 5. 

4. Square: x^ + 32a: + 256 = 36(2a: + 5); 

x^ - 40a: + 76 = 0; (a: - 38)(a: - 2) = 0. 

Possible roots of the given equation are x = 38 and x = 2. 

Test, x = 2: does V2 — 2 — V4 + 5 = 3, or does — 3 = 3? No. 

X = 38: does V38 — 2 — V76 + 5 = 3, or does 6 — 9 = 3? No. 
Hence, neither x = 2 nor x = 38 is a root. Therefore there are no solutions. 


Solve. 
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4. (2 + 3x)i = 2. 

6. 3x = 2V5. 

6. Vy = y — G. 


7. 3V5 = 9 - 2x. 

8. 5v^ - 3 = - 2y. 

9. ^x" - 24x = 3. 


10. V2x + 4 = + 1. 16. V3 + 2x + V2 - 2x = 3. 

11. V5 + 2x = 1 + v^. 16. V2 - 4x + 2^1 - 3x = 2. 

12. V2x + 4 + ViS = 1 . 17. ■ /3 - X - (3 + x )^ = Vx. 

13. V^T^ - V2y + 3 = 2. 18. 'V2x + V^ - 4 = 2. 

14. V7 + 2x - vT+x = 1. 19. V 2Vx + 5 - = 2. 

20. V 3 + 3x = 2V3x - 2 + V3 - x. 


21. Solve u = V2^, (a) for s; (b) for f/. 

22. Solve for x: Vx + V3x + 46 = 2 V 2x + 6. 

23. Solve for 2 : Vg — a + V22 + 3o = V^. 

★24. Solve: 4x5 + 7x5 - 2 = 0. 

Hint. 1. Let y = x5; then y^ — x5 and 4y* + 7y — 2 = 0. 
•kFind all real roots. 

25. 52 + 3 V 2 = 2. 27. 2x5 4 - 9 xi = 5. 29. Zx-^ + 5 = 8x'5. 

23. 3x + 7x5 = 6. 28. 2x5 = 6 + x5. 30. 2x-* + x-5 = 6. 

31. x2 + 2x - Vx2 + 2x - 6 = 12. 32. 2x^ + 3V2xH^ = 7. 

33. = 8. 34. x5 = - 8. 36. (5 - 3x)5 = 27. 36. (2 + 3x)5 = 8. 

37. 2x-3 + 15x-5 -8 = 0. 38. 3x3 q. 26x5 -9 = 0. 



CHAPTER SIX 


Systems Involving Quadratics 



88. Graph of a quadratic equation in two variables. A solution 
0 an equation in two variables r and j/ is a pair of values of the 
vanables which satisfies the equation. The graph or locus of the 
equation is the set of all points whose coordinates, (x, y), form real- 
valued solutions of the equation. 

Example 1. Graph: q. ^2 _ 25. 

Solution. 1. -nTen x = 0, ,/ = 25; y = ± 5. Two solutions of the 
equation are (0, 5) and (0, - 5). flTien j, = 0, = 25; x = ± 5. Two 
more solutions are (5, 0) and (— 5, 0). 

2. We plot the four points just found, with the 
same unit on OX and OY in Figure 9, and verify 
an advance inference that the graph is a circle. 

Comment. Let P, with coordinates (x, y), be 
any point in the coordinate plane witli origin at 0, 
in a coordinate system where the same unit is used 
in measuring all lengths. Then 1/ = {OP)\ 

Hence, if -{• = 25, P lies on a circle witli 0 

as center and radius 5. 

Example 2. Graph: - 47/ = 36. (1) 



Fig. 9 


Solution. 1. Solve for x: 


x2 = 


36 -f 4i/ 
9 




X = ± §V9 + yK (2) 

2. We assign values to y and compute x. TIius, if = 0, then 
X ~ ± §\/9 = ± 2. If y = 3, then x = ± f-s/lg = ± 2V2 = ± 2.8. 


(a) 

y = 

- 6 

- 3 

0 

3 

6 

jc = §v9Ti;5 

X = 

4.5 

2.8 

2 

2.8 

4.5 

ib) 

y = 

- 6 

- 3 

0 

3 

6 

I = — jv 9 -f 

X = 

- 4.5 

- 2.8 

- 2 

- 2.8 

- 4.5 
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We plot the points given by the pairs of values of x and y in the table. In 
Figure 10, the points listed for (a) in the table give the open curve FBE] 
the points for (6) give RBG. These two open curves, together, are called 
a hyperbola, and it is the graph of equation 1. Each piece of the hyperbola 
is called a branch of it. 

Comment. The equation = 36 de- 

fines X as a iu;f>-valued function of y, as shown 
in (2), or y as a valued function of x. The 
graph of the equation consists of the graphs of 
the two single-vaXned irrational functions 

X = 4- fVg H- y 2 and x = — §V9 + 

The graph of the first of these is the branch 
F DE and the graph of the second is HBG. The 
two branches together make up the graph of 
equation 1. The branches are symmetrical with 
respect to the y-axis and to the x-axis. 

Note 1. To every hyperbola there correspond two characteristic lines, 
called asymptotes, indicated by dotted lines in Figure 10. As we recede 
out on any branch of the hyperbola, the curve approaches the correspond- 
ing asjTnptote but never reaches it. By moving far enough out on the branch, 
we may approach the asymptote as closely as we please. It is proved in 
anal34ic geometry that the equations of the asymptotes for equation 1 are 
obtainable as follows : 

1. Replace the constant term in the equation by 0, and factor the left merriber: 

9x2 _ 4^2 _ oj (33- _ 2y)(3x + 2y) = 0. 

2. Equate each factor separately to zero: 

Zz — 2y — Q and 3x + 2y = 0. 

These are the equations of the asymptotes. 

Example 3. Graph: x* + 4y2 = 25. (3) 

Solution. 1. Solve for y; y* = J(25 — x*); y = ± JV25 — x*. 

2. To obtain real values for y , the num erical value of x may not be allowed 
to exceed 5. Thus, if x = 8, V25 — x^ = V— 39, which is imaginary. 

3. On substituting values for x from x=— 5tox = -|-6, and com- 
puting y, we obtain solutions which, when plotted and joined by a smooth 
curve, give the oval ABCD in Fi ^re 11, page 86. This curve is called an 
ellipse. The graph of y = + ^'^2 5 — ^ is the half of this ellipse above 
the x-axis; the graph of y = — ^V25 — x* is the lower half, symmetrical 
to the upp>er half. The whole ellipse is the graph of equation 3. 


r 



Fia. 10 
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Example 4. Determine the nature of the graph of 

4i/ - + 5a: - 7 = 0. 

Solution. 1. Solve for ?/; ^ = |x’ _ |a; _l_ 

^ 2. Thus, y is a quadralic function of x, and therefore the graph of the 
given equation is a parabola whose axis is parallel to the y-axis. 

Summary.* The graph of any quadratic equation in two variables 
X and y with real solutions is either an ellipse, a hyperbola, a circle, a 
parabola, a pair of straight lines, or a single point. 

1. // c is positive, the graph of x^ + y^ = c is a circle whose radius is 
Vc and center is the origin, provided that the same unit is used on 
the scales of the x-axis and y-azis. 

2. If a, h, and c have the same sign, the graph of ax* + by^ = c is an 
ellipse, with center at the origin; if a = b, the ellipse is a circle, pro- 
vided that the same unit is used on the scales of the x-axis and y-axis. 

3. If a and b have opposite signs and if c is not zero, the graph of 
flx* + by^ = c is a hyperbola. 

4. If c ^ 0, the graph of xy = c is a hyperbola; if c > 0, one branch 
of the hyperbola lies wholly in quadrant I, and the other in quadrant III; 
if c < 0, the branches are in quadrants II and IV, respectively. 
The coordinate axes are the asymptotes of the hyperbola. 

5. If a quadratic equation in x and y docs not involve if or xy, the 
graph of the equation is a parabola whose axis is parallel to the y-axis; 
if the equaiion does not involve x- or xy, the graph is a parabola whose 
axis is parallel to the x-axis. 

Example 5. Detennine tlie nature of the graph of 

2z - — xy — 3if = 0. (4) 

Solution. 1. Factor: { 2x - 3^)(a: + ?/) = 0. Hence, 

(a) 2a: - 3^ = 0, or (6) x + y = 0. 

2. The graphs of (a) and (6) are straight lines through the origin. Hence, 
the graph of equation 4 is these two straight lines. 

89. Routine for graphing. It is important to be able to construct 
reasonably good graphs quickly. Beyond this, it is also essential 
to have a procedure for improving on such graphs if desired. The 
follomng suggestions are of aid in constructing graphs quickly for 
equations of the second degree in x and y. 


* The facts of the summary are discussed in analytic geometry. 
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When ax'^-\-by^ = c is a circle^ find its radiuSj Vc/af and consirmt 
the circle mth compasses. 

When + 62/2 = c is an ellipse^ find the x-4ntercepts and the y~ 
intercepts. Then^ sketch the ellipse through the Jour ini^rcerpt points. 

When ax^-\-hf = c is a hyperbola: 

Find its asymptotes by replacing c by 0 and constructing the 
two straight lines which are the graph of ax^ -{-by^ — 0. 

Find the x~intercepts or the y-intercepts. {One set of intercepts 
will he imaginary.) Sketch the hyperbola through the real inter- 
ceptSj with each branch approaching the a^mpU)ies smoothly. 

When a quadratic equation in (x, y) is linear in one variable, solve 
for it and then graph the parabola by the method of Section 78. 

Note 1 . To improve on a rapid graph, or whenever doubt arises as to the 
nature of a graph, solve the given equation for one variable in terms of the other 
and compute as many points as needed. 


90. Graphical solution of systems involving quadratics. 

Example 1. Solve the following system graphically; 

= 1 , 

X* + 4i/2 = 25. 


( 1 ) 

(2) 


Solution. 1. We graph each equation, on one coordinate system. The 
graph of (1) is the hyperbola and the graph of (2) is the ellipse in Figure 11* 

2. Any point on the hyperbola has coordinates which satisfy (1), and 
any point on the ellipse has coordinates which satisfy (2). Hence, both 
equations are satisfied by the coordinates 
oi A, B, C, and D, which are the points of 
intersection of the ellipse and the hyper- 
bola: 

(x = 3, y = 2). 

(x = - 3, y = 2). 

C: (x = - 3, y = - 2). 

D: (x = 3, y = - 2). 
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These pairs of values are the solutions of the system [(1), (2)3 and can be 
checked by substitution in the given equations. 

Only real solutions can be found by the preceding graphical 
method and, usually, solutions can be read only approximately from 
a graph. 
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Solve graphically, 

\ X - 2v = 3. 
r x2 + 4i/2 = 4, 

\ X + 2y = 1. 


3. 

4. 


7. 

8 . 


1 2/ = 2x2 - 8x + 9, 
I xy = 12 . 
f 2x2 - a:y - ^ 

1 1* + t/2 = 4. 


Graph each equation. 


EXERCISE 32 


r 4x2 - 2,2 = 16, r 25x2 + 2/' = 25, 

1 3 = X - 2/- ' 1 92,* - x2 = 9. 

14x2 + 92,2 = 36, rx2_y2=i6 

l42,2-x2 = 4. 1 x + 2, = 2. 


9. 

10 . 


/:r2 + ^2^ 

1 25x2 + 42,2 = 100. 

f 9x2 4^2 = 36^ 

1x2 + J/2 = 9. 


11. XI, = - 6. 12. 4x2 ^ 4^2 ^ 9 43 _ jg ^2 = q. 14. x2 + 42,2 = 0. 

16. 2x - 42 / + 62/2 = 9. 17. 3 x 2 _|_ 4 ^^ _ 4^2 = q. 

16. ( 6 x - i/)(3x + 2y) = 0. 18. 4x2 + 22 / - 6 x + 9 = q_ 


91. Algebraic solution of a system of one linear and one quadratic 
equation in two unknowns. AVe proceed as follows; 

1. Solve the linear equation for one unknown in terms of the other 
and substitute the result in the quadratic equation. 

2. Solve the quadratic equation obtained in Step 1 and, for each value 
of the unknown obtained, find the corresponding value of the other 
unknown by substitution in the given linear equation. 


Example 1 . Solve: 

[ Zx oy — ~ u. (2} 

Solution. 1. Solve (2) forx: x = ^ • (3) 

2. Use (3) in (1): 

y* - y - 6 = 0; ( 2 , - 3)(2, + 2) = 0; 1 / = 3 and y = - 2. 

3. In (3), if 2 / = 3, then x = 3; if y = — 2, then x = — 9/2. 

4. The solutions are x = 3, 2 / = 3 and 



hfote 1. A system of one linear and one quadratic equation in two un- 
J^owns usually has two solutions, either real and distinct, or real and iden- 
bcal, or both imaginary, corresponding respectively, to the following cases: 
the graph of the linear equation may meet the graph of the quadratic equa- 
tion in two points, or just one point (be tangent), or in no points. Here- 
after, a system of the preceding type will be called a simple system. 




88 


SYSTEMS INVOLVING QUADRATICS 


EXERCISE 33 


Solve each system, (a) graphically and (6) algebraically. 

jx^-\-y^ = 25, /a2-62 = 9, r3a*H-6^ = 9. 

* \ 2 / + 3x = 15. * \ 5a — 46 = 9. ’ \ a + 6 = 4. 


Solve algebraically for x and y. 

( 4x^ ~ 2xy y^- = 7, 

• \2x + y=:4. 

( X y -h S = 0, 

' \ + 2^2 _ i2y = 18. 

I 5xy = 2x + 2y, 

• \ 2x + 2y = 5. 

r 4x2 + 9^2 25, 

• \ 2x - 7 + 3^/ = 0. 






rx2-4y2== 16, 
\2y - X = 2. 


x2 4- 2x — 2y = 23 — 
3x + 4y = 26. 

xy -\- Zy 2x - 1 = 
x-\-y -\-Z ^ 0. 

4x2 4- y2 = 2(o2 4- 62), 
2x 4" y = 2a. 



92. When both equations of a system are quadratic, the system 
usually has four different solutions, all or two of which may involve 
imaginary numbers. The student should recall his graphical solutions 
of systems of this type where four solutions were obtained. 

Note 1. The fact stated in the preceding paragraph is a special case of 
the following theorem which is proved in a later course in algebra: A system 
of two integral rational equations in x and y, in which one equation is of degree 
m and the other is of degree n in x and y, usually has mn solutions. At this 
stage in algebra, the student is not prepared to consider the solution of all 
systems of simultaneous quadratics. Therefore, in this chapter we consider 
only special elementary types of systems. 


93. When both equations have the fonn ax^ 4- hy^ = c, the system 

is linear in x- and y- and can be solved for and y- by the methods 
applicable to systems of linear equations. 


Example 1. Solve: 

fx2 + 2/2 = 25, 

\x2 + 2y2-34. 

(1) 

(2) 

Solution. 1. Multiply by 2 in (1): 

2x2 _|_ 2if = 50. 

(3) 

2. Subtract, (3) — (2): 

x* = 16, X = ± 4. 



3. Substitute x2 = 16 in (1): 

16 + 1/2 = 25; ^2 = 9- j/= ±3. 

4. Hence, if x is either + 4 or — 4, we obtain, as corresponding values, 
y = + 3 and y = — 3, and there are four solutions of the system. 


X =-- 4, y = 3 


• 

> 

I = - 4, !/ = 3 

1 

X = 4, y = - 3 

f 

lx= -4, y= - 3 
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EXERCISE 34 

Solve each system, (a) graphically and (6) algebraicaUy. 

1 + V = 9. ' 1 a :2 -{. 2^2 == 35 ^ 3. 


Solve atgehraicaUy, 

f -f ^y 2 _ 14 ^ 

I a:* = 81/ - 16 . 

fa:^-y^ = 4 , 

\ 2x2 + y2 = n. 

/2x2-3y2 = 3, 

\ 5 X 2 + 2y2 ^ 17, 


4 a :2 - y2 = 16 ^ 

9 X 2 + 9 i /2 =: 16 . 


9x2 ^ gy2 _ 6^ 
8x2 _ 3^,2 ^ 7 

15 c 2 = 8 + 4 d 2 , 
15 - 12^2 = 20c 2. 
2(2 = 6r2 - 3, 

6 = 3(2 + 5 r 2 . 


10 . 


11 . 


12 . 


7 r 2 + 8s2 = 
llr2 + 5 s2 = 

7x2 _ QyZ ^ 

9x2 ^ 2i/ = 

6x2 -f 16 
4x2 _|_ 9^2 


= 36, 

= - 4, 
= 63, 

= 13. 

^ 9 y 2 , 

= -4. 


a4. Reduction to simpler systems by eliminating constants. 

Example 1. Solve: f a:^ + 2/2 = 14^ 

1 x2 - 3 xy + 22/2 = 0. (2) 

Solution. 1. Factor (2); (x - 2 y)(x - 2/) = 0. (3) 

2. Therefore, (2) is satisfied if either x ~ 2 y = 0 , or x - y = 0 . 

+1, \ (1) (2) are satisfied if and only if x and y satisfy one of 

the following systems; or, we say that the given system [(1), (2)1 is (xjuiva- 
lent to (I) and (II) below: 

j fx2 + y 2 = 14 , rx2 + ^ 2 =l 4 ^ 

' \x ~ y = 0 . ‘ - 2 y = 0 . 

4. On solving (I) by the method of Section 91, we obtain two solutions: 
(l = Vy, j/ = v7) and (i = -V7,y V 7 ). From (II) we obtain 

(x = i V tO, y = i%/70) ; (x = - §\/70, y = - i\/70). 

The preceding method applies if, after writing one given equation with onr 
member zero, we can factor the other member. 

Example 2. Solver fx' + 3 xy = 28 , (4) 

1 xy + 4 t /2 = 8. (5) 

Incomplete solution. 1. Eliminate the constants. 

Multiply ( 4 ) by 2: 2x2 + 6xy = 55. (6) 

Multiply ( 5 ) by 7 : 7 xj/ + 28^2 ^ 59, 

Subtract, (6) - ( 7 ): 2x2 - xy ~ 28 if = 0; or, 

( 2 x + 7 j/)(x - Ay) = 0 . (81 

2 . To solve [( 4 ), ( 5 )] we may now solve [( 5 ), (8)]. This system is equiva^ 
lent to the following simpler systems, which should now be solved; 

f xy + 4 y 2 = 8, / xy + 4 y 2 = 8, 

1 2x + 7 y 0. 1 X - 4 y = 0. ( 9 ) 


Example 2. Solve: 


(4) 

( 5 > 

(6) 

(7} 

(8^ 
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Comment. The preceding method, involving elimination of constant terns 
and then reduction to simpler systems, applies sometimes when all terms in the 
variables are of the second degree. Notice that, instead of using (5) in (9), we 
could equally well have used (4). 

Note 1 . The substitution method of the following solution of Example 2 
and the preceding method are convenient in practically the same cases. The 
student will probably prefer the method of the first solution. 


★Second solution. 1. Let y = tax. Then, to find (x, y), we first will 
find {w, x) to satisfy the following system : 

When y = m in (4) : x^ 3wx^ — 28. (10) 

When y = in (5) : wx^ "b 4u)^x^ = 8. (11) 

2. Solve each of (10) and (11) for i*: 


x^ = 


28 


1 + 3w 


x^ = 


8 


3. Equate the expressions for x^: 


w + 4u^* 
28 


8 


( 12 ) 


(13) 


1 + w + 

4. On solving (13), we find w = { and w = — 

5. On substituting = J in either equation in (12), we find x = ± 4. 
Since y = v)x, we obtain the solutions (a: = 4, y = 1); {x = — 4, y = — !)• 
By use of w = — f we obtain (j = 14, y = — 4); (x = — 14, y = 4). 


EXERCISE 35 


2 . 


x^ + i/ = 9, 

(x - y)(x + 3y) 0. 


Solve algebraically and graphically. 

/ x2 + y2 = 4, 

* I (^ + y){^ - 2y) = 0, 

Solve by reducing to simpler systems unless otherwise directed by the inr 
structoT. 

2x2 ^ _ 3y2 ^ 0, 


3. 


4. 


6 . 


6 . 


2x2 _|_ 32^^ = 2. 

2x2 + 7xy + 6y2 = 0, 
x2 + 3i/2 = 7. 
x2 + 3xy = 28, 
xy + 4y2 = 8. 
x2 — 5xy + 6y2 = 10, 
x2 — xy = 4. 


7. 


8 . 


9. 


10 . 


6cd + 2d2 = - 7, 
2c2 - 2cd = 15. 
x2 — xy - 1, 

2x2 4. 2y2 = 5. 

x2 — xy + 6 - 0, 

xy y^ = 35. 

f + 2mn = 84, 

\ 2mn + n2 = 64. 


Note 1. Each of the following systems is equivalent to a set of systems of 
pairs of linear equations. 

(x + y - l)(x - 2) = 0, f (x *f y)(x - y)(x + 3y) = 0, 

6x2 _ Q * I ( 2 ; _j_ 2y -f- l)(x — 2y — 2) — 0. 


11 , 
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• if ‘he two digits of a positive integral number 

IS 65 and the number is 9 times the sum of its digits. Find the number. 

14. A weight on one side of a lever balances a weight of 6 pounds placed 
4 feet from the fulcrum on the other side. If the unknown weight is moved 
2 feet nearer the fulcrum, the weight balances 2 pounds placed 9 feet from 
the fulcrum on the other side. Find the unknown weight. 

Solve without first clearing of fractions. 




— + 28 = 0. 
xy 



★96. Additional devices for reducing to simpler systems. 


Example 1. Solve: fx^ + y^-27, 

\ x -^ y = 3 . 

Solution. 1. Factor (1): (x + y ){ x ^- ~ xy + if) = 27. 

2. Di\dde, (3) by (2) : _j_ = 9^ 

3. Hence, (x, y ) satisfies [(1), (2)] if and only if (x, y ) satisfies 

f = 3, 

1 x2 - xy + = 9. 

The student should complete the solution by soKing [(5) (G)l bv 
method of Section 91. 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 
(fi) 

the 


Example 2. Solve: + xy + f = 20, (7) 

Uy = 5. (8) 

Incomplete solution. 1. Add, (7) -f (8): x^ + 2xy + y^ = 25. (9) 

2. From (9), (x + y)^ = 25; hence x + y = 5, or x + y= -5. 

3. To solve [(7), (8)], we would solve each of the following systems: 

+ y = 5, fx + y= -5, 

\xy = 5. 1 xy = 5. 


★96. Equations symmetrical in x and y. An equation in x and 
y is said to be symmetrical in x and y in case the equation is unaltered 
when X and y arc interchanged. A quadratic equation in x and y is 
symmetrical in x and y if the coefficients of x^ and \f are equal and those 

of X and y are equal. The method of the next example applies to any 
system of this type. 


Example 1. Solve: 


x2 + y2 + 2x + 2y = 8, 
2xy + X + y = - 4. 


( 1 ) 

(2) 
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Incomplete solution. I. Substitute x — u v; y ~ u — v. (3) 
From (1) : ^ S, (4) 

From (2) : 2u^ - 2ij» 2u ^ - 4. (5) 

2. Solve the system [(4), (5)] for u and v: 

Eliminate [(4) + (5)]]: 4^^ + 6 u — 4 = 0. ( 6 ) 

3. Solve ( 6 ) for u; then obtain v from (4). Each pair of values (u, v) 
when placed in (3) gives a solution of [(1), (2)]]. 


★EXERCISE 36 


Solve by any convenient method. 


1 . 


6 . 


6 . 


10 . 


2a-\-b = 2, 

8a3 + 6 * = 08. 

-f 2xif = — 24, 
a: + 2i/ - 4 = 0. 

+ 2xy + 2 /^ = 4, 
xy + 3x + 6 = 0. 

/ x^ + y* = 13, 

\ xy = 6. 

'x + 2y + 22 = 3, 

22 — 2x — y = 6, 

[ x2 + y2 + z = 14. 


2 . 


x® + xy + y 2 = 7, 
- y3 = 35. 


3. 


x(x + y) 

+ y) 


40, 

20 . 


7. 


8 . 


9. 


11 . 


4x2 ^ 3^^ -)- 2/2 = 8, 
xy = 1 . 

(a: + y )2 + X + y = 12 , 

3.2 _J_ y2 = 5^ 

X* + xy — 3x = 8 , 

3y — xy - y2 = 4. 

4x2 — y 2 — 2 ^ = 4 ^ 

4x2 _ 2 / == 1 , 

4x2 4 . y 2 _ 5^2 = 8 . 


Find the values of the constant k for which the graphs would be tangent. 
Then, if k is real, graph the equations of the resulting system. 

x^-\->f- = k\ J:r2 + 4y2 = 25, / x2 + 4y2 = 25, 

X + y = 1. \ 8y + 3x = A;. 1 4 + 2y + fcr = 0. 


12 . 


Incomplete solution of Problem 12. 1. If the graphs of the two equa- 
tions are tangent, the two solutions of the system must be identical. 

2 . Substitute y = 1 — x in y^ = k^: 

2 x 2 - 2 x + (1 - * 2 ) = 0 . ( 1 ) 

3. From Step 1 , we notice that the discriminant of ( 1 ) must he zero. 

Find an expression for c in terms of the other constants in case the graphs 
of the two equations in the variables (x, y) are tangent. 

16 {y = 7nx-\-c, ry = 7nx + c, ( x ^ my + c, 

\ 9x2 + 4^2 = 30 ^ _ jy = 02 ^ 2 , \ ^ 2^2 + 62^2 = 


Solve by the method applying to symmetrical equations. 
x2 - 4x + y2 - 4y = 17, J x2 - 3xy + y* = 

a:y + 6 = 0. \ 2x2 - xy + 2y* 


1 , 

17. 


18. 


19. 
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MISCELLANEOUS EXERCISE 37 

Review of Chapters Five and Six 
Graph each of the follomng funclions of x, 

1. 31* + 5i - 7. Z -Zx^-4x + 2. 3. - - 5 

Solve, (a) by factoring, (6) graphically, and (c) by the quadratic formula. 

4. + X - 4 = 0. 6. 8x2 = 2x + 15. 


Solve for x by the method of completing a square. 

6 . 2x2 - 4x = 3. 7. X - 3x2 = g 

Without solving, determine (a) the nature of the 
and their product. 


8. hx^ kx = h. 
rootc and {h) their sum 


9. a:2 + 5a: = 2. 10. 4x - = 5. 11. 4^2 + 25 = 20a: 

If i represents multiply and simplify. 

12. (3i + 5)(2i - 1). 13. - 1). 14. ^/3-3(V^ _ 1). 

Determine the value of the constant h under the given condition. 

16. The roots are equal: Ox* — 4fix -j. 3 ;^ = q 

16. The sum of the roots is 5: 3x* — 5x + — 2 = 0. 

17. One root is zero: 4x* *f 7hx — A* + 4 = 0. 


F orm a quadratic equation hoeing the given numbers as roots. 

18. 2, - 3. 19. - I, f. 20. J(2 ± V3). 21. 3 ± 2i. 

Graph each equation. 

22. 4x* + = 0. 23. 4x* — 9/ = 0. 24. 4x* — 9^* = 36. 

Solve graphically. 


25. 


28. 


26. 


X* + 4i/* = 16, 

a;2 ^2 _ 9. 


29. 


27 r V - 4x* = 36, 

1 xy = - 4. 


y = 1 - X*, 

4x = y* + 2y - 7. 


4x* + y* = 25, 

2x + y = 7. 

(x - y - 2)(x - y - 1) = 0, 

X* + y* = 10. 

30-32. Solve Problems 25, 26, and 28 algebraically. 

Solve algebraically for x, or for x and y. 

3x + 2y = -2, r2y2_xy- 16, 

xy + 8x = 4. ■ \ X* - xy - y* = 20. 

36. V 3 - 2x = 1 - Vl - X. 37. 4x~< - 17x-* + 4 = 0. 

36. 9 - 4x< - 5x* = 0. 38. oix* - 2ax + 4 = 25x. 

39. Find the valu6 of x for which the corresponding value of the function 
3x* — 6x — 4 is the least. 


33. 


CHAPTER SEVEN 


Ratio, Proportion, and Variation 


97. Ratio. The ratio of a to 6 is the quotient a/6, which is some- 
times written a: 6. A ratio is a fraction, and any fraction can be 
described as a ratio. The ratio of two concrete quantities has mean- 
ing only if they are of the same kind, in which case their ratio is the 
quotient of their measures in terms of the same unit. 

98. Proportion. A proportion is a statement that two ratios are 
equal. That is, a proportion is merely a statement that two frac- 
tions are equal. The proportion a: 6 = c:d is read “a is to 6 as c is 
to d” We say that the four numbers a, 6, c, and dform a proportion. 
In a proportion a:h = crd, the first and fourth numbers, a and d, 
are called the extremes, and the second and third, 6 and c, are called 
the means of the proportion. 

Illustration 1. To solve the proportion x:(25 — x) = 3:7, we first 
change it to fractional form, and then solve the resulting equation: 

X 3 

— = -; 7x = 75 — 3x; lOx = 75; hence, x = 7.5. 

JiO ^ X 4 

Example 1. Divide 36 into two parts with the ratio 3:7. 

Solution. 1. Let x and i/ be the parts; then x + y = 36. (1) 

2. Also, x:y = 3:7, or - = |- Hence, 7x = 3y. (2) 

• y 7 

3. On solving the system C(l), (2)J we obtain (x = 10.8, y = 25.2). 

EXERCISE 38 

Express each ratio as a fraction and simplify. 

E 2. 3. 5§;7^. 4. x^y*:x^. 6. az^:a^ 

Find the ratio of the given quantities. 

6, 75 pounds to 160 ounces. 7. 27 days to 156 hours. 

Change to fractional form and solve. 

8. 3:(20 - 2x) = 5:2. 9. (2 - 3i/):(4 + 5y) = 3:2. 
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Solve by introducing one or more unknovms. , 

10. Divide 45 into two parts whose ratio is 4:11. 

11. Find two numbers whose difference is 18 and whose ratio is 4:3, 

12. The sides of a polygon are 10, 7, 4, and 8 inches long. If the longest 

side^ l^gthened by 2 feet, by how much should the other sides be lengthened 
to obtam a similar polygon? ® 

• inches long has an area of 220 square 

mches. Pmd the area of a similar triangle whose base is 6^ feet long. 

Hint. The ratio of the areas equals the ratio of the squares of the lengths 
of a pan- of corresponding sides. 


^ quadrilateral is 49 square feet and its longest side is 

12 fwt long. Fmd the area of a similar quadrilateral whose longest side 
IS 15 feet long. 

16. A man 5J feet tall stands 40 feet from a street light and casts a shadow 
feet long. How high is the light? 


If a:x ^ x:b, then X is called a mean proportional between a and b. If 
a:x ~ x:b, thenx^ = aborx= ± V^; if neither a nor bis zero, there are two 
mean proportionals between a and b. Find the mean proportionals between 
each of the following pairs of numbers. 


16. 64 and 4. 

17. — 4 and — J. 


18. 25 and 25. 20. 2a^ and 4g. 

19. — 2 and 8. 21. y~ and x~^. 


99. Direct variation. Let x and y be related variables. Then, we 
say that y is proportional to x, or that y varies directly as x, or that 
y is directly proportional to x, in case there exists a constant k such 
that, for every value of there is a corresponding value of y given by 

y = kx. 

We call k the constant of proportionality or the constant of variation. 

Illustration 1. The circumference C of a circle varies directly as the 
radius r because C — 2-rr. The constant of propoiiionality is 27r. 


From y = kx, we obtain i Hence, if is proportional to x, 

JC * 

the ratio of corresponding values of y and x is a constant. Thus if y 
increases by k%, it follows that x also increases by k%. 

Illustration 2, If y is proportional to x ^, then y = kx^. 

Tf y is any function of x, then y varies when x varies. But, we do 

not say that y varies directly as x except when y is the simple linear 
function y - kx. 
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100. Inverse variation. We say that y is inversely proportional 
to Xj or y varies inversely os x, in case there exists a constant k such 
that, for every value of x, there is a corresponding value of y given by 


k 



From this equation we obtain k - xy, or the product of corresponding 
values of x and y is a constant. ' 

Illustration 1. The time t necessary for a train to go a given distance 
d varies inversely as the speed s of the train because t — d/s. 

101. Joint variation. We say that z varies jointly as x and y, or 
that z is directly proportional to x and y, in case z is proportional to 
the product xy, or 

z = kxy, 

where is a constant of proportionality. 

The different types of variation may be combined. 

Illustration 1. If P = then P varies directly as and j/, 

2r 

and inversely as z®. 

Example 1. If y is directly proportional to x and and if J/ = 36 
when X = 2 and a; — 3, find y when i = 3 and = 4. 

Solution. 1. We know that y — kw^x. 

2. To obtain fc, let u) — 3, x = 2, and y ~ 36: 36 = ISA; k = 2. 

3. Hence, y = 2v^x; when (tiJ = 4, x == 3), y = 2 • 3 • 16 = 96. 

EXERCISE 39 

Introduce letters if necessary and express the relation by an equation. 

1. H varies directly as x and inversely as w^. 

2. B is proportional to x® and inversely proportional to z. 

3. Z is proportional to and varies inversely as 

4. K is proportional to z and and inversely proportional to xy. 

6. (x + 2) is inversely proportional to (y + 3). 

6, The volume of a sphere is proportional to the cube of its radius. 

7, The weight of a body above the surface of the earth varies inversely 
as the square of the distance of the body from the earth's center. 

8, The power available in a jet of water varies jointly as the weight of 
the water per cubic foot, the cube of the water’s velocity, and the cross- 
section area of the jet. 
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For eax^h formula, give a staiement about the variable on the left side in the 
language of variation, AU letters except the constant k represent vanables. 

9. y 7w. 10. 2 = - 3a:*. 11. w = 5xif/z, 12. u = Ix^y/^/z 

By employing all data, obtain an equation relating the variables. 

13. P is directly proportional to a:* and P = 18 if a: = 4. 

14. ie is inversely proportional to a: and directly proportional to y, while 
a = 4 when x = 3 and y = 5. 

16. U varies directly as x and y, and inversely as z*; = 15 when x = 5 

y == 2, and 2 = 3. ’ 

16. If u» is proportional to a: and if = 5 when x = 7, find w when 

X = — 6. 

17. If y is inversely proportional to x and if y = 5 when x = 20. find u 

when X = 15. > i/ 

18. If H is proportional to x and inversely proportional to Vy, and if 
n ~ Z when x = 2 and y = 4, find H when y = 9 and x = 5. 

19. The distance fallen by a body, starting from a position of rest in a 
vacuum near the earth’s surface, is proportional to the square of the num- 
ber of seconds occupied in falling. If a body falls 256 feet in 4 seconds, 
how far will it fall in 7 seconds? 

20. The kinetic energy E, of a mass of m pounds moving with a vclooitj' 

V, is proportional to mv\ li E = 2500 foot-pounds when a body weighing 
64 pounds is moving at a velocity of 50 feet per second, find the kinetic 
energy of a body weighing 30 pounds whose velocity is 200 feet per second. 

21. If one body is sliding on another, the force of sliding friction is pro- 
portional to the normal pressure between the bodies (if this pressure is 
moderate). If the sliding friction between two east-iron plates is 60 pounds 
when the normal pressure is 270 pounds, find the normal pressure when the 
sliding friction is 600 pounds. 

22. The approximate amount of steam per second which will flow through 
a hole varies jointly as the steam pressure and the area of a cross section 
of the hole. If 40 pounds of steam per second at a pressure of 200 pounds 
per square inch flows through a hole whose area is 14 square inches, how 
much steam at a pressure of 250 pounds per square inch will flow through 
a hole whose area is 20 square inches? 

23. The maximum safe load of a horizontal beam supported at its ends 
varies directly as its breadth and the square of its depth and inversely as 
the distance between tlie supports. If the maximum is 2400 pounds for a 
beam 4 inches wide and 10 inches deep, with supports 15 feet apart, find 
the maximum load for a beam of the same material which is 3 inches' wide 
and 5 inches deep, wth supports 25 feet apart. 
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24. How far apart may the supports be placed if a beam 5 inches wide 
and 8 inches deep, like those in Problem 23, supports 6000 pounds? 

26. A beam like those in Problem 23 is 6 inches wide and the supports are 
12 feet apart. How deep must the beam be to support 3500 pounds? 

26. The electrical resistance of a wire varies as its length and inversely as 
the square of its diameter. If a wire 350 feet long and 3 millimeters in di- 
ameter has a resistance of 1.08 ohms, find the length of a wire of the same 
material whose resistance is .81 ohm and diameter is 2 millimeters. 

27. If y is proportional to x and if y = 16 when x = 4, graph the relation 
between x and y. 

23. If y is inversely proportional to x and if ?/ = 16 when a: = graph the 
relation between x and y. 

29. The approximate velocity of a stream of w'ater, necessary to move a 
round object, is proportional to the product of the square roots of the ob- 
ject’s diameter and its specific gravity. If a velocity of 11.34 feet per second 
is needed to move a stone whose diameter is 1 foot and specific gravity is 4, 
how’ large a stone with specific gravity 3 can be moved by a stream whose 
velocity is 22.68 feet per second? 

30. Newton’s Law of Gravitalion states that the force with which each of 
two masses of m pounds and M pounds attracts the other varies directly 
as the product of the masses and inversely as the square of the distance 
between the masses. Find the ratio of the force of attraction when two 
masses are 8000 miles apart to the force when they are 2000 miles apart. 

31. The illumination received from a source of light varies inversely as 
the square of the distance from the source, and directly as its candle power. 
At what distance from a 50 candle power light w’ould the illumination be 
one lialf that received at 30 feet from a 40 candle power light? 

32. Tlie current in an electric circuit varies directly as the electromotive 
force and inversely as the resistance. In a certain circuit, the electromotive 
force is A volts, the resistance is b ohms, and the current is c amperes. If 
the resistance is increased by 20%, what per cent of increase must occur 
in the voltage to increase the current by 30%? 

Note 1. The statement x is to y is to z as r is to s is to tj or Xj y, and z 
are proportional to r, s, and t is abbreviated by x\y\z — r:s\t, and means 
that there exists a number A 0 such that x = kr, y = ks, and z ~ hi, 

'kFind X, y, and z under the given conditions. 

33. a::y:2 = 4;_ 2:5, and a: + 2y + « = 40. 

34. a:;i/:z = 5;- 3:2, and x ~ y - z = 12. 

36. x:y:z = 3:- 1:2, and a:* + + z^- = 56. 

36. DKdde 2800 into four parts proportional to 5:3:4:2. 



CHAPTER EIGHT 


The Binomial Theorem 


102. Expansion of (x + By multiplication, we obtain 
{x + yy ^ x-\-y; 

(x + yY = + 2xy + y^; 

{x + yY = + Sx^ -b Sxy^ + y^; 

(x + 2/)^ = + 4x3y + 6xy + 4xy3 + 

We see that, if n = 1, 2, 3, or 4, the expansion of (x + yY con- 
tains (n + 1) terms vnth the following properties: 

1. 7n ony term the sum of the exponents of x and y is n. 

II. The 1st terTn is x” and the 2d term is nx^~^y. In each other term 

the exponent of x is 1 less, and of y is 1 more, than in the preceding 
term. 

III. If the coefficient of any term is multiplied by the exponent of x 
in that term and is divided by the number of that term, the result is 
the coefficient of the next term. 

Illustration 1. In {x + yY, the 3d term is By use of (III), we 
obtain (6-2) ^ 3, or 4, as the coefficient of the 4tli term. 

IV. The coefficients of terms equidistant from the ends of the expan- 
sion are the same. 

The binomial theorem states that (I) to (IV) are true if n is any 
positive integer. This theorem ^vill be proved later. 

Example 1. Expand (c + wY . 

Solution, 1. By use of (I) and (II), we obtain 
(c + wY = c’ + 7c®ta + chv^ + c*ur* + + cw® + vY, 

where spaces are left for the unknown coefficients. 

2. By use of (III), the coefficient of the 3d term is (7-6) h- 2, or 21; of 
the 4th term is (21-5) -i- 3, or 35. By use of (IV), we obtain the other 
coefficients. Hence, 

(c + v)Y = + 7c®u) -f 21cHd‘^ + 35cV> + 35c^ + 21c^® + 7cv^ + 
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Note U The signs are alternately pins and miniLS in the expansion of a 
power of a binomial where the terms are of opposite signs. 

Illustration 2. By use of (I) to (IV), with x = 2a and y = — w/3, 

(- - f - [<-> + (- i)j 

= (2a)» + 6(2a)'(- |) + 15(2a)<(- + 20(2a)’(- 

+ 15(2a)^(-f + 6(2a)(-|)‘ + (-|)‘, or 

(2a " “ Q4a^-\-^aW - 

Note 2. The following array is called PascaVs Triangle. The rows give 
the coefficients in the successive positive integral powers of a; + y. To form 
any row after the second, we first 
place 1 at the left; the 2d num- 
ber is the sum of the 1st and 2d 
numbers in the preceding row; 
the 3d number in the new row is 
the sum of the 2d and 3d numbers 
in the preceding row; etc. This 

triangle was known to Chinese mathematicians in the fourteenth century. 
The preceding diagram exhibits the fact that the largest coefficient in any 
power of X -f- y is the coefficient of the central term or terms. 

103. The factorial symbol. The symbol nl is read “n factorial,*^ 
and is an abbreviation for the product of all integers from I to n in- 
clusive, where n is a positive integer. 

Illustration!. 5! = 1-2-3-4-5 = 120 . ^ ^ j ^ 3 ■ - 120 . 



EXERCISE 40 


Expand each power bp use of Properties I to IV. 

1. (x + uy. 6. (x - 2ay. 9. (x + 13. (xi - 2yiy. 

2. (a + by. 6. (y ~ 3by. 10. (o^ - J6)>. 14. (c + ^y. 

3. (c - dy. 7. (2i - 6)'. 11. (x2 - y>y. 16. (ri + 2)*. 

4. (w - uy. 8. (3c - d)‘. 12. (i* + lyy. 16. (o - i)'. 

17. (- I + sr»)<. 18. (-y + x^y. 19. (ai - 2x)‘. 
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Find the first three terms of the expansion by use of Properties I, II and III 
{X + 27. (m^ + 3n)“. 30. (x* + yhyi. 33. (x + „)» ' 

25. (a - 3)«. 28. (1 + V2)». 31. (a- + x-»)». 34. (x» + 

26. (6» + a?r. 29. (Vs - 1)« 32. (a-3 - 35. J, _ 

36. Compute (o) 7!; (6) 6!; (c) 8! 4!; (d) 5! + 9!. 

of ^6^9* Properties (I) to (IV) 


(2 + = s» + 

1 *2 ^ 


, n(re - l)(n - 2) „ . ' , 

' 1.2.3 ^ y+‘"'. 


( 1 ) 


In (1) we read the dots “ • • • ” as "and so forth." In observing the 
terms involving y, y\ and y^ in (I), we notice special cases of the 
lollowing facts, which we shall accept ivithout proof at this stage. 

Summary. Description of the term involving y', in (x + 1 /)"; 

A. The exponent of x is n~ r. 

B. The denominator is r\. 

C. The numerator of the coefficient has r factors, the first being n and 

each other being 1 less than the preceding factor. The last factor is 
n-r+1. 

When (A), (B), and (C) are combined, they state that* 


the term involving y is — — ' ' ’ — Lj~ ^\n-Tyr 


ri 


( 2 ) 


By use of formula 2, we may write 


(x + Ji)" = X" + nx-iy + X"- V + • • • 








(3) 


We refer to (3) as the binomial formula and we call (2) the general 
term of the expansion of {x + ?/)”. 

Illustration 1. The term involving y* in the expansion of (x + yfi is 

7 - 6 ' 5-4 , . 

- or Zbjdy. 


4 ! 


* Some teachers may prefer to use that formula for the terra in y which arises 
when the theory of combinations is studied later. 


102 


THE BINOMIAL THEOREM 


Example 1. Find the 8th term of (Sa^ — 6)**. 

Solution. The 8th term will involve the 7th power of the 2d term of 
the binomial. Hence, use (2) with r = 7, x = 3a^, and y = — b: 

' 1 2 3 4 5 6 7 ^^°^^*^" = “ 26,730a*6'. 

Note 1. To find a formula for the rth term in (3), notice that this term 
will contain as a factor. Hence, we substitute (r — 1) for r in (2) ; 

the rth term is ^ ~ ?m ^ (4) 

Example 1 could have been solved b}' use of (4) with r = 8. 


EXERCISE 41 
Find only the specified term in the expansion. 

1. Term involving y* in the expansion of (x + 2/)®. 

2. Term involving x® in the expansion of (?/* — x)*. 

3. Term involving 2 ^^ in the e.xpansion of (x + 2 ®)®. 

Hint. Since 2 ‘® = ( 2 ®)^, use formula 2 with r = 4. 


4 . 

6 . 

6 . 

7. 

8 . 
9 . 

10 . 

11 . 

18. 

19. 

20 . 


Term involving in the expansion of (x — y^y. 
Term involving y^ in the e-\pansion of (x H- y)”. 


4th term of (a + x)®. 

3d term of {w — 2 )*. 

5th term of (x — y)**. 
6th term of (x^ + j/)®, 
4th term of (Jx - 3y)». 
7th term of (lx“* + x)*. 


12. 5th term of (x“i — 2x)*®. 

13. 7th term of (1 — .1)®. 

14. Middle term of (x^ + y)*. 
16. Middle term of (x — y^)*. 

16. Middle terms of ( 2 ^ — x)^. 

17. Middle ternis of (x^ — Jy)®. 


Term involving x^ in the expansion of (a — x^)®. 


Term involving in the expansion of (x — y^fi. 


Term involving 


X* 


in the expansion 




Find the term or terms with the largest coejficient in each expansion. 

21. (x + yy. 22. (2 - wf. 23. (a® - bfi. 24. (c + (?)”. 

Compute by use of the binomial theorem; in problems involving decimals^ 
use only enough terms to get the result accurate to 3 decimal places. 

25. (100 - ly. 27. 6P. 29. (1.02)>o. 31. .99®. 

26- 98*- 28. (1 + .01)®. 30. (1.03)». 32. .81®. 



CHAPTER NINE 


Progressions 


106. Arithmetic progressions. A sequence of things is a set of 
things arranged in a definite order. An arithmetic progression (ab- 
breviated A.P.) is a sequence of numbers called terms, each of which, 
after the first, is derived from the preceding one by adding to it a 
fixed number called the common difference. The common difference 
can be found by subtracting any term from the one following it. 

Illustration 1, In the arithmetic progression 9, 6, 3, 0, — 3, • • the 
common difference is - 3. The Gth term would be - 6. 

106. The nth term in an A.P. Let a be the 1st term and d be 
the common difference. Then, the 2d term is a + rf; the 3d term is 
a + 2d. In each of these terms, the coefficient of d is 1 less than the 
number of the term. Similarly, the 10th term is a + Od. Tlie ?ith 
term is the (n — l)th after the first term, and is obtained after d 
has been added (n — 1) times, in succession. Hence, if I represents 
the nth term, 

/ = a + (n - l)d. ( 1 ) 

Illustration 1. If a = 3 and d = 4, the 18th term is 3 + 17(4) = 71. 

107. The sum of the first n terms of an A.P. Let S be the 
sum. The 1st term is a; the common difference is d; the last term 
is 1; the next to the last term is ^ — d, etc. On writing the sum of 
the n terms, forward and backward, we obtain 

= Cl + (a + d) + (a + 2d) + • • ■ + (i — 2d) + (Z — d) + Z ; (1) 

S = Z + (Z — d) + (Z — 2d) -f- • • • + (a + 2d) + (a + d) + a. (2) 

On adding corresponding sides of (1) and (2) we obtain 

2iS = (a + Z) + (a + Z) + (a + Z) + • • • -h (a + Z) + (a + Z) + (a + Z), 

where there are n terms (o + Z). Hence, 2S = n(a + Z), or 

S = ^ia + 1). 
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Example 1. Find the sum of the A.P. 8 + 5 + 2 + • • * to twelve terms 

Solution. 1. First obtain I from Z = a + (n — l)d. We have 
a = 8, d = - 3, and n = 12: Z = 8 + 11(- 3) = - 25. 

2. From (3), S = 6(8 - 25) - - 102. 

On substituting 1 = a-\- {n~ l)d in (3), we obtain 

S = I [2a + (n - l)d]. (4) 

The quantities a, d, Z, n, and S are called the elements of the 
general arithmetic progression. When three of the elements are 
given, we may obtain the other two by use of 

i = a + (n-l)d; S = ^(a + r)i S = 5[2a + (n - !)<]. .(5) 

Example 2. Find the remaining elements if a = 2, Z == 402, and n = 26. 

Solution. 1. We wish to find d and S. From (3), S = 13(404) = 5252. 

2. From Z = a + (n — l)cZ, 402 = 2 + 25d; hence, d = 16. 

In a problem dealing \vith an A.P,, write down the first few terms 
and describe them in the language of the problem. Then, decide 
which elements are known and which you wsh to find. 

Example 3. A man invests SIOOO at the end of each year for 30 years at 
6% simple interest. Find the accumulated value of his investments at the 
end of 30 years, if no interest is withdrawn. 

Solution. 1. The 1st $1000 invested will draw interest at 6% for 29 
years, or $1740 interest; the resulting amount at the end of 30 years is $2740. 
The 2d SIOOO will draw interest for 28 years, etc. 

2. The total amount at the end of 30 years is 

2740 + 2680 + 2620 + • • ■ + 1060 + 1000. 

We desire S for an A.P. where a = 2740, n = 30, Z = 1000, and_ cZ = — 60. 

3. From S = ^(o + !), S = ^(2740 + 1000) = $56,100. 

108. Arithmetic means. The 1st term, a, and the last term, I, 
in a progression are called the extremes of the progression. The other 
terms are called means between a and Z. To insert k arithmetic means 
between two numbers, a and I, means to find a sequence of k num- 
bers which, when placed between a and Z, give rise to an A.P. with 
a and Z as its extremes. 
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Example 1. Insert five arithmetic means between 13 and — 11. 

Solution. 1. After the means are inserted, they will complete an A P 
of seven terms, with a = 13 and Z = - 11. We shaU find d for the progres- 
sion and then form the terms. 

2. From Z = a + (« _ i)(i^ 


- 11 = 13 -h 6d; 

3. Hence, the missing terms are (13 - 
The A.P. is (13, 9, 5, 1, - 3, - 7, - 11). 
are (9, 5, 1, - 3, - 7). 


- 4. 

4), or 9; (9 - 4), or 5; etc. 
Therefore the arithmetic means 


■^en a single arithmetic mean is inserted between two numbers, 
it is called the arithmetic mean of the numbers. Thus, if (6, A, c) 
form an A.P., then A is called the arithmetic mean of b and c. Then, 

A — b ~ c — A or 2A = c-hb. 

Hence, 



Illustration 1. The arithmetic mean of 7 and 15 is J(7 -h 15) = 11. 


EXERCISE 42 

Write the first four terms of an A.P. from the given data. 

I. a = 15; d = 3. 2. a = - 18; d = 2. 3. a = 17; d = - 3. 

4. What do you observe if you reverse the order of the terms of the A.P. 
(f) in Problem 1; (w) in the general A.P. witli common difference d? 

Find the last term and the sum of the A.P. by use of formulas. 

6. 8, 13, 18, • • • to 15 terms. 8. 13, 8, 3, • • • to 17 terms. 

6. 3, 5, 7, • • • to 41 terms. 9. 2.06, 2.02, 1.98, • • • to 33 terms. 

7. 9, 6, 3, • • • to 28 terms. 10. 5, 4i, 4, • • • to 81 terms. 

Certain of the elements a, d, Z, n, and S are given. Find the others. 

II. a = 10, Z = 410, n = 26. 14. a = 27, Z = 11, d = - 

12. a = 4, Z - 72, n = 18. 16. 5 = - 2496, n = 52, a - 3. 

13. Z = 53, d = 4, n - 19. 16. S = 2337, n 38, d = |. 

Find the value of k for which the sequence of three terms farms an A.P. 

17. (3 - 2ky, (2 - A); (4 -h Zk). 18. (2 -h A); (2 + U); {5k - 1), 

19. Insert four arithmetic means between 2 and 17. 

20. Insert five arithmetic means between 7 and 19. 
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21. Insert six arithmetic means between 15 and — 16.5. 

22. Insert five arithmetic means between — § and 6. 

Find the arithmetic mean of the numbers. 

23. 6; 38. 24. 15; 37. 25. - 13; 27. 26. x: y. 

27. Find the 45th term in an A.P. where the 3d term is 7 and the com- 
mon difference is J. 

28. Find the 59th term in an A.P. where the 4th term is 9 and the com- 
mon difference is — .4. 

29. In the A.P. .97, 1.00, 1.03, • • •, which term is 5.02? 

30. In the A.P. 16, 13.5, 11, • • •, which term is — 129? 

31. Find the common difference of an A.P. whose 6th term is 9 and 37th 
term is 54. 

32. Find the sum of all odd integers from 3 to 209, inclusive. 

33. Find the sum of all even integers from 10 to 380 inclusive. 

34. Find the sum of the first 38 positive integral multiples of 3, 

36. Find the sum of all positive integral multiples of 5 which are less 
than 503. 

36. Find the sum of all positive and negative integral multiples of 6 be- 
tween — 55 and 363. 

37. There are 17 rows of billiard balls in a symmetrical triangular arrange- 
ment on a table, with 49 balls in the first row and 3 less balls in each other 
row than in the one preceding it. How many balls are on the table? 

38. If the 5th term of an A.P. is 430 and the 45th term is 110, find the 
2d term. 

39. A man invests SIOOO at the end of each year for 16 years at 6% simple 

interest. A\hat is the accumulated value of his investments at the end of 
16 years? 

40. A man invests SIOOO at the beginning of each year for 25 years at 

5% simple interest. Find the accumulated value of his investments at the 
end of 25 years. 

41. The 4th term of an A.P. is 215 and the 44th term is 55. Find the 
sum of the first 20 terms. 

Find the total sum of money paid by the debtor in discharging his debt. 

42. Debtor borrows 815,000. Agrees to pay: at the end of each year for 

10 years, 81500 principal and simple interest at 3% on all principal out- 
standing during the year. 

43. Debtor borrows 830,000. Agrees to pay: at the end of each year for 

0 years, 81000 principal and simple interest at 5% on all principal out- 
standing during the year. 
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109. A geometric progression (abbreviated G.P.) is a sequence 
of numbers caUed term, each of which, after the first, is obtaild by 

^ term by a fixed number called the common 

the om preceding it. To determine whether or not a sequence of 

ce'S’ir 7 Pre- 

cedes It. All of these ratios are equal if the terms form a G.P. 

Illustration 1. In the G.P. 16 - 8 4- 4 - o 

is - i; the 5th term would be (- i)(- 2)^= + ^ 

^ Le* “ be the 1st term 

and r be the common ratio. Then, the 2d term is ar; the 3d term is 

exponent of r is 1 less than the num- 
6er of the term. Similarly, the 8th term is arl The nth term is the 

(n - l)th after the 1st and hence is found by multiplying a by 

«■ - 1) factors r, or by r" Hence, if I represents the nth term, 

/ = ar’-i. (1) 

Illustration 1. If a = 3 and r = 2, the 7th term is 3(2‘) = 192. 

_ Let S be the sum of the first n terms of the G.P. The nth term 
IS or" >, the (n - l)th term is ar’-^, etc. Hence, 

S — a + ar + ar- + • • • + ar^~^ + ar"“*, (2) 

and Sr = ar ar^ ar ^ • • • + ar"”^ 4- ar"; (3) 

m (3) we multiplied both sides of (2) by r. On subtracting each side 
of (3) from the corresponding side of (2), we obtain 

jS — iSr = a — ar", 

because each term, except ar", on the right in (3) cancels a correspond- 
ing term in (1). From (4), 5(1 - r) = a — ar", or 

a — ar" 


S- 


1-r 


(5) 


Since I = ar"~i, then rl = ar". Hence, from (5), 

a — rl 


S- 


1-r 


( 6 ) 


Example 1. Find the sum of the G.P. 2, 6, 18, • • • to sLx terms, 
Solution, n = 6; a = 2; r = 3. From (5), 

2-2-38 2-1458 


5 = 


1 -3 


- 2 


= 728. 
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Example 2. Find the sum of the geometric progression 

(1.05)2 4. (1,05)5 -f (1.05)8 H + (1.05)« 

Solution, a = (1.05)2; r = (1.05)8; i = (I.OS)^®. From formula 6, 
which is convenient when I is explicitly given, 

^ (1.05)2 _ (1.05)8(1.05)85 (1.05)2 _ (1.05)88 

1 - (1.05)8 1 __ (1,05)3 

Note 1. When a sufficient number of the elements (a, r, n, 1, S) are given, 
we find the others by use of the fundamental formulas 1, 5, and 6. 

Example 3. If 8 = 750, r = 2, and I = 400, find n and a. 

Solution. 1. From S — ^ — —t 750 — hence, a — 50. 

1 — r 1 — 2 

2. From I = ar"-', 400 = 50(2"->) ; 2”-' = ^ = 8; 

2"-i = 28; hence, n — 1 = 3, or n — A. 

Example 4. Insert two geometric means between 6 and 

Solution. After the means are inserted, they will complete a G.P. of 
four terms with a = 6 and I = We shall find the common ratio of the 
progression, and then its two middle terms. From I = or""*, with n = 4, 

Y = Or’; H = ^; r = = f. 

The G.P. is (6, 4, f, ^). The geometric means are 4 and 

Comment. We shall always desire only real-valued means. 

EXERCISE 43 

Write the first four terms of a G.P. for the given data. 

1. a =,5; r = 3. 2. o = 4; r = — 2. 3. a = 16; r = i- 

In case the numbers farm a G.P., state its common ratio and write two more 
terms of the G.P. 

4. 4, - 12, 36, 108. 6. 8, §, f, 6. (1.01)-5, (1.01)-8, (1.01)'8. 

7. What fact do you observe if we reverse (i) the G.P. (81, 27, 9, 3); 
(ii) the G.P. with 1st term a and common ratio r? 

By use of I = find the specified term of the given G.P. 

8. 3, 9, 27 ; find the 6th term. 9. 4, — 12, 36; find the 9th term. 

Find the last term and the sum of the G.P. 

10. 3, 6, 12, • • • <0 7 terms. 13. — 8, 4, — 2, • • • to 5 terms. 

11. 10, 5, f , • - • to 6 terms. 14. 1, • • • to 6 terms. 

12. 50, 5, .5, • • • to 7 terTns . 16. a, ax ^, ox*, • • • to 15 terms . 
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FM an express for the sum oj each G.P. hy me of (6). page 107. 
pi^jy by use of the laws of exponents when possible. 

16. 2 + 1 + - . - + 17. 6 + 18 H- . - . + 4374. 

18. 1 + (1.03) + (1.03)2 + }- ( i .03)« 

19. (1.06)^ + (1.06)5 + (1.06)® + • • - + (1.06)23. 

20. 1 -j- (1.02)5 _|_ (1,02)® + • • • to 21 terms, 

21 . (1.02)“^5 + ( 1 . 02 )~“ + ( 1 . 02)“^5 ( 1 , 02 )-^. 

22. (1.03)“ i ® + (1.03)"'“ + (1.03)“*2 ^ (1.03)“^. 

23. 1 + (l.02)i + (1.02) + (1.02)§ + • . . + (1.02)^ 
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Find the missing elements of the G.P. 

21 a = 5; r = 2; ; = 320. 27 . S = 275; r = - 2; / = 400. 

26 . a = 2; r = 3; ; = 162. 28. 5 = a = - f; / =. 135 . 

26. r = 10; a = .001; I = 1000. 29. a = 256; r = J; / = J. 

Find the specified term without finding the first term of the G.P. 

30. The 10th term, if the 6th term is 5 and common ratio is 2. 

31. The 5th term, if the 9th term is 80 and common ratio is 

Insert the specified number of geometric means. 

32. Five, between 2 and 128. 34. Four, between i and 81. 

33. Three, between 4 and 324. 36. Six, between .1 and 1,000,000. 

36. If (x, G, y) form a G.P., prove that = xy. 


_ If X and y are of the same sign, and if a single geometric mean G of the same 
sign is inserted between x and y, then G is called the geometric mean of x and 
Vi (^) G, y) form a G.P. Find the geometric mean of the numbers. 

37. z; y. 38. 36. 39. 4; 25. 40. - 9; -25. 

41. If the 6th term of a G.P. is 5 and the 10th term is find the inter- 
mediate terms. 


42. For what values of k do the three quantities {k + 3), (Oi* + 3) and 
{20k + 5) form a G.P.? 

43. Find the sum of a G.P. of 7 terms whose 3d term is f and 6th is 

41 How many ancestors have you had in the 10 preceding generations 
if no ancestor appears in more than one line of descent? 


46. An investment paid a man, in each year after the first, twice as much 
as in the preceding year. If his investment paid him S6750 in the first four 
years, how much did it pay in the first and the fourth years? 


46. Find the sum of the first 19 positive integral powers of 1 07 
that (1.07)*® = 1.967. 


» given 


no 
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MISCELLANEOUS EXERCISE 44 

1. At a bazaar, tickets are marked with the consecutive odd integers 
1, 3, 0 , ■ • • and are drawn at random by those entering. If each person 
pays as many cents as the number on his ticket, how much money is received 
if 1000 tickets are sold? 

2. A rubber ball is dropped from a height of 100 feet. On each rebound, 
the ball rises § of the height from which it last fell. WTiat distance has the 
ball traveled up to the instant the ball liits the ground for the 8th time? 

3. In a potato race, 20 potatoes are placed at intervals of 5 feet in a 
line from the starting point, with the nearest potato 25 feet away. A runner 
is required to bring the potatoes back to the starting place one at a time. 
How far would he run in bringing in all the potatoes? 

4. If S605 is to be divided among 11 men so that the first one receives 
$5 and each succeeding man obtains a fixed amount more than the preceding 
man, how much will the 10th man receive? 

6. In a professional golf tournament, the total prize money of S5155 is 
divided among the 5 best men so that each, except the fifth best, receives 
2J times as much as the man who ranlcs just below him. How much does 
each of the five receive? 

6. Find an expression for the sum of the first n positive odd integers. 

7. Find the sum of the first 40 positive integral powers of x. 

8. In creating a v^acuum in a container, a pump draws out J of the 
remaining air at each stroke. What part of the original air has been removed 
by the end of the 7th stroke? 

9. At the beginning of each j’ear, a man inv’ests S400 at simple interest at 
the rate 4%. At the end of 20 years, what is tlie accumulated value of his 
investments, if none of them have been disturbed since they were made? 

10. A mountain climber ascends 1000 feet in the first hour, and 100 feet 
less in each succeeding hour than in the preceding hour. When will he be 
5400 feet above his starting point? 

11. A pendulum bob moves over a path 15 inches long on the first swing 
from its extreme position on one side to the extreme on the other side. In 
each succeeding swing the bob travels J of the distance of the preceding 
swing. How far does the bob travel during the first 6 swings? 

12. A speculator will make $1200 during the first month and, thereafter, 
in each montli, $100 less than in the preceding month. If his original capital 
is $4200, wiien will he become bankrupt? 

13. Prove that the squares of the terms of a G.P. also form a G.P. Then 
state a more general theorem of this nature. 

14. Find an A.P. of four numbers whose sum is 24 if the sum of their 
squares is 164. 
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16. Prove that the reciprocals of the terms of a G.P. also form a G.P. 

16 . The radiator of a motor truck contains 10 gallons of water. We draw 
off 1 gallon and replace it mth alcohol; then, we draw off 1 gallon of the 
mxture and replace it by alcohol; etc., until 7 drawings and replacements 
have been made. How much alcohol is in the final mixture? 

17 . In a certain positive integral number of three digits, the digits form 

1 ^ L digits are reversed, the new number 

IS 594 less than the original number. Find the original number. 

18. If y = 5a; + 8, find the sum of the values of y corresponding to the 
successive integral values x = 1, 2, 3, • • •, 30. 

* 19 . Prove that \iy = mx-\~h, where m and h are constants, the values 
of y corresponding to x - A, 2A, 3A, • - • form an A.P., for any value of A. 

*20. Prove that the average value of the terms of an A.P. of n terms is 
5(a + 0, where the average value means the sum divided by n. 

Note 1. If P is the value of a certain quantity now, and if its value in- 
creases at the rate i (expressed as a decimal) per year, then the new value 
at the end of one year is P -|- Pi, or P(1 -|- i). That is, the value at the 
end of any year is (1 + i) times the value at the end of the last year. The 
values at the ends of the years form a G.P. whose common ratio is (1 + i). 
If F represents the value at the end of n years, then 

P = P(H- 

This formula is referred to as the compound interest law because, if a prin- 
cipal P is invested now at the rate i, compounded annually, the amount F 
at the end of n years will be P(1 -|- i)". In all of the following problems, 
it will be assumed that any rate is constant. 

* 21 . If 5000 units of a commodity are consumed in the 1st year, and if 
the annual rate of increase in consumption is 8%, find the total consumption 
during the first 15 years, given that (1.08)*^ = 3.17216911. 

*22. The number of inhabitants in a cit}' increased from 128,000 to 
432,000 in six years. Find the annual rate of increase. 

* 23 . A piece of ground was purchased 8 years ago for $16,200; its value 
now is $51,200. Find the rate per year at which the value of the ground 
has increased. 

* 24 . The value of a certain quantity decreases at the rate w (e.xpressed 
as a decimal) per year. If // is the value now, and K is the value at the end 
of n years, prove that K ~ 7/(1 — «j)". 

* 26 . A motor truck was purchased for $2500, and its value 4 years later 
IS $1024. Find the rate per year at ivhich the value has decreased. 

*26. A hotel, purchased 3 years ago for $512,000, is sold for $343,000. 
Find the rate per year at which its value has decreased. 
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★111. Harmonic progressions. A sequence of numbers is said 
to form a harmonic * progression if their reciprocals form an arithmetic 
progression. 

Illustration 1. The sequence (1, is a harmonic progression 

because the reciprocals (1, 3, 5, 7, 9) form an A.P. 

To insert k harmonic means between two numbers, we first insert 
k arithmetic means between the reciprocals of the numbers. The re- 
ciprocals of the arithmetic means are the harmonic means. 

Example 1. Insert five harmonic means between 4 and 16. 

Solution. 1. First, we insert 5 arithmetic means between J and 

2. From I — a {n — l)d, with a = i, ? = ^^d n = 7, we find 

iV = i + 6d; d - — 

3. Hence, the A.P. is (J, ^). 

4. The corresponding harmonic progression is (4, 8, 16). 

Hence, the harmonic means are (^, 8, ¥). 

If (c, Hj d) form a harmonic progression, then H is called the har- 
monic mean of c and d. 


★EXERCISE 45 

Insert the specified number of harmonic means. 

1. Four, between J and 3^. 4. Four, between 4 and 24. 

2. Five, between J and 5*5 . 6. Five, between f and J. 

3. Four, between ^ and |. 6. Four, between — J and 3. 

Find the harmonic mean of the numbers. 

7. 4; t 8. 9; 6. 9. 4; - 8. 10. 12; 36. 11. 6; - 18. 

12. Derive a formula for the harmonic mean of x and y. 

13. If A, G, and H represent, respectively, the arithmetic, geometric, 
and harmonic means of x and y, prove that G is the geometric mean of 
A and H ; that is, show that G^ — AH. 

★112. Geometric progressions with infinitely many terms. Let 
Sn represent the sum of the progression a, or, ar^, • * • , ar"“h Then, 
by (5), page 107, 

* Suppose that a set of strings of the same diameter and substance are 
stretched to uniform tension. If the lengths of the strings form a harmonic 
progression, a harmonious sound results if two or more strings are caused to 
vibrate at one time. This fact accounts for the name harmonic progression. 
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a ar ar ^ • • • + ar"~* ~ Sn = 


a 


ar" 


1-r 1-r 

Illustration 1. Consider the endless geometric progression 

t • • • to infinitely many terms. 

1 


1 1 1 

2* 4 


In (2), 

By (I), 


^ — the nth term is _ , 
^ 1 


l-r = J; ar" = l 


^ + 1 + 5 + 1+ +^ = 5 , = 2 - 5 ^. 


( 1 ) 


(2) 


(3) 


If n grows larger, without limit, the term ^ grows smaller, and is as near 

to zero as we please, if n is sufficiently large. Thus, if n = 65, 

1 

2n-i 2« 18,446,744,073,709,651,616’ 

wWch is practically zero. Hence, in (3), will be as near to (2 - 0) as we 
please for all values of n which are sufficiently large. To summarize this 
statement we say that as n becomes infinite Sn approaches the limit 2, and 
we call 2 the sum of the progression 1, i i, • • • to infinitely many terms. 
We sometimes use “n-»x” to abbreviate “n becomes infinite.'* Then, 
our conclusion can be briefly written 

limit S„ = 2. 


Now, consider (a, ar, ar-, • ‘ ‘ to infinitely many terms), under the 
condition that r is a number between — 1 and + 1. Then, as n — * oo 
the absolute value of the numerator or" in (1) grows smaller, and is 
as near to zero as we please for all values of n sufficiently large. 
Hence, from (1) we see that, as n grows large without limit, the value 
of iS„ approaches 



In other words, 



limit Sn 

n— ♦« 


or 


a 

1-r 


a 

1-r 



This limit of the sum of n terms, as n becomes infinite, is called 
the sum of the geometric progression with infinitely many terms. If 
5 represents this sum, then 


(5) 
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Note 1. Recognize that S in (5) is not a sum in the ordinary sense of 
the word, but is the limit of the sum of n terms as n grows large without hound. 
We may summarize our result compactly as follows, remembering that the 
left member below is not a sum in the ordinary sense: if | r | < 1, 

{a ar ai^ • to infinitely many terms) = ^ • (6) 


Illustration 2. By use of (6), with a — 5 and r = §, 
(5 + I + ^ + •" to infinitely many terms'^ = 



Practically, this means that, if we should add a relatively large number of 
terms of the progression, we would obtain approximately 10, and that by 
adding enough terms we can obtain a result as close to 10 as we may desire. 
Thus, Sn = OiSil- 

The indicated sum of a sequence of numbers is frequently called 
a series. An expression of the form 

+ ii 2 + W 3 + * • * to infinitely many terms (7) 

is called an infinite series. Accordingly, the expression on the left in 
(6) is referred to as the infinite geometric series. 

Example 1. Find a rational fraction equal to the endless repeating decimal 
5818181 

Solution. Because of the meaning of the decimal notation, 

.5818181 • • • = .5 + .081 + .00081 + • * * inf. many terms, 

whore we notice that (.081 + .00081 + • • •) is an infinite geometric series 
with a = .081, and r = .01. By (6), the sum of this series is 

.081 _ .081 _ _9_ 

1 - .01 .99 110 

Hence, .5818181 • • • = .5 + rfTi = A + 

Comment. By use of the method of E,\ample 1, we can show that any 
endless repeating decimal is a rational number. 

In any infinite series such as (7), let Sn represent the sum of the 
first n terms. Then we say that the series has a sum S, and call the 
series a convergent infinite series which converges to S in case the 
limit of Sn is S as n becomes infinite. If iSn has no limit as n becomes 
infinite, we say that the infinite series is divergent, or diverges.* 

* A detailed consideration of convergent and divergent series is given at a more 
advanced stage. 
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Note 2 In this section we have proved that the infinite geometric series 
m parentheses in ( 6 ) has a sum, or converges, when | r | < l. When I r I ^ 1 
the series is divergent, or does not have a sum, because in this case in ( 1 ) 
does not approach a Hmit as n oo. Thus, for the G.P. ( 1 , 2, 4, • ■ •) 
where r - 2 , we find that Sn increases beyond all bounds as n -> « . 


, ★EXERCISE 46 

Find the sum of each of the following infinite geometric series. 

1. 6 + 2 + f+ .... 4. 

2. 16 + 4 + IH . 6. 1 - .1 + .01 - .001 + .... 

3. 5 + .5 + .05 H . 6 . .16 - .016 + .0016 - 

Find a rational number which equals the given endless repeating decimal, 
where repealing parts are written three times. 


7» ,666 • • • • 

8 . .555 .... 

9. .131313 

10. .252525 . • • . 

11 . .010101 .... 


12 . .1666 

13. 5.222 .... 

14. 4.090909 

16. 3.454545 .... 
16. 14.212121 


17. .589111 •... 

18. 8.48484 •••. 

19. 363.636 -. 

20. 14.3143143 • ■ 

21. 73.03030 • • • . 


22. .142857142857142857 •• •. 


23. .076923076923076923 •••. 


24. A pendulum is being brought to rest by air resistance; the patli of 
each swing (after the first) of the pendulum bob is .95 as long as tliat of the 
previous swing. If the path of the first swing is 30 inches long, find the total 
distance traveled by the bob in coming to rest. 

25. A rubber ball is dropped from a height of 40 feet. On each rebound 
the ball rises to f of the height from w+ich it last fell. Find the distance 
traversed by the ball in coming to rest. 

26. The side of a certain square is 10 inches long. A second square is 
dra\vn by connecting the mid-points of the sides of the 1 st square; a 3 d 
square is drawn by connecting the mid-points of the sides of the 2 d square; 
etc., without end. Find the sum of the areas of all the squares of which this 
process conceives. 


Note 1. If I r I < 1 , we know that S, of (5) on page 113, is approximately 
equal to Sn if n is large, and our confidence in this approximation increases 
es n increases. When n is large, it is decidedly easier to compute S than 
5n. and hence it is convenient at times to use S in place of S„. 

27. Find Sio for the G.P. (3, f, • • -). Also, find the sum of this pro- 
gression extended to infinitely many terms. 

28. Find )Si 39 , aonroximately, for the G.P. (3, f, • ■ •). 


CHAPTER TEN 


Inequalities 


113. Inequalities. If a and b are real* numbers, we say that a 
is greater than 6, or that h is less than a, in case a — 6 is positive^ 
and we write a > 6, or 6 < a. If 5 < a and if o and b are plotted in 
Figure 12, then b is to the left of a. Any relation expressed by use of 
< or > is called an inequality. 

. h _a 

"“1 1 1 1 1 •"! 1 1 1 • I 1 I T I I 

-7 -6 -5 -4 “3 -2 “1 0 1 2 3 4 8 6 7 

I X iss ^ 

Fig. 12 

Illustration 1. The expression 1 < a: < 4 is read “ 1 is less than x and 
X is less than 4.” These simultaneous conditions on x state that, in Figure 12, 
the value of x would lie on the interval between 1 and 4. 

Illustration 2, The expression | x | ^ 3 is read “the absolute value 
of X is less than or at most equal to 3.” Then, x lies helwem - 3 and 3 
inclusive. Hence, 

if I X I ^ 3 then - 3 ^ a; ^ 3. 

If an inequality does not involve literal numbers or if it is true 
for all values of the letters involved, we call it an absolute inequahty. 
A conditional inequality is one which is true only for certain values 
of the letters involved. To solve an inequality means to obtain a 
simple description of the values of the literal numbers which satisfy 
the inequality. 

Illustration 3. 8 > 3 is an absolute inequality, x — 3 < 0 is a con- 
ditional inequality which is true only if x < 3. (P ^ 0 is an absolute in- 
equality because, for all values of d, is positive or zero. 

114. Properties of inequalities. Two inequalities are said to have 
the same sense if their inequality signs point in the same direction- 
Thus, A < B and C < D have the same sense. 

* The relation a > b is defined for real numbers. AU numbers in this chapter 
will be real. 
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Pboperty I. The sense of an inequality B < A is not changed if 
the same number is aMed to both sides. 

Proof. 1. If C is any number, we must prove that 

B + C <A-\-C. 


2. Let A - B = p, which is positive because B < A. Hence, 

(A + O- (54-0 = = 

or [(A + C) - (5 + O] is positive; therefore, B + C <A-\-C. 

To subtract a number N, we add - A^. Hence, from Property I, 
It follows that the sense of an inequality is not changed by subtracting 
the same number from both sides. 


Note 1. Property I justifies the statement that the following mechanical 
operations on an inequality yield equivalent inequalities. 

A term appearing on both sides of an inequality may he canceled by suh- 

tracling the term from both sides. 

A term may be transposed from one side of an inequality to the other with 

the sign of the term changed, by sMbtraeting the term from both sides. 

Property II. The sense of an inequality is not changed by multi- 
plying both sides by the same positive number. 

Proof. 1. If A > B and if is any positive number, we wish to 
prove that kA > kB. 

2, Let A - B = p, which is positive because A > B. Hence, 
kA — kB - k{A ~ B) - kp, which is positive. Therefore, kA > kB. 

Property III. The sense of an inequality is reversed if both sides 
are multiplied by the same negative number. In particular, if both sides 
are multiplied hy — 1, the inequality sign must be reversed. 

Proof. 1. If A: is any positive number, and if A > B, we wish to 
prove that - kA < — kB. 

2. Let A — B = p', then p is positive and 

(- kB) - {- kA) = k{A -B) = kp, 
which is positive. Hence, - kA < — kB. 

Illustration 1. We know that - 2 < 5. On multiplying both sides 
by — 1 we obtain 2 > — 5, which is true. 

Similarly, as a special case of Property II, the sense of an inequality 
is not changed by dividing both sides by the same positive number. 
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By Property III, the sense is reversed if both sides are divided by the 
same negative number. 

116. Linear inequalities. An inequality is said to be linear in 
X if each side is linear in x. By use of Properties I, II, and III, we 
can solve any linear inequality. The procedure is like that used in 
solving a Unear equation except that the inequality sign must be 
reversed if both sides are multiplied or divided by a negative number. 

Example 1. Solve: Jx — 1 < 17 — 

Solution. 1, Multiply both sides by 3: 7x — 3 < 51 — 2x. 

2. Add (3 + 2x) to both sides: 9x < 54. 

3. Divide by 9: x < 6. 

116. Graphical solution of an inequality. Any inequality in one 
variable, x, can be placed in the fonn/(x) > 0, or/(x) < 0, by trans- 
posing terms. 

Illustration 1. — 3x — 5x* < 3 + 5x becomes 0 < 5x* + 8x -f 3. 


To solve an inequaUty /(x) > 0 graphically, draw a graph of /(x). 
Then, the values of x for which the graph is above the x-axis are the 
values of x for which /(x) > 0. The values of x for which the graph 
is below the x-axis satisfy /(x) < 0. 


Example 1. Solve graphically: 0 > 7x + 4 — 2x^ 


Solution. 1 . Transpose terms to give x* a positive coefficient: 


2x* — 7x — 4 > 0. 

2. Let fix) = 2x* - 7x - 4. A graph of /(x) is ob- 
tained in Figure 13 by use of the following values: 


If X = 

- 2 

-i 

2 

4 

5 

fix) = ; 

18 

0 

- 10 

0 

11 


3. From the graph w'e see that 

fix) >0 if X > 4 arid if x < — i- 



Comment 1. By use of Figure 13, we can also solve /(x) < 0. The graph 
is below the x-axis if — § < x < 4. 

Comment 2. In Figure 13, we needed accurately the points where /(x) = 0. 
Hence, before graphing we solved 2x* — 7x — 4 = 0, whose roots are 
^ ^ i and x = 4. ‘ 
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EXERCISE 47 

Find the values of x for which the inequality is true. 

1. 4x - 24 > 0. 


2. 15 - 6x < 0. 

7. 5x - 5 > - 9 -h 3^. 

8. 2a: + 18 < 3 - 3a:. 

5 - 7x > 10 - 10a:. 


€) 3i - 12 < 24. 6. §i + 4 > 2. 

4. 4 + 3i< 10. 6. + 5 < 7. 

10. 2i - I < - 2. 

11. 5i - f < 2 - 4c. 

12. 3i - J < + 3. 


Think of X as plotted on the scale in Figure 12 and express the given fact 
by use of inequalities without an absolute value symbol. 

13. X lies to the right of 5. 16. x lies to the right of — 2. 

14. X lies to the left of — 4. i7,'i x lies between 2 and 9. 

16. X lies to the left of 3. 18. x lies between — 4 and 4. 

1^. 1 1 1 < 5. 20. 1 X I < 2. 21. I X I > 3. 22. I X I < a. 

State by use of an absolute value symbol and describe where x would lie on 
the scale in Figure 12. 

- 6 < a: < 6. 24. - 8 < a: < 8. 26. a: < - 7 or x > 7. 


Solve graphically and state results by use of inequalities. 

26. 7x - 5 < 0. 27. 2 - 5x > 0. 28. - 9 < 0. 29. 25 < x^. 

30. 12 _ 6x + 8 > 0. 33. 4 + 3x < x^. 36. 2x - bx- > 0. 

^ x^ - 2x - 8 < 0. 34. 5 - 3x < 2x2. 37. 9^2 + le < 0- 

32. 2x2 -f 5x < 3. 36. 4x2 + x > 0. 38. 10,000x2 > 49. 

39. If X < 1/ and y < 2, prove that x <z. 

Solve by inspection, without graphing. 

40. x2 < 144. 41. x2 > 100. 42. x2 < a2, where o > 0. 


For what values of x is the radical real? 
^ 3 . - i(). 44. V 4 - x2. 


46. Vx2 — ox + 0- 


*Find the values of k for which the roots of the equation in x are real, and 
those values for which the roots are imaginary. 

46. 2fcc2 - 4x + 3 = 0. 47. x2 = 2A:x - 4. 48. kx^ + 4k = 3x. 

Hint. Compute the discriminant. 


itFind the values of k for which the graphs of the equations (a) are tangent; 
(5) meet in no points; (c) meet in two points. 

+ 16' 60. I 2"' t 61. I 7 6. 

1/ - Ax + 5. 


49 . 


y = Ax + 3. 


y = Ax + 3. 
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★117. Analytical proofs of inequalities. To establish a specified 
inequality under given conditions about the variables, it is sometimes 
convenient to proceed as follows. 

1. Suggestive part. Assume that the inequality is true and^ from 
it, proceed to some simpler inequality which is easily verified. 

2. Demonstration. Start with this simpler inequality and, from it, 
derive the given inequality by reversing the acts of Step 1, where the 
possibility of each reversal must be justified. 

Example 1. Prove that, if a: 5*^ 1 and x > 0, - + x > 2. 

Solution. 1. Suggestive part. IF the inequality is true, then 
(multiply by x) 1 + x^ > 2x ; 

(subtract 2x) 1 — 2x > 0, or (1 — xy > 0. 

2. Proof. Since x is real and 5^ 1, hence 1 — x 5^ 0 and 

(1 - x)2 >0, or 1 - 2x + x^ > 0; 

(add2x) H-x2>2x. 

Since x > 0, by Property II we may divide both sides above by x without 
altering the inequality and thus obtain i + x > 2. Q.E.D. 


★EXERCISE 48 




If X > 0 and y > 0, prove that 


V ^ 



If X -f* y > 0 and x ^ y, prove that 


X + y ^ 2xy 
2 ^ X + y 


// X > 0, y > 0, and xj^y, prove the inequality. 



x-\r y 
2 




4. ^ + - > 2. 
y * 



Vi;. 

X + y 


Note 1. From Problems 3 and 5, it follows that, if A, G, and H are, re- 
spectively, the arithmetic, geometric, and harmonic means of x an y» 
then II < G < A. 


// X > 0, y > 0, and x > y, prove the inequality. 

6. x^ - > (x - vY. 7. x^ - y3 > xyixj - x). 

9. If X > 1, prove that x < x^ ^v-ithout graphing. 

10. If 0 < X < 1, prove that x > x^, without graphing. 

11. If 1 < X < 2, prove that (x - l)(x - 2)(x - 3) > 0. 

12. Prove that a* + 6- ^ 2a6, for all values of o and h. 



CHAPTER ELEVEN 


Complex Numbers 


118. Complex mimbers.* If we let i represent the symbol V- 1, 
wth the property that = - 1, and if o and b are real, then we call 
a + bia. complex number whose real part is a and imaginary part is 
W; we call b the coefficient of the imaginary part. Any real number is 
considered as a complex number in which the coefficient of the 
imaginary part is zero. A complex number a + bi is called an imagi- 
nary number if 6 ^ 0. If a = 0 and 6 0, then a + hf is caUeda 

pure imaginary number. 

If P is positive, we let the symbol represent iVP; then, 

(- P) has the two square roots it V- P, or ± iVP. 

Illustration 1. V — 16 = tVle = 4i. 


Illustration 2. If a > 0 then = Sat. 

Illustration 3. In the form of a complex number, 6 = 6 + Oi. 

Definition I. Two complex numbers a bi and c di are called 
equal in case a = c and b ^ d. 

Since 0 = 0 + Oi, it follows from Definition I that 


if a + 6i = 0, then a = 0 and b = 0. (1) 

We agree that,t in any indicated sum, product, or quotient in- 
volving integral powers of complex numbers, the result shall be 
that which is obtained by operating as if i were a literal number sub- 
ject to the rules of algebra as they apply to real numbers. At each 
stage of any algebraic operation involving complex numbers, each 
positive integral power of i should be expressed properly as 1, - 1 
i, or ~ i, by use of the fact that {2 = - l. 


Note 1. In this chapter, i always represents all other literal 

numbers represent real numbers and any literal number in a radicand will 
represent a positive number, unless otherwise specified. 


• The student should review Section 71, page 64. 

t For a lopcal foundation of the algebra of complex numbers, see Dickson’s 
Elementary Theory oj Equaiiane^ page 2\. 
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Illustration 4. In accordance with the preceding agreement, we have 
defined the left member in each of the following equations to represent 
the expression given in the right member. 

(a + fii) -f (c + di) = a + c + (6 + d)i. 

(a + &i)(c + di) = oc + (6c + ad)i + 6di®, or 
(o + 6i)(c + di) = (oc — 6d) + (6c + ad)i. 

Illustration 5. (3 — 5iy — 9 — 30i + 26i- = — 16 — SOi. 

= iV^.iVE = ZpVlVb = - 15. 


119. Conjugate complex numbers. If two complex numbers ^ffer 
only in the signs of their imaginary jarts, the tw'o numbers are called 
cdfiyugdXe~''cdmpJ€x m/Tubm, ^n^either is called the conjugate of 
the other. 

Illustration 1. The conjugate of (a + 6i) is (a — 6i). Moreover, 

(o + 6i) - (a - 6i) - 2hi\ (1) 

(a + 6i) + (a - 6i) - 2a; (2) 

(a + 6i)(a - 6i) = a^ - 6^^ = + (3) 


Notice that the difference of two conjugates is a pure imaginary 
number, whereas their sum and their product are real numbers. 

A quotient of two complex numbers can be reduced to the form 
a + hi by multiplying both numerator and denominator by the con- 
jugate of the denominator. 


Illustration 2. 


6 + 2i 

3 - 4i 


5 + 2i 3 + 4i 
3 - 4i ■ 3 + 4i 

15 + 26t + 8i2 
9 - 16i2 


15 + 26f-8 _ 7 , 26^. 
9 + 16 25 25 ‘ 


If we think of 3 — 4i = 3 — 4^ — 1, the preceding op erati on, where the 
numerator and denominator were multiplied by 3 + 4V— is analogous 
to the procedure used in rationalizing denominators on page 43. 


EXERCISE 49 

Expr^s in terms of i and simplify. 

1. V— 25. 2. V— 98. 3. V— 64x*. 4. ^ 

State the two square roots of each quantity. 

6. - 81. 6. - 49. 7. - 75. 


8. - 36o« 


9. 
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Perform any indicated operation and simplify to the form a + bi. 

10. i . 11. i6. 12. P. 13. ii6. 14. je, 

16. (2t)». 17. (3i)>. v^A/:r^. 19. (2 + 5i)(3 - 4i). 

20. (3 - 2t)(- 2 + 3t). al. {V^ + 2)(-v/^ - 2). 


State the conjugate of each number. 

22. 5 + 3t. 42^ - 4 - 2i. 24. 7i. 26. 6. 26. 5 - 3V^5 

Find X and y by use of Definition I, page 121. 


27. X yi = 2 ~ 3i. 

30. a: + 2 + (y - 3 )i = o. 




- yi- 29. 2x + 2yi = 8. 

3i - 6 - (5 - 2y)i = 0. 


/?e(i«c€ to the form a + bi. 



2 + 3t 
5 + 4i' 



3 - b i 

4 + 3r 



5V- 9 
3 - i * 


45. (3V^)4. 


0/4 — 5t -f 1 
^ 3i-4 ■ 

Off 3i + 4 
-f-f 2 - 

38. 

2 + V-4 

3 - V- 9 

36. 7 — 

1 + 1 

37. . 

39. 

5 - V- 16 

3 - 2i 

2 + 3i 

A1 5 

2 i' 

42. 

3i 

43. 

t 

\ 

l3 


46. (2i - 3)^ 47. (2i + 1)3. 48. (1 - 2i)~K 


Express the reciprocal of the number in the form a + bi. 

■ ^ ~ 60. 3i. 61. — 2i. 62. 12 -|- V— 75. 

63. If + 62 = 1 , find the reciprocal of a + bi. 

64. Form a quadratic equation with the roots (a ± hi). 


120. Geometrical representation of complex 
numbers. In Figure 14, we shall represent any 
complex number a + bi graphically by the 
point whose abscissa is a and ordinate is 6. 

Illustration 1. In Figure 14, D represents 
(2 - 5i). C represents (- 3 + 6i). The real 
number 2, thought of as (2 -f- Of), is represented 
by A. The pure imaginary number — 4i, thought 
of as (0 — 4i), is represented by B. 


c 

•8+6<f 

1 

1 

1 

r 

1 

1 

1 

• 1 

> » > ^ » 1 

1 A X 

0 

t 

I 

1 

^ii< 

1 

m 

D 


Fio. 14 


The imaginary part of a real number a, or a + Of, is Of, and there- 
fore all real numbers are represented geometrically in Figure 14 
by the points on the horizontal axis OX. Similarly, all pure imaginary 
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numbers are represented by the points on OF, because the real part 
of a pure imaginaiy number is zero. When we use a coordinate 
plane for the representation of complex numbers, we refer to the 
horizontal axis as the axis of real numberSj to the vertical axis as the 
axis of imaginary numbers, and to the whole plane as the complex 
plane. 

121. Geometrical construction of a sum. Let points M and N 
in the complex plane represent a + bi and c + di, respectively. 
Connect the origin 0 \nth. M and N. Complete the parallelogram 
\vith OM and ON as sides. Then, the fourth vertex, P, represents 
[(a H- bi) + (c 4- dt)]. 

Proof. 1. In Figure 15, 

OR ^ OS SR ^ OS MH. 

2. Since triangles OKN and MHP are 
equal, MH = OK. Hence, 

OR = OS 4“ OK = CE 4“ c. 

Similarly, 

RP^ SM-\-KN = b-\-d. 

3. Hence, the abscissa, OR, of P is a 4- c and the ordinate, RP, 
of P is 6 4- d; that is, P represents 

C(a 4- c) 4- (5 4- d){], or [(a 4- bi) 4- (c 4- di)~\. 

Note 1, To subtract (c 4- di) from (a 4" bi) geometrically, we geometrically 

add (— c — di) to (a 4- bi). 

Illustration 1. In Figure 16, we find 

C(5 4- 3i) - (3 - 2i)3 

geometrically by adding (5 4- 3i) and (- 3 4- 2i). 

The result, 2 4- bi, is represented by P. 

In Figure 16, think of the vectors, OM, ON, 
and OP, radiating from the origin, instfead of 
merely the tips of these arrows, as representing 

(—3 4- 2i), (5 4- 30, and (2 4- 5i), respectively. Then, the construc- 
tion for obtaining P is identical with the addition of vectors OM 
and ON according to the parallelogram law as met in physics, when 
we combine forces, or velocities, etc. 
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NoU; 2. In the early development of algebra, the square roots of negative 
numbers were carefully avoided by mathematicians. Imaginary numbers 
were introduced in the 16th century by Cardan but were not thoroughly 
appreciated until 100 years later. The words real and imaginary^ as now 
employed in references to numbers, were introduced by Descartes (1637) 
^d the symbol i for by Euler (1748). A Norwegian surveyor) 

Wessel (1797), was the first to employ the geometrical representation of 
complex numbers on a plane. This graphical representation is of prime 
importance in advanced mathematics. 


EXERCISE 50 
Represent each complex number geometrically. 

1. 5 -}- 2i. 3. - 5 - 2i. 6. - 2. 7. 6. 9. 

2. 7i - 5. 4. iV2 — 2, 6. 8i. 8. - 5i. 10. V— 20. 

On one plane, plot the number, its conjugate, and its negative. 

11. 2 + 3i. 12. - 2 + 4i. 13. 7. 14. - 3i. 16. 2 - 

Find each sum geometrically, and read the result from the figure. 

16. (2 + i) + (1 + 3i). 19. (3 - i) + (2 + 3i). 

17. (3 + 2i) + (2 + 3i). 20. (3i - 2) + (- 4 - 3i). 

18. (- 2 - 4i) + (- 3 " 2i). 21. (7 + Oi) + (0 + 3i). 

22. (- 3i) + (- 5). 23. (120 + (- 3). 24. (- 20 + (4). 

26. (- 5 - 20 + (4 + 30 + (2 + 0- 

26. Given the point in the complex plane which represents a certain 
complex number N, state and demonstrate the correctness of a geometrical 
construction for finding (1) the negative of N; (2) the conjugate of N. 


122. Trigonometric form of a complex number.* 

the complex plane, let a single unit of length be 
used in measuring all distances. In Figure 17, let 
P represent a hi, let r be the length of OP, and 
\etd=lXOP. Then, 

r = Vfl* + b* ; tan ^ (1) 

a = r cos 8; 6 = r sin 8; (2) 

a + bi = r(cos 8 + / sin 8). (3) 


Hereafter, in 



• A knowledge of trigonometry is needed in the rest of this chapter Also 
the functions of 0®, 30^ 45®, 60®, 90®, etc., should be reviewed. For other angles’ 
three-place values of the trigonometric functions are given in Table IV. ^ ’ 
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We call r(cos d sin 6) the trigonometric (or polar) form, B the 
amplitude (or argument), and the positive length r the absolute 
value (or modixlus) of a + hi. The amplitude may be taken as any 
angle with initial side OX and terminal side OP, because all such 
angles have the same trigonometric functions. Hence, if 0 is one 
amplitude, the other permissible amplitudes are (0 + A;* 360®), where 
k is any integer. Usually, we select the amplitude as an angle 
which is positive or 0® and less than 360®. 

Illustration 1. In Figure 17, P represents 7(cos 60® + % sin 60®). In- 
stead of 60®, we could use 420®, or — 300®, etc. as the amplitude. 

Two complex numbers are equal if and only if their moduli are equal 
and their amplitudes differ at most by an integral multiple of 360®. 

To plot r(cos 0 -|- f sin 0), construct ZXOP = 0, vrith OP - r; then 
P represents the given complex number. 

The number zero may be written 0 = 0*(cos 0 + f sin 0) where 
0 has any value. That is, the modulus of zero is 0, and the ampli- 
tude is any angle whatever. 

To change from the trigonometric form to the form a + biy we 
recall the values of sin 0 and cos 0 if the amplitude 0 is a convenient 
angle, 0®, 30®, 45®, etc. Otherwise, we use Table IV. 

Illustration 2. 3(cos 45® + i sin 45®) = 

6(cos 35® + i sin 35®) = 6(.819 + .574i) (Table IV) 

= 4.914 + 3.4441. 

If (a + hi) is real or pure imaginary, we find its amplitude and 
absolute value by mere inspection. 

Illustration 3. The real number (— 4 + Oi), 
or — 4, is represented by S in Figure 18. The abso- 
lute value of (— 4 -I- Oi) is OS, or 4, and the ampli- 
tude is Z.XOS, or 180°: 

- 4 = - 4 + 0i = 4(cos 180® + i sin 180°), 
which can be checked by substituting 

cos 180° = — 1 and sin 180° = 0. 

The absolute value of a real nu mber a, or (a + Oi), os defined 
for a comple.x number, is -|- 0- or V^, which is + o if a > 0 
and is — a if a < 0; this is identical with | a | as defined on page 3. 
Hence, the two uses of the absolute value terminology are consisterU. 
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Also, it is consistent to use the symbol | a + in | to represent the 
absolute value of any complex number; \a-\-bi\ — VoM^. 

Illustration 4. | - 4 + 0i | = | - 4 | = 4. | 3 + 4i | = 5. 

123. To express a + W in the form r(cos 0 + z sin 0). 

1. Plot {a + bi) as a point P in the complex plane, draw the modulus 
OP, and indicate the amplitude 6 with a curved arrow, 

2. Find r from r = Va- + 6^ 

3. Find $ by noticing what quadrant it is in and using that one 
of the following functions which appears most convenient: 

sin 0 cos 0 = -; tan 0 = -• 

r r* a 

Example 1. Find the trigonometric form of (- 5 -f 60- 

Solution. 1. r = and B is in quadrant 11 (Figure 18). 

2. tan 0 = - J = - 1.200. From Table IV, we find an acute angle a 
such that tan a = 1.200; we obtain a = 50.2°. Hence, 

e = 180° - 50.2° = 129.8°; 

- 5 + 6i = Vm (cos 129.8° + i sin 129.8°). 


EXERCISE 51 

Plot each number. Then express it in the form a + bi. 

1. 5(cos 60° + i sin 60°). 6. 7(cos 270° + i sin 270°). 

2. 3(cos 210° + i sin 210°). 7. 2[cos (- 45°) + i sin (- 

3. 4(cos 360° + i sin 360°). 8. 3[cos (- 150°) + i sin (- 

4. 5(cos 180° + i sin 180°). 9. cos 147° + i sin 147°. 

6. 6(cos 0° + { sin 0°). 10. cos 249° + i sin 249°. 


450 ]. 

150°)], 


Change the given number to its trigonometric form. 

11. 5 + 5i. 14. 2i. 17. V3 + i. 

12. - 4 + 4i. 15. - 3i. 18. 1 - iVz. 

13. 6 + Oi. 16. - 5. 19. _ 1 _ iVz. 


20. i - v^. 

21. 4 - 3t. 

22. 12 + 5i. 


23. cos 30° - i sin 30°. 


24. cos 110° - isin 110°. 


Change the number and its conjugate to polar form. 

26. 1 + i. 26. - 1 + i. 27. - 1 + iVz. 28. - V3 -{. 

29. VTiat is the amplitude (1) of a negative real number; (2) of a pure 
imaginary number biU b < 0? 

30. Find the conjugate of r(cos B + i sin 8) in polar form. 
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‘124. Products in polar form. The amplitude of a prodtict of comr 
plex numbers is the sum of their amplitudes, and the absolute value of 
the product is the product of the absolute values of the factors. 

Proof. Consider a product of just two complex numbers: 
ri(cos Qi + i sin 0i) -r2(cos 02 4- i sin 02) 

= rir2(cos 01 cos 02 + t sin 0i cos 02 + i cos 0i sin 02 + sin 0i sin 02) 
= rir2[(cos 01 cos 02 — sin 0i sin 02) + z(sm 0i cos 02 + cos 0i sin 02)]. 

Hence, from the addition formulas of trigonometry, 
ri(cos 01 + i sin 0i) • raCcos 02 + i sin 02 ) 

= rira[cos (01 + 02 ) H- i sin (0i + 02 )]. (1) 

Illustration 1. 3(cos 40° + i sin 40°) • 5(cos 170° + i sin 170°) 

= 15(cos 210° + i sin 210°). 

Note 1. We extend (1) to a product of any number of factors by suc- 
cessive applications of (1). Thus, we use (1) twice below: 

ri(cos 01 4* i sin 0i) • raCcos 02 4- 1 sin 02) • r3(cos 03 + i sin 03) 

= rir2[cos (01 + 02) + i sin (0i + 02)] ■ r3(cos 03 4* f sin 03) 

= rir2r3[]cos (0i S 2 Oz) i sin (0i -|- 02 + 03)]. (^) 

De Moivre*s Theorem. If n is any positive integer, 

[r(cos 0 + I sin 0)]" = r"(cos n0 4- f sin n0). (1) 

Illustration 1. From (2) in Section 124 with 0i, 02, and 03 replaced by 
0, and n, r2, and Tz replaced by r, 

[]r(cos 0 4- i sin 0) J 

= r(cos 0 + i sin 0) • r(cos 0 + f sin 0) ■ r(cos 0 + f sin 0) 

= r ■ r ■ r • [cos (0 + 0 + 0) + i sin (0 + 0 + 0)] 

= r^(cos 30 + i sin 30). 

Proof of formula 1. [r(cos 0 + i sin 0)]" indicates the product of 
n factors r(cos 0 4- 1 sin 0). Hence, by Section 124, the absolute value 
of the nth power is the product of n factors r, or r'*, and the ampli- 
tude is the sum of n amplitudes 0, or n0. Hence, (1) is true. 

Example 1. Find (1 — i)* by use of De Moivre's Theorem. 

Solution, l. Express (1 — i) in polar form: 
r = v^; tan 0 = — 1, with 0 in quadrant IV, so that 0 = 315°. 

2. Hence, (1 — i)^ =[V2(cos 315° 4- i sin 315°)]^ 

= {V2y (cos 1260° 4- i sin 1260°) = 4(cos 180° 4 i sin 180°) = - 4. 

In the preceding line we noticed that 1260° = 3 • 360° 4- 180°. 
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1^. Division of complex numbers in polar form. The modulus 

of the quotient of two complex numbers is the quotient of their moduli, 

and the amplitude of the quotient is the amplitude of the dividend minus 
the amplitude of the divisor. 


Proof. 1. We consider r(cos a + i sin a)/s(cos /3 + t sin /3). On 

multiplying both numerator and denominator by (cos /3 - i sin (3) 
we obtain ’ 


r(cos a + i sin a) ^ r (cos a + i sin a)(cos /3 - i sin /3) 
s(cos ^ + i sin jS) ~s (cos /3 + i sin /lf)(cos /3 - i sin /3) 

_ r (cosg + i sin a)[cos (- ,8) + i sin (- 8)1 

s cos= ;3 + sin2 /3 ’ W 

because cos (- 8) = cos 8 and sin (- /3) = - sin 8- 

2. In (1), we notice that sin^ 8 + cos' /3 = 1, and apply Section 124 
to the numerator: 

r(cos a + I sin a) r ^ 

sTcos /3 + 1 sin |3) " (« * « + i sin {a - /?)]. (2) 


Illustration 1. 


15(cos 350° + i sin 350®) . 

5(cos 240® + i sin 240®) “ ^ 


EXERCISE 52 

Give the result in polar /orm, except when the final sine and cosine are known 
imthout using tables. Compute any power by use of De Moivre’s Theorem, 
h. 2(cos 20® + i sin 20®) • 3(cos 40° + i sin 40°). 

2. 5(cos 30® + i sin 30®) • 2(cos 120® + i sin 120°). 

3. 2(cos 80° -f i sin 80°) • 3Ccos 300° + i sin 300°). 

4. 3Ccos 40° + i sin 40°) ■ 4(cos 350° + i sin 350°). 

6. [2(cos 20° + i sin 20°)]^. 

^ [3(cos 40° + i sin 40°)]®. 

\^(-3 + 3i)^ 10. (2-2i)5. 

10(cos 150° + i sin 150°) 


13. 


14. 


16. 


5(cos 30° + i sin 30°) 

20(cos 240° + i sin 240°) 
5(cos 270° + i sin 270°) 

24(cos 160° + i sin 160°) 

1 + Vs 


7. [2(cos 120° -h i sin 120°)]^. 

8. [3Ccos 315° + i sin 315°)]3. 

41. (1 - iV3)K 12. (i _ V3). 

8(cos 135° + isin 135°) 

* vwTi 

2iV3 - 2 


17. 


3 (cos 150° 4 - 1 sin 150°)' 
Ig 12(cos 160° 4- i sin 160°) 

' ~3(cos 20° - i sin 20 °) ‘ 


19. Prove that g ^ = r-[cos (- 0) + i sin (- 6 ) 2 . 
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★20. If 2 = r(cos 0 + i sin B) and if n is a positive integer, prove that 
g-ft _ r””[cos (— n0) + i sin (— n0)3, so that De Moivre's Theorem holds 
if ike exponent is a negative integer. 

★21. On the complex plane with the origin at 0, let U be the unit 
point on the real axis and let P and Q represent r(cos a + i sin a) and 
s(cos + I sin 0), respectively. Construct AUOP and ZQOM - a; 
complete AQOM similar to AUOP. (Give the figure for a and ^ acute, 
for convenience.) Prove that M represents the product of the given complex 
numbers. 

127. The nth roots of a complex number. 

Example 1. Find the cube roots of 8(cos 150® + i sin 150®). 

Solution. 1. Let r(cos a i sin a) be any cube root. Then, 

8(cos 150® + i sin 150®) = [r(cos a i sin a)J. 

Or, by De Moivre’s Theorem, 

8(cos 150® + i sin 150°) = r3(cos 3a + i sin 3a). (1) 

2. If two complex numbers are equal, their absolute values are equal 
and their amplitudes differ at most by some integral multiple of 360®. Hence, 
from (1), the values of r and a which give cube roots satisfy the following 

equations : 

r* = 8, or r - 2; 3a = 150® + k • 360°, or 

a = 50° + A: • 120°, (2) 

where k is any integer. On placing A: = 0, 1, and 2 in (2) we obtain 50°, 
170°, and 290° as the values of a. These give the following cube roots; 

2(cos 50° + i sin 50°); 2(cos 170® + i sin 170°); 

2(cos 290® 4- i sin 290°). 

Comment. If it = 3 in (2), then a = 50° + 360®, equivalent to the ampli- 
tude 50®. If it = - 1, then a = 50° - 120° = - 70° - 290® - 360 , 
equivalent to 290°. Similarly, if k has any integral value in (2), the value 
found for a is equivalent to one of (50°, 170°, 290°). Hence, the roots 
obtained in Step 2 are the only cube roots. 

Note 1. The cube roots found in Example 1 are 
represented by P, Q, and S in Figure 19. Notice 
that these points lie on a circle whose radius is 2, 
because 2 is the modulus of each of the roots. More- 
over, P, Q, and S divide the circumference of this 
circle into three equal parts because the amplitudes 
of the roots are (50°, 170®, 290°), where adjacent 
angles differ by 120°. 
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Theorem L If n is any positive integer and if R> 0, any complex 
number R(cos 0 + i sin 6) has just n distinct nth roots. 


Proof. 1. Suppose that 0 ^ 0 < 360^ and let r(cos a + z sin a) 
be any nth root. Then, by De Moivre’s Theorem, 

72(cos 0 + z sin 0) = [r(cos a + z sin a)]" 

= r'*(cos na + z sin na). (3) 

2. From (3), r" = 72, or r = VR] and na = 0 + A: -360°, or 





360° 

y 

n 



where A: is any integer. On placing A: = 0, 1, 2, • ■ - , (n - 1) in (4), 
we obtain the following n distinct values for a, all less than 360°: 





Corresponding to (5), we obtain the following n distinct nth roots; 



0 , . . e\ 

cos - + z sin - ; 
n n) 





; etc. 


3. If is given any integral value other than 0, 1, 2, •••,(«-!) 
m (4), we obtain a value for a differing from one of the amplitudes in 
(5) by an integral multiple of 360°. Hence, in (5) we have the only 
distinct amplitudes which give nth roots. Therefore, 72 (cos 0 + z sin 6) 
has exactly n distinct nth roots, as obtained in Step 2. 


Summary.* To obtain the nth roots of 72(cos 6 + i sin 0), place 
A: — 0, 1, 2, • • •, (n — 1) in the following formula: 



Illustration 1. To find the 5th roots of — 32, or to solve x® = 
we first write - 32 in polar form: 

- 32 = 32(cos 180° + z sin 180°). 

Hence, the five values of x which satisfy x^ = —32 are 

2(cos 36° + z sin 36°), 2(cos 108° + z sin 108°), 

2(cos 180° + z sin 180°), etc. 

We notice that the root with amplitude 180° is — 2. 


( 6 ) 

32, 


• See Note 3 in the Appendix for a related extension of De Moivre’s Theorpm 
to the case of rational exponents. ^ 
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Note 2. Abraham de Moivre (1667-1754) was a French mathematician 
who was compelled to leave France for religious reasons. He settled in 
London where he earned a precarious living by miscellaneous mathematical 
work, partly by solving problems associated with games of chance. He is 
particularly noted for his work entitled The Doctrine of Chances^ which was 
published in 1718 and dedicated to Sir Isaac Newton. 

EXERCISE 53 

Leave any result in polar form, unless its amplitude is an angle whose func- 
turns are known without tables. Find the roots by the method of page 130, 
except where the instructor authorizes the use of formula 6. 

1. 4th roots of 16(cos 100° + i sin 100°). 6. Cube roots of 8. 

2. 5th roots of 32(cos 150° -|- i sin 150°). 6. Square roots of — 

3. Cube roots of 27(cos 135° + i sin 135°). 7. Square roots of 16i. 

4. 4th roots of 81(cos 140° H- i sin 140°). 8. Cube roots of — 1. 

9. 5th roots of 32. 10. 6th roots of 1. 11. 4th roots of — 16. 

12. 4th roots of (— 8 — 8iV3). 14. Square roots of (24 — 7i). 

13. Cube roots of (4V^ — Ai>/2). 16. 4th roots of (15 — 20i). 

Find all roots by the method of Section 127 and plot them. 

16. X* = 16. 17. = 243. 18. + 64 = 0. 19. - 1 = 0. 

★20. Prove that, if M is any complex number and if w represents 
(cos 120° + i sin 120°), one of the cube roots of 1, then the cube roots of 

M are v^, w'^M, and w^^M, where is any cube root of M. 

★21. If n is any positive integer, prove that the nth roots of any com- 
plex number z are equally spaced on the circumference of some circle in the 
complex plane. 
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128. Polynomials and equations of the nth degree. Any integral 
rational equation of degree n in a variable x can be put in the follow- 
ing form where Oo, cli, (h, * • • , On are constants and Oo 5 ^ 0 ; 

OoX" + + • • • + fln_iX + On = 0. (1) 

The expression on the left side in (1) is called a 'polynomial or an 
integral rational function of degree n in x. We call (1) the general 
equation of degree n. Polynomials of degrees 1, 2, 3, and 4 are called 
linear, quadratic, cubic, and quartic functions, respectively. Equations 
of degrees 1, 2, 3, and 4 are called linear, quadratic, cubic, and quartic 
equations, respectively. In this chapter, any functional symbol /(x), 
H{x), etc., will represent a polynomial in x. 

Illustration 1. 3x^ — 5x® = 2x — 7 is a quartic equation. 

Illustration 2. If /(x) = x^ + 3x^ then 

/(- 2) = - 8 + 12 = 4. 

We shall restrict our illustrations and applications to polynomials 
and equations with real coefficients. However, unless otherwise 
stated, in any theorem and its proof, the coefficients may be any 
complex numbers. 

129. Remainder Theorem. If r is any constant, and if a polynomial 
/(x) is divided by x - r until a constant remainder is obtained, then this 
remainder equals f{r). 

Proof. 1. After f{x) is divided by x - r, let q{x) represent the 
quotient and let R be the constant remainder. Since 

dividend = (divisor) • (quotient) + remainder, 

f(x) = (x - r)q(x) + R. (1) 

2. Since (1) is true for all values of x, we may use x = r in (1). 
Then, we obtain 


/(r) = 0-?(r) + /2 or R = f(r). 
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Illustration 1. Let f { x ) = — llx- — 14x — 10. If we divide /(x) 

by X — 3 by long division, we find that the constant remainder is — 16. 
Also, by direct substitution we obtain /(3) = 135 — 99 — 42 — 10 = — 16, 
which verifies the Remainder Theorem. If we divide /(x) by x + 2, we 
find that the remainder is — 66. Since x + 2 = x — (— 2), we compute 
2) = — 66 to verify the Remainder Theorem in this case. 

130. Factor Theorem. If f{r) ~ 0, then x — r is a factor of fix). 
Or, if r is a root of f{x) = 0, then x — r is a factor of fix). 

Proof. In equation- 1 of Section 129, we have R = fir) and hence, 
by our hypothesis, R = 0. Therefore fix) = (x — r)g(x), and hence 
X — r is seen to be a factor of fix). 

131. Converse of the Factor Theorem, If x — r is a factor of 
fix)j then fir) - 0, or r is a root of fix) = 0. 

Proof. If fix) is divided by x — r, the division is exact and yields 
an integral rational quotient g(x) such that/(x) = (x — r)qix). Thus 
f{r) - O-qir) ~ 0, and hence r is a root of the equation /(x) = 0. 

Example 1. Is x -f 3 a factor of Sx^ — 2x + 5? 

Solution. 1. Let/Cx) = 3x^ — 2x + 5, and notice that 

X -H 3 = X - (- 3); /(- 3) = 3(- 27) + 6 + 5 - - 70 0. 

2. Hence, by the preceding theorem, x + 3 is not a factor of fix). 

EXERCISE 54 

1. If /(x) = 3x2 - X + 5, divide /(x) by x - 3 by long division to find the 
constant remainder. Also, compute /(3) by substitution to verify the Re- 
mainder Theorem. 

2. Divide fix) of Problem 1 by x + 2 by long division and then compute 

/(— 2) to verify the Remainder Theorem, because x + 2 = x — 2). 

Divide t>y long division and verify the Remainder Theorem as in Problem 2. 
3. (3x3 _|_ 4J.2 4- 8) 4- (x - 2). 4. (4x3 - 5x + 9) (x + 3). 

Answer by use of the Factor Theorem and Us converse; if “ yes,” find another 
factor. 

6. If /(x) = x3 - 5x2 + 7x - 2, is X - 2 a factor of fix)? 

6. Is X + 3 a factor of x^ + 4x + 7? 

7. Is X — 2 a factor of x* — 8; of x3 + 8? 

F ind the values of k for which x — 3 is a factor of fix). 

8. fix) = 3x3 ^ 2 *x2 - 5. 9. fix) = + 3A:x - 4, 
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132. Synthetic divi^sion is a process for abbreviating the division 
of a polynomial f{x) by a binomial x — r. 

Illustration 1 . Let us divide - II 12 - 14x - 10 by a: - 3 

I. 

i£l+4x - 2 = quotient 


n. 


- 11x2 - I4x - 10 

★5x3 - 15x2 


x-3 


4x2 — 14x* 
★4x2 - I 2 x 


5x2 

+ 4x 

- 2 = 

quotient 

6x3 

- 11 X 2 

- 14x 

- 10 X - 3 


- 15x2 

- I 2 x 

+ 6 


4x2 

- 2 x 

- 16 


- 2 x - 10 ^ 
★ - 2 x + 6 


HI. 


Remainder = — 16 


5 

- 11 

- 14 

- 10 


- 15 

- 12 

-f- 6 

6 

4 

- 2 

- 16 


1 I -3 


rnpffi.; ; ''7 x IS 1 ; nence, at each stage in the di^^sion. the 

coefficient of the h^hest power of a: in the remainder is the next coefficient 
m the quotient. e obtain (II) by omitting each “ * ” term in (I) and then 
condensing (I) into three lines. We obtain (III) from (II) by writing only 
the coefficient in place of each term; we introduce “ 5 ” into the third line 
so that all coefficients of the quotient appear in that line, and then omit 
wnting the quotient. (Ill) suggests (IV), which illustrates synthetic dii-i- 
sion. In (IV) we use “ + 3” instead of “ - 3” as a multiplier so that we 
may add instead of subtract in obtaining the third row. 

IV • I 5 I— 111 lall Irtt 2 


5 

- 11 

- 14 

-10 1 


+ 15 

+ 12 

- 6 

6 

+ 4 

1 

- 2 

- 16 


Quotient — 5x2 -f 4x — 2 . Remainder 


= - 16, 


SuM^URY. To divide }{x) by x - r by synthetic division, arrange 
/(x) in descending powers of x, supplying each missing pouwr with a 
zero as its coefficient. Then, arrange the following details in three lines. 

1. In the first line, write the coefficients ao, ai, a^, • ■ - , a„ of f{x) in 
this order. Write ao in the first place in the third line. 

2. Multiply oobyr, add the product rao to a^, and write the sum in 
the third line; multiply this sum by r, add the product to the next 
coefficient, a^, and write the sum in the third line; etc., until finally a 
product is added to the last coefficient of f{x). 

3. The last number in the third line is the remainder, and the other 
numbers in the third line are the coefficients of the powers of x in the 
quotient, arranged in descending pmvers of x. 
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Example 1. Divide 2x* — 12x'^ — 5 by x + 3. 


Solution. 2 

0 

- 6 

- 12 
+ 18 

0 

- 18 

- 5 -3 

+ 54 

2 

- 6 

+ 6 

- 18 

+ 49 


Quotient = 2x3 - -|- 6 x - 18. Remainder = 49: 


= 2x3 - + 6 x - 18 + W 

x+3 ^+3 

In Example 1, by the Remainder Theorem, it follows that + 49 
is the value of 2x* - 12x2 _ 5 ^hen x = - 3. This illustrates the 
following important tise of synthetic division. 

Summary. To find the value of a polynomial f{x) when x = r, 
divide f(x) by x - r by synthetic division; the remainder is f{r). 

Example 2. If /(x) = 3x3 + 2x — 3, find /(— 2). 

Solution. Divide by x — (— 2), or x + 2: 

3 0 2 - 3 I - 2 

_6 12 - 28 
3 -6 14 -31 

Remainder = - 31. Hence, /(- 2) - - 31. 

Check. By substitution, /(- 2 ) = - 24 - 4 - 3 = - 31. 


EXERCISE 55 

Divide by long divmon and also by synthetic division. Check tU remainder 
by finding a value of the dividend by direct substitution of a value for x. 

1. (2iC + 2x + 5) H- (i - 3); 2. (Si^ + - 5) -5- (i + 2). 

By synthetic division, find the quotient and the remainder and summame 


as in equation 1, Section 132. 
3. (3x3 + 5 - x) (x - 3). 


4. (7 + 4x2 _ 3a;) ^ (x + 4). 


6 . (2x3 _|_ 3 a :2 — 2 x - 6 ) (x - 2 ). 

6 . (- 2x3 + 3 a :2 + 2 x - 5) - 5 - (x - 3). 

7. (Sx" + 4x^ + 8) (i + 2). 8. i-4x? + 5x + 91) -f- (l + 3)- 

9. (2x3 4 , 3 x 2 _ 2x + 3) (x + i). 


Solve by use of synthetic division. 

10 . If/(x) = x3 - 3x2 + 2 x - 1 , find/( 2 ); /(- 2 ). 

11. If/(x) = 2x3 - 3 x 2 _ 5x + 8 , find/(4): /(- 5). 

12. If/(x) = - 5 x^ + 3x3 4- 2x - 12, find/(3): /(- 1). 
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13. If g{z) = _ 52 + 9_ find 

+ - 36- + 36) ^ (X - 2)^ by dividing Uvice in 

succession by x — 2. ^ ^ ^ 

16. Prove that I - 1 is a factor of i' - 1 by use of the factor theorem, 
and find another factor by synthetic division. 

‘ of - c* and find another factor by 

synthetic division. 

*17. By use of the Factor Theorem or its converse, prove items I to IV 

of Section 26, page 16. In (I), (II), and (III), find another factor by syn- 
thetic division. ^ ^ 


133. Graphs of polynomials. In graphing a polynomial f(x), 
synthetic division may be used in computing values of /(x). 

Illustbation 1. A graph of the function f{x) = - 12x + 3 is given 

m Figure 20. The foUo\ring values of /(x) were computed and the graph was 
drawn through the corresponding points. 


When x = 

- 4 

- 3; 

- 2 

- 1 

0 

1 1 
- 8 

9 

3 

1 

4 

Then/(x) = 

- 13 

+ 12 

+ 19 

+ 14 

+ 3 

- 13 

- 6 

+ 19 


On the graph, point M (where i = - 2) is higher than any neigliboring 
point of the curve. We call M a maximum point; we say that f{x) lias a 
maximum value when x= - 2 because /(- 2) is greater than any other 
value of f{x) if x is sufficiently near iox = — 2. Point 
m (where x — 2) is lower than any neighboring point 
of the graph. We call m a minimum point and say 
that/(x) has a minimum value when x = 2; /(2) is 
less than /(x) if x has any value sufficiently near to 
X - 2. 


Note f. Figure 20 and curves I, II, and III on 
page 138 illustrate the different types met as the 
graphs of cubic functions. Curve IV in Figure 21 is 
the graph of a certain quartic function. Notice that 
curve IV has two minima and one ma.ximum. 
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In more advanced mathematics it is proved that the graph of a 

polynomial /(x) of degree n is a continuous curve, with at most (n - 1) 

maxima and minima, and vnth no sharp comers. A polynomial f(x) 

is called a continuous, single-valued function of x, because the graph 

of /(x) is a continuous curve, and because, to each value of x, there 
corresponds a single value of /(x). * 
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134. Graphical solution of equations. Recall that the real roots 
of fix) = 0 are the abscissas of the points where the graph of fix) 
meets the x-axis. 


ExAiiPLE 1. Solve graphically: 


+ 3 = 12x. 


Solution. 1. Transpose 12 x: ^ 12x + 3 0. 

2. Let /(i) = 1^-121 + 3. A graph of f{x) is seen in Figure 20, page 
137; at the points A, B, and C the value of/(x) is zero. Hence, the absc.s^ 
of A, B, and C are the real roots of /(i) = 0. These roots are, approxunately, 

I = - 3.G; I = .3; i = 3.3. 


Note f. In a later section, we shall refine the graphical method so tot t 

will Yield the real roots with any specified degree of accuracy. P ’ 
we shall be content to obtain, graphicaUy, only rough approximations to 

the real roots. 


EXERCISE 56 


Graph each polynomial. 

'1. x3. 2. - x^. 

6. r> 4- 2x2 _ 4x 4 3. 

6. - 2x^ - 2x2 ^ 2x - 3. 

7. x2 - 2x2 4 . 2x - 3. 


8 . 

9. 




- 3x* - 4x^ + 

_ 8x® _ 6x2 4 24x - 10. 


Obtain approximate values of the real roots graphically. 

11. _ 3^ _ 5 = 0. 13. - 4 x» - 2x + 8 

12. _ 6x - 7 = 0. 14- 2x* - 7x^ + 2 - 0. 

IK ^ 4- 6x2 4 12x - 2 == 0. 


* 0 . 


136. Fundamental theorem of algebra. Every integral ratioruil 

equation in a single variable x has at least one root. 

Note 1. The preceding theorem was first proved in 1 ™ by the g^t 
German mathematician Johann Karl Friedrich Gauss ( 
proof of this theorem is beyond the scope of this book. 
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l^EOREM I If f(x) is any polynomial of degree n in x then there 
exist n linear factors whose product is f{x). ’ 

Proof. 1. Suppose that/(x) = ooi" + aix-* + • • • + „ 

2 By the fundamental theorem, the equation f{x) "= 0 has at 

iSC ’■* by the factor theomm 

f(x) has a: - n as a factor. If we let Qi(a:) = rf(a:) (t-vM ih ' 

fs'S-:" bighesfdegree 

f(x) = (x — ri)Qi(x). 

3. By^the fundamental theorem, Q,(x) = 0 has a root, r, There- 
fore X r, IS a factor of Q.(x), and Q.(x) = (x - r^)Q,ix) where 
Q.(x) IS a polynomial of degree n - 2 whose term of iSest dearee 
IS Ooi On using the expression just found for Qdx) from^fn 
we obtain f{x) = (x - n)(x - r.)e,(x). 

bei this process through n steps, we obtain n num- 

Ders ri, r 2 , • - r„ and a function Q,(x) such that 

fix) = (x~ ri)ix - r.>) ■ • - {x ~ r,,)Q^(x), (2) 

where o„ is the coefficient of the term of highest degree in Q (x) 
Moreover, the degree of Q„(x) is (n - „) or zero. That is Q M 
IS a constant and hence Q„(x) = a„. Therefoie, ' ’ 

fix) - ao(JC — ri)(x — r 2 ) - • -{x — rn). (3) 

Note e For a given function fix), all of the numbers r,, may not 

be distinct, and some or all may be imaginary. 

Theorem II. Every equation /(x) = 0 0/ degree n has at most n 
distinct roots. 

Proof 1 From Theorem I, f(x) = a„{x - r.)(x - r^) • • - (x - r 1 
Hence, by the converse of the factor theorem, each of r, r, . . . V 

Ltincf '"'‘y "°t’ be 

2. If r is any number different from all of r., r^, • • • , r„, then 

f{r) = ao(r — ri)(r — rf)-- - {r — t„) 7 ^ 0, 

because no factor of f(r) is zero. Therefore, r is not a root ot 
fix) = 0, and hence f{x) - 0 has no roots other than r,, r2, • . r„. 

If a root R occurs just once among n, r. • • - r thnn 7? n j 
(X R) IS the highest power of (x - R) which is a factor of f(x)\ R 
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is called a multiple root of f{x) = 0, whose multipUcity is h. Roots 
of multiplicities 2 and 3 are called double and triple roots, respectively. 
The preceding theorem may be restated as follows : 

Every equaiimi of degree n has exactly n roots n, ra, * • * , J*n, where 
a root of multiplicity h is counted as h roots. 

★Corollary 1. If two polynomials 

and + bix"”' +•••+&», 

each of degree not greater than n, are equal in value for more than n 
distinct values of x, then the polynomials are identical term by term; 
that is, oo = bo, oi = 6i, • • ■ , = K and hence the polynomials are 

equal for all valites of x. 

Proof. By assumption, the equation 

Oox" + aiX"-' + • ■ • + On - (box" + biX"-* + • • • + b„) = 0, (4) 

or, (oo - bo)x" + (oi - bi)j"-* + h (a„ - b„) = 0, (5) 

has more than n distinct roots. If any one of the coefficients - bo), 
(a, - bO, ■ • (a„ - b„) in (5) were not zero, then (5) woffid be^ 

equation of degree n or less, with more than ^ 

fact would contradict the preceding theorem. Hence^ aU coefficien 

in (5) must be zero; that is, Oo = bo, ui = bi, • • •, «» - b„. 

Example 1. Form an equation with the following roots and no others: 

— 2, 4 as a triple root, (3 + &*^d (3 — 1^2). 

Solution. By use of equation 3 with a, = 1, one equation is 
(i + 2)(i - 4)’[x - (3 + i>/2)]Cx - (3 - i'^)! = 0, 

or, (i + 2)(a: - 4)Hx® - 6x+ 11) = 0- 

Example 2. Solve: x(x + 5)(x® + 4x + 7) =0. 

Solution. 1. If x + 5 = 0, then x = - 5; another root is x = 0. 

2. If x^ + 4x + 7 = 0, then x = i(- 4 ± 12) = - 2 ± * 3. 

136. Theorem on imaginary roots. If an imaginary number 
(a + bi) is a root of an equation fix) = 0 with real eoeffictenis, then 
the conjugate imaginary (a — hi) also is a root; that is, imaginary 

roots occur in pairs. 

Illustration 1. If f{r) has real coefficients and if (3 + 2t) is a root o 
/(i) := 0, then (3 — 2i) also is a root. 
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Note 1 . A proof of the preceding theorem is given in the Appendix, Note 4. 

!• "■« when the 

Tmh “ 4; “■■e cmjugale imaginaiy 

numbers. This is a special case of the preceding theorem. ^ 

Corollary 1. Every polynomial f{x) with real coefficients can he 
expressed as a produH of real linear and quadratic factors. 

Proof. 1. If n, r2, • • •, r„ are the roots of /(x) = 0, then 

fix) = Oaix — ri)(a: — r2) • • • (a: — rn). (1) 

2. By the preceding theorem, if fix) has an imaginary factor 
[a: - (a + bi)], then [x - (o - hi)2 also is a factor. Since 

[x - (a + bf)][i - (a - bi)] = a:® - 2ax + + b^, 

which has real coefficients, all imaginary factors can be combined 
by pairs to give real quadratic factors. 


EXERCISE 57 

Solve mtJunii multiplying the factors. 

1. (i - 2)(i + 5)(i + 7) = 0. 3. (x’ + 4x)(3x“ + 7x + 9) = 0. 

2. (i2 - 3x)(i2 - 5x + 8) = 0. 4. (4x2 + 9)(2x - 3) = 0. 

Form an equation with integral coefficients having the given numbers and 
no others as roots. 

6. 3; 3; -5; -4. "9. ± VS; ± 2i. 13. (2 ± Vs); ± i. 

6. 3; -2; -2; 1. 10. d= 2i; 3; ± V2. 14. (3±jV2); l. 

S; it “2; 0. 11. ± 4i; f; §. il5, (2 ± iVs); 2. 

S* i: 5; 0. 12. 3; (1 ± V 2 ). 16. ±iV3)J 1 1. 

17. - 2 as a triple root. 18. 2 as a root of multiplicity 4. 

19. 3 as a double root and § and — ^ as simple roots. 

^f fix) = 0 is an equation vnth real coefficients which has the given number 
as a root, what other number is a root of f(x) = 0? 

20. (2 — 3i). 21. (— 2 + 4i). 22. (— 5 — 51). 23. (— 3 _ 4^) 

24, Form a cubic equation with (2 + i) and 3 as roots. 

26. Form a quartic equation with (3 - 2i) and (1 + i) as roots. 

26. Prove that a cubic equation, with real coefficients, has either three 
real roots, or one real and two imaginary roots. 

State and prove theorems similar to those of Problem 26. 

27. For an equation of degree 4. 28. For an equation of degree 5. 
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Prove m Jact and find all roots by use of repeated synmic division. 

29. - 4x* + 13a:® - 36 x + 36 = 0 has 2 as a double root. 

30. + 4 a:^ - 6x® - 36x - 27 = 0 has - 3 as a double root. 

31. Prove that every equation of odd degree with real coefficients has at 
least one real root. 

★32. Prove that, if an equation with rational coefficients has a root 
(a + Vt) where a and b are rational but is irrational, then the equation 
also has the root (a - Vb). Use the method of Note 4 of the Appendix. 


★137. Graph of a factored polynomial. Suppose that r is real 
and that {x - r)'* is the highest power of x - r which is a factor 
of /(x). Or, in other words, suppose that r is a root of /(x) - 0 
of multiplicity h. Then, the following statements I and 
marize certain facts about the graph of /(x) which are estabUshed m 
more advanced courses in mathematics. 

I. If h is an odd integer^ the graph of /(x) 
crosses the x-axis at x = r. If h = I, the 
graph cuts the x-axis sharply at x — r (see la, 

Figure 22). If k is an odd integer greater 
than 1, the graph on each side of x = r is tan- 
gent to the x-axis aix — r (see Ib, Figure 22). 

II. If h is an even integer, the graph of f{x) is entirely on ^side oft^ 
X-axis, near x = r, and is tangent to the x-axis atx^r{see 11, Figure 



If we know the factors of /(x), facts I and II simplify the construc- 
tion of the graph of /(x) around points where /(x) - 0. 

Example 1. Graph the function /(x) = (x + 4)®(x + l)(x - !)• 

Solution. 1. The graph meets the x-axis where x = 4, and x » 

Y which are the roots of /(x) = 0. ^ 

2. If X is negative and has a very large numenc^ 
value - 20 for instance, then /(x) is negative, and its 

. graph is 6e(<m) the i-axis. Since (i + 4)Ms an odd powe^ 

the graph near i = - 4 on the i-axis is like It m Fi^re 
22 At X = ±1 on the i-axis, we make the graph cut 

the axis sharply. In addition to these observations we 
make use of a few points not on the x-a.xis m graphmg 
f{x) in Figure 23. 
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iVote J If /(x) has a quadratic factor which is the simplified form of a 
product [a: - (a + 6i)]Ca: - (a - fei)], corresponding to a pair of imaginary 
roots off(x) - 0, this quadratic factor is zero only when a: = a ± W. Hence 
corresponding to this factor there are no intersections of the graph of f(x) 
with the a:-axis. Thus, the graph of the function f(x) = (x + 3) (x^ — 2x + 5) 
would meet the x-axis only at a: = - 3 because - 2x + 5 = 0 if x = 1 ± 2i. 


★EXERCISE 58 

Grap/i without expanding. 

4. (x + 1)^. \ (x _ 2)(x + 3)(x - 4). 

2. (x - zy. 6. (x - 2)(x + 3). 8. (x + 2)(x - 3)(x + 5). 

' 3. (x - 2y. 6. (x + 2)(4 - x), 9. (2 - x)Cx - l)(x + 1). 

10. (x - iy{x + 2). 13. xHx + l)(x - 3). 

U. (4 - x)(x + 1)='. 14. (x + 3)2(x2 + 2x - 3). 

(x - l)2(x - 3)’. 16. (2 - x)3(x + 3). 

138. Relation between the roots of /(x) = 0 and those of/(- x) - 0. 

Let ri, r 2 , • ■ r„ be the roots of f{x) = 0. If we place x = - .V in 

fix) = 0, we obtain /(- X) = 0. which is satisfied if and only if 

— X = ri, — A” = r2, • ■ • , — X = Vj,, 

or, X = — )*!, A = — rs, • ■ - , A” = — r„. 

Hence, the roots of /(— A") = 0 are the negatives of the roots of 

f{x) = 0. 

Theorem I. To obtain the equation /(— A) = 0, whose roots are 
the negatives of the roots of a given equation f{x) = 0, change the sign 

of the coefficient of each term of odd degree in /(x) = 0, and then change 
X to X. 


Proof. Let the given equation /(x) = 0 be 

On + a„_ix + Gn-sx- + a,v_3X^ + . . . -f- 

If we replace x by - A" in (1), we obtain /(- A) = 0, or 

On + an~i{— A) + On-sf— A)^ + an_3(— A")^ + * ’ • + ao(— A'”)'* = 0. 
Hence, an q^— lA -|- Gn_ 2 A^ an—^X^ 

which agrees with Theorem I. 

Example 1. Obtain an equation whose roots are the negatives of the 
roots of x^ + 3x^ - 3x= - ox + 8 = 0. 

Solution. By use of Theorem I, or by the direct substitution x = - A 
the desired equation is found to be X* — SA'^ - SA'^ + 5A -f 8 = 0 * 
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EXERCISE 59 






Find an equation whose roots are the negatives of those of iho given equation. 


2x® — -j- 3x — 5 — 0. 

3a:3 4- 4a:2 - 2x - 3 = 0. 

+ 2i - 4 = 0. 
- 2 j^ - 3x + 7 = 0. 


6. 3x — X® — 5 == 0. 

6. x'o - x^ + 3x« = 4x* - 2. 

7. — 3x5 2x* — 5x = 7. 

8. X® — x^ + x — 3 = 0. 


139. A theorem concerning the signs of the coefficients. In a 
polynomial /(x) arranged in descending powers of x, if two successive 
terms differ in sign, there is said to be a variation in sign. In countmg 
variations, zero terms are disregarded. 

Theorem I. If g{x) is any polynomial and if r is po^ive^ then 
(a; _ r)g{x) has at least one more varioiion of sign than g{x)* 

Illustration 1. If g{x) = 3x^ — 5x + 7, then 

(x - 2)g{x) = 3x3 - 11 x 2 _|_ i7x - 14, 
which shows three variations in sign whereas g{x) shows just two variations. 


140. Descartes’ rule of signs. The number of positive roots of 
f{x) = 0 cannot exceed the number of variations of sign inf{x). 

Proof. 1. Let n, r,, ■ ■ ■ , r, be the positive roots of /(x) = 0. 
Then, by the factor theorem, 

/(x) = (x — ri)(x — rz) • • • (x — r*)Q(x), 

where Q(x) = ^ „ x,)(x - r 2 ) • • ■ (x - r^) 

2. By Section 139, (x - n)Q(x) has at least one ^ 

sign than Q(x), or at least 1 variation; (x — r 2 ){x rj)Q(x) 
least one more variation of sign than (x — ri)Q(x), or at eas v 

ations. Finally, (x - n)(x - r^) • - • (x - r*)Q(x), or /(x) itseU, h^ a^ 

least k variations of sign, where k is the number of posi ive roo 

fix) = 0, 

The roots of /(- x) = 0 are the negatives of the roots of /(x) = • 
Hence, the negative roots of /(x) = 0 give rise to the positive roo 
/(- x) = 0. Therefore we obtain the following corollary. 

Corollary 1. The number of negative roots of fix) — 0 canno 
exceed the number of variations of sign in /(— x). 

* For a proof of the theorem, see Note 5 in the Appendix. 
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Without actually solving an equation, we can obtain useful in- 
formation about its roots by use of Descartes’ rule of signs, in com- 
bination with previous theorems about the roots. 

ExAiiPLE 1 . State what can be learned about the roots of the following 
equation NNithout solving it: 

2x^ + — 4a: — 1 = 0. 

Solution. 1, Let/(x) represent the left member. f{x) has one variation 
of sign; hence, there is at most one positive root. 

2. We obtain f{~ x) = 2x* + 5x^ 4x - 1, which has one variation of 
sign. Hence, /(x) = 0 has at most one negative root. 

^ 3. Since f{x) = 0 has four roots, at least two roots must be imaginarj'. 
Since imaginary roots occur in pairs, the follo\\ing possibilities about the 
roots exist, as far as our information is concerned: (o) one positive, one 
negative, and two imaginary; or (6) all four imaginary. 

Comment. Possibility 6 is eliminated by thinking of a rough graph of 
fix). We have/(- 3) = 218; /(O) = - 1; /(3) = 194. Hence, the graph 
of fix) crosses the x-axis between x = — 3 and x = 9 and between x = 0 
and I = 3, so that (a) in Step 3 states the true facts. 

Note 1. Ren^: Descartes (1596-1650) was a French mathematician, 
physicist, and philosopher. He is particularly noted as the inventor of 
analytic geometry, a cornerstone of modern mathematics. The basic idea 
of analytic geometry is the notion of the graph of an equation on a co- 
ordinate system. In honor of Descartes, rectangular coordinates are some- 
times called Cartesian coordinates. 

itNote 2. A stronger form of Descartes’ Rule of Signs than that given in 
this section is found in concluding remarks in Note 5 of the Appendix. The 
answers listed for Exercise 60 do not employ the stronger form. 


EXERCISE 60 


Without solving, obtain information about the roots by use of general theorems 
and describe the possibilities which exist. 


\ x» + 3x - 4 = 0. 

2. 3r> + 2x -h 5 = 0. 
"3. x< -h 2x2 + 1 = 52^, 

4. x^ -h 3x2 + 7 = 0. 

6. 3x^ + 2x2 -h 2x = 3. 


6. x2 — 4x2 -f 2x = 3. 

7. 2x^ - 2x2 - 3 = 0. 

8. x2 - x^ -f 3 = 0. 

9. x« - 4 = 0. 

10. x^ — X® = 1 + X. 


11. x^ + 3x = 2. 

12. x5 - 1 = 0. 

13. x6 -h 3 = 0. 

14. x2 -t- 3 = 0. 

15. x2 -h 3 = x2. 


Given that all roots are real, determine their signs. 

16. x^ — 2x2 - 5x + 6 = 0. 18. x® - 3x^ 3x2 — 1 = q 

17. x3 - 6x2 -f 111 - 6 = 0. 19. X® - 2x2 -j- X + 2x< -h 2 = 
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'kWithout solmjig, find ike number of imaginary roots which exist. 

20. + 2x< + - 2 = 0. 22. - 2 j 3 - 2z - 6 = 0. 

21. H- 3a;^ x - 4 = 0. 23. 3a:« - 2x^ - 5 = 0. 

★141. Limits for the roots. If no real root of f{x) = 0 is greater 
than L, we call L an upper limit for the real roots of f{x) = 0. If 
no real root is less than I, we call I a lower limit for the real roots. 
An upper limit can be found by use of the following theorem, which 
we accept mthout proof and easily justify in each application. A 
lower limit for the roots can be found by * applying the theorem to 
y(— x) = 0, whose roots are the negatives of the roots of/(a:) = 0. 

Theorem L If k is positive or zerOj and if all numbers in the third 

row of the synthetic division of f{x) by x ~~ k are of the same sign or 

zero, then no real root of f{x) = 0 is greater than k. 

In applying Theorem I to an equation where the coefficient of 
the highest power of x is negative, for convenience in reasoning we 
first multiply both sides by — 1 to make this coefficient positive. 

Example 1. Find limits for the real roots of 

fix) = + 3x^ - 12 x - 9 = 0. 

Solution. 1. On dividing /(i) by i - 3 by synthetic division, all num- 
bers in the third line are found to be positive, and /(3) = 9. 


1 

3 ! 

- 12 

- 9 

1 

3 

18 

18 

1 ; 

6 

6 

9 


Hence, if we should divide f{x) hy x - a, where a is any number gre(der 
than 3, we would find that f{a) > 9, because each number in the secon 
row in this new dinsion would be greater than the corresponding ^ 
the division by x — 3. Hence, if a > 3, then a is not a root of f\x) » 
or, 3 is an upper limit for the real roots of/(x) = 0. 

2. To find a lower limit, consider /(— x) = — x® + 3x® + 12x 9 0; 

or, X® — 3x“ — 12x + 9 = 0. 

By the method of Step 1, we find that 6 is an upper limit for the 

/(- x) = 0. Hence, - 6 is less than any root of /(x) = 0 , or - 6 is a Urwer 

limit for the roots. 

• Or, by the following companion to Theorem I: if h is 
numbers in the third row of the synthetic division of fix) by x - * 
sign, then k is a lower limit for the roots of fix) = 0. The student may 
to use this method to verify the lower limit in E.xample 1. 
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★EXERCISE 61 
/ Find limits for the real roots of each equation. 

1 x* + 2x2 - 12x + 6 = 0. 4. _ 2x2 = 35^ _ 

2. 3x^ — 2x2 — 18x2 _ 0Q 

3. x2 — 3x2 — 80 = 0. 6. x® — 4x* — 16x — 72 = 0. 

142. Theorem on rational roots. If an equation 

Oox” + aix”-* + a2X«-2 + • • • + a^-ix + a„ = 0, (1) 

with integral coefficients, has a rational root c/d, where c/d is in lowest 
terms, then c is a factor of and dis a factor of Gq. ‘ 

Proof. 1. By hypothesis, c and d are integers ^\^th no common 
factor except ± 1. On substituting c/d for x m (1), we obtain 

+ * ■ • + + o„ = 0. (2) 

2. On multiplying both sides of (2) by d” we find 

Ooc" + aic"“^d + a2C^~^<P + • • ■ + o„_icd"-' + a.d" = 0. (3) 

3. On subtracting aoC'‘ from both sides of (3), we obtain 

d(oic"“* + a2,c^~^d + • ■ • + o„_icd'‘~2 -f and"“‘) = — ooc'‘. (4) 

In (4), all letters represent integers and d is a factor of the left side. 
Hence, d must be a factor of aoc". But, unless d = ± 1, d is not a 
factor of c" because d is not a factor of c. Hence, d is a factor of Oo. 

4. On subtracting Ond’^ in (3), we obtain 

Goc" + aic”"^d + • - • + a„_icd"”^ = - a„d'*. (5) 

In (5), c is a factor of the left side and hence is a factor of a„d'*. 
But, unless c = =b 1, c is not a factor of d”. Hence, c is a factor 
of a„. 

Corollary 1. Any rational root of an equation 

X" + 6ix'*-^ + 62X"“2 + . . . + = 0, (6) 

with integral coefficients, is an integer and an exact divisor of bn. 

Proof. By the theorem, if c/d is a root of (6), then d is a factor 
of the coefficient of x", and c is a factor of bn. Since the coefficient 
of x" is 1, hence d= di 1, and therefore the rational root c/d is 
an integer, ± c, which is a factor of bn. 

Note 1. For reference, one may say that equation 6 is in the Monn; 
its essential feature is tlrnt the coefficient of x" is 1. 
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In solving an equation, whenever a rational root is found, de- 
press the degree of the original equation f{x) = 0 by removing the 
factor of f{x) corresponding to the knowm root. Then, continue 
the solution by finding the roots of the depressed equation. 

Example 1. Find all rational roots of 

fix) = - 6x3 + 3x2 + 24a: - 28 = 0. 


Solution. 1. By Corollary 1, the possible rational roots are the integral 
divisors of — 28, or ± 1, ±2, ±4, ± 7, =b 14, and =t 28. 

2. By synthetic division of fix) by x — 1, we find /(I) = — 6 ; hence, 1 is 
not a root. Also,/(- 1) = - 42; hence, - 1 is not a root. 

3. By S3rnthetic division by x — 2, we find /(2) = 0, and 

1 _ 6 3 24 - 28L2 

/(x) = (x-2)(x3-4x2-5x + 14). 2 -8 - 10 28 

1 _ 4 _ 5 14 0 

Hence, x = 2 is a root. The other roots of fix) = 0 are the roots of the 
depressed equation x? — 4x2 — 5x + 14 = 0. 

4 . Let Q(x) = x3 - 4x2 - 5x -f 14 . xhen, the possible rational roots of 

Q(i) = 0 are ±1, ±2, ±7, ± 14. From Step 2, ± 1 are not roots. 

By synthetic division of Q(x) by x + 2, we find Q(— 2) = 0 and 

1 -4 -5 14 

Qix) - (X + 2)(x2 - 6 x + 7). _ 12 _^ii4 

1 — 6 7 U 

Hence, - 2 is a root. The depressed equation is - 6 i + 7 = 0, whose 
solutions, obtained by the quadratic formula, are x = 3 ± 2 , w c are i 

rational. Hence, 2 and — 2 are the only rational roots of fix) — 0. 


Example 2. Find all roots of fix) = Sx® + 2x2 — 3x 2 0. 

Solution. 1. By the theorem on rational roots, if c/d is a root, the 
possible values of c are ± 1 and =fc 2; the possible values of ^ ± 1 ana 

± 3. On forming all possible fractions c/d from these values, we find the 

following as the possible rational roots; ±1; ±2; 

2. By synthetic division by x - 1, we find that /(I) = 0, and that 


fix) = (x - l)(3x2 + fix + 2). 



Hence, x = 1 is a root, and the depressed equation is Sx* + 5x + 2 0 
On soUdng this equation, we find that the other roots are — 1 an S 
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EXERCISE 62* 


^ Find all raiio7ial roots and, if their determination leads to a depressed equa- 
turn which is a quadrolic, find all the roots. In case there are no rational roots, 
this fact must be rigorously demonstrated. ' 


■d.. 3 ^ + 43 ^ X - Q ^ 0 . 

2. - 5x2 - 8x + 12 = 0. 

3. x» + 2x2 _ 9^ _ ig ^ Q 

4. r> + x2 - 5x + 3 = 0. 

5. x3 - x2 - 3x + 6 = 0. 

6. x^ - 5x2 + 5x + 3 = 0. 

7. x< - 40x = 45x2 _ 34 

8. x^ -{- x2 + 2x + 6 = 0. 

9. x2 + 5x2 + 2x - 6 = 0. 


10. 3x3 _ 10x2 - 2x + 4 = 0. 

11. 2x3 - x2 - 6x - 10 = 0. 

12. 3x3 + 2x2 - 2x - 8 = Q 
43. 4x3 - 9x2 + 14x - 3 = q 
14. 6x3 - x2 - 6x - 2 = 0. 

16. 9x< - 9x3 + 5x2 = 4 - 4^_ 

16. 2x3 - 3x2 - X - 1 = 0. 

17. 16x3 - 22x2 + 5x + 1 = 0. 

18. 2x3 + 93.2 _ 2x - 30 = 0. 


'kFirst find limits for the roots and then obtain all rational roots, making 
use of the limits and general theorems in rejecting possibilities. 

19. x3 + 8x2 + 17x -f- 70 = 0, 22. x^ + x3 - 2x2 = 439 _ 232x. 

20. x3 - 5x2 - 413. _|_ 130 ^ 0. 23. x® - 6x3 ^ ^ OOx = 54. 

21. x3 + 7x2 + 312; 4 . 52 = 0. 24. x^ + 4x3 - SOx^ = 44x + 165. 


★143. Transformation to miUtiply the roots. If we substitute 

^ ~ ^ ill /(^) = 0, we obtain = 0, an equation in y, each of 

whose roots is m times a root of f(x) - 0, because y = ?nx. 

Theorem I, To obtain a simplified form of the equation /■( — ) = 0 

\mj * 

each of whose roots is m times a root of f{x) - 0, where 

f(x) = OoX" + aiX"-^ + a2X'"'2 + ■ • . + x + a„, (1) 

multiply the successive coefficients in f(x) = 0, starting with Oi, by 
m, m2, wf, • • • , m", respectively, and replace x by y. 

Proof. 1, On replacing x by y/m in f(x) = 0, we obtain 


/ 




+ 


• • 


+ + a. = 0. 


(2) 


2. On multiplying both sides of (2) by m", we obtain 

Coy'* -b aimy'-i + (hm-y’^-'^ + - • • + a„_im”-*y + a^m^ = 0, 
which completes the proof of Theorem I. 

* The instructor may wish to assign Section 143 before Exercise 62. 
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In applying Theorem I, we supply each missing power in /(x) with 
zero as a coefficient. 

Illustration 1 . To obtain an equation each of whose roots is three times 
a root of + 3x2 — 5 = 0, substitute y/3 for x and obtain 

2i/2 4-3*31/2 -5*32 = 0, or 2i/2 9^2 _ 135 ^ 0. 

By use of Theorem I, we obtain a new method for finding the 
rational roots of an equation with integral coefficients of the form 

aox” + aix^~^ + • • • + a„ = 0, where Oo 7^ 1. 

Example 1. Find the rational roots of 64x2 _ iqj .2 4. i2x — 3 = 0. 

3x 3 /o\ 

Solution. 1. Divide by 64: ^ ” 4 l6 ~ 64 ^ ^ 

2. Transform (3) to multiply the roots by 4, chosen as the smallest in- 
teger which will cause the resulting new equation to be in the 6-form with 
integral coefficients. We substitute x = and by Theorem I we obtain 

(/2 - y2 + 3i/ - 3 = 0. (4) 

3. The only rational roots of (4) are integers; by the method of page 148 
we obtain y = 1 as the only rational root. Since x = iy, the only rational 

root of (3) is X = J. 


★EXERCISE 63 


Transform, to multiply the roots as specified. 

3 j 3 _j_ 2 j 2 — 5x -I- 3 = 0; to multiply the roots by 2. 

2. 2x^ - 3x2 + 5x - 7 = 0; to multiply the roots by - 2. 

3. - ix2 -f |x2 - f = 0; to multiply the roots by 4. 

4. x^ -h + §x - = fi; to multiply the roots by 3. 


Find all rational roots by the method of Example 1, Section 143. 

6-12. Solve Problems 11-18 of Exercise 62 by the new method. 

13. 16x2 - 28x2 4-9 = 0. 16. 8x^ + 28x2 = - 18. 

14. 4x^ - 23x2 = llx - 15. 16. 8x^ + 36x2 _ g^; 4. 35 0. 


144. Location theorem. If a, and 6 are real numbers for wt 
f{a) and f{b) have unlike signsj then f{x) — 0 has at least one roo 

between x = a and x = 6. 

Proof. On a graph of /(x), the points P and Q corresponding to 
X = a and X = 6 will be on opposite sides of the x-axis. Since the 
graph is a continuous cur\'e joining P and Q, the graph must cross 
the x-axis at least once, and in any case an odd number of times, 
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between P and Q. To each intersection with the x-axis there corre- 
sponds a root of f(x) = 0. 


146, Irrational roots obtained by successive graphs.* 


Example 1. Solve: - 2x -f 5 = 0. 

Solution. 1. By the method of Section 142 we find 
that there are no rational roots. Let /(x) represent the 
left member; we graph /(x) in Figure 24 by use of the 
following table of values. From the graph, we read that 
the roots are approximately — 1.3, 1.2, and 3.2. 


When x = 

- 2 

- 1 

0 

1 

2 

3 

4 

Then/(x) = 

- 11 

3 

1 

5 

1 

1 

- 3 

- 1 

13 


Y 



2. To obtain more accurately the root near 3.2. 

A. Locate the root between successive tenths. \Ve compute /(3.2) 
and/(3.1) = — .24. Hence, there is a root between 3.1 and 3.2. 

B. Graph f{x) from x = 3.1 to x = 3.2, by use of /(3.1) and /C3.2). 


= .65 


When x = 

3.1 1 

3.2 

Then fix) = 

- .24 

1 1 

+ .65 


The graph, in Figure 25, is taken as a straight line 
because we use only two points to determine it. 

If more points were used, the graph would be 
curved. Figure 25 is sufficient for our purposes; 
in it we read that the root is approximately 3.13. 

C. Locate the root between successive hundredths. 

By computing the values in the table below, we find that 



Fic. 25 


When x = 

3.12 

3.13 

Then fix) - 

- .073 

+ .014 


the root is between 3.12 and 3.13. From a graph 
of fix) between x = 3.12 and x = 3.13, in Figure 
26, we read that the root is approximately 3.128. 
The final “8” is open to question, but could be 
verified by an additional graphical step. 



3. Similarly, we find the other roots: x « 1.202; x = — 1.330. 
* This section may be omitted if Horner’s method is to be studied. 




V 
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Method I. To obtain an irrational root by successive enlargements 
of a graph. 

1. From a graph of f(x)j estimate the root to the nearest tenth and 
call this estimated value xi. 

2. Locate the root between successive tenths by computing /(x) for 
X — X\ and for the successive tenths near xi. 

3. Graph f(x), with an enlarged scaUy for values of x between the 
tenths where the root lies, using a straight line as an approximation 
to the curve. From the graph, read the apparent value X 2 of the root 
to hundredths. 

4. Locate the root between successive hundredths by computing values 
of f{x). Continue, by the method of Steps 2 and 3, until the root is 
obtained as accurately as is desired. 

To obtain an irrational root correct to k decimal places by the 
preceding method, it is necessary to determine the root approxi- 
mately to A: + 1 decimal places. 

itNote 1. The result, 3.13, obtained from Figure 25 can be found without 
a figure by use of simple interpolation, as used for instance with logarithm 
tables. To employ this method, we first notice that, if r is the unknown 
root, then /(r) = 0. From the following data, we assume that, since 0 is 


24/89 of the numerical distance from — .24 to .65, then rSsihe same propoT" 
lion of the way from 3.1 to 3.2. Or, we assume that 

r = 3.1 + II (.1) = 3.1 + .027 = 3.13, approximately. 

The preceding assumption is exactly equivalent to assuming that the graph 
of f{x) between a: = 3.1 and x = 3.2 is a straigfU line: this statement can 
be proved by drawing appropriate triangles in Figure 25 and then usmg 
the properties of similar triangles. The interested student should cany out 
this construction. 

Note 3. If all roots of Oox” + aiX^~^ + On = 0 are real, their de- 

termination can be checked by use of the fact, proved in a later section, 

that the sum of the roots equals — — ■ Thus, in Example 1, “ “ “ ^ ond 

Go ^ 

the sum of the roots is (3.128 + 1.202 — 1.330) = 3. 


When x = 

3.1 

r 

3.2 

Then/(i) = 

- .24 

0 

.65 


3.2 - 3.1 = .1; 0- (- .24) = .24; 
.65 - (- .24) = .89. 
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146. Outline for finding the real roots* of an equation. 

1. If the coefficients are rational, find all rational roots. Let fix) = 0 
be the depressed equation after all rational roots are removed. 

2. C^pute fix) for convenient integral values of x and obtain a 
rough graph of /(x).t 

3. Read the approximate value of each real root from the graph. 

4. By successive graphs, t obtain each irrational root in turn to the 
desired number of decimal places. 


EXERCISE 64§ 

Find the specified roots accurate to two decimal places: 

: . The root of i + 5 = 0 between 1 and 2. 

2. The root of i + 99 = q between - 4 and - 5. 

3. The root of + 2i= - I - 1 = 0 between 0 and 1 . 

а. The root of i* - !> + 1 = + 2i = 6 between - 1 and - 2. 

б. The two roots of + 13 = 41 between 2 and 3. 


Find all real roots accurate to two decimal places. 

6. - 2x^ = 51-4. 10. - 215 - 5 = 0 . 

7. s’ - 3x‘ + 6r = 9. 11 . X* - 8.75 = 0. 


8. — Sx’ + X® + 2x = 1. 

9. X*- llx’ - 15x = 2. 


12. 4x® — 4x = 1. 

13. x® + 2x2 - 14x + 13 = 0. 


Find the indicated principal roots correct to two decimal places: 

14. 16. v^. 16. 17. < 01 ^, 

Hint. The positive root of x< - 8 = 0 is the value of v^. 


The following equations have no rational roots; find their real roots correct to 
two decimal places: 

18. x® - 1.57x2 + .431 = 0. 20, x^ + 12x - 302 = 0. 

19. x2 - 2.47x2 -f- .733 = 0. 21. x* + 380x - 1444 = 0. 


22. The edges of a rectangular box are 3', 4', and 6' long. To double the 
volume, each dimension is increased by the same amount. Find the new 
dimensions correct to tw'o decimal places. 


^ • If Descartes’ rule of signs has been studied, it should be applied to obtain 
information about the roots as the first step in the solution. 

t If Section 141 has been studied, limits for the roots may be found and thp 
graph should extend between these limits. 

t Or, by Horner’s method, if it is to be used by the class. 

§ The instructor may wish to introduce Sections 147 and 148 before Exercise 64. 
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In the remaining problems, find all real solutions correct to two decimal 
places, unless othervdse staled. In problems 23 and 24, solve for x and y. 

(2y = x^ -2, ^ 1 4y = x^ + 4x + 4, 

23. I 4^2 _ j2i/ - a: + 8 = 0. ‘112 + V = 36. 

An open box is to be made from a rectangular piece of cardboard, 
IS^ong and 10" wide, by cutting equal squares from the corners and turning 
up the sides. Find the side of these squares if the box is to contain 122 cubic 

inches. 

26. A spherical shell has an inner radius of 10"; the volume of the solid 
part is 1100 cubic inches. Find the thickness of the shell. Use ir = 

The depth d to which a solid floating sphere will sink in waUr is a positive 
root of the equation cP — 3rd^ + 4^5 = 0, where r is the radius of the sphere 
and sis the specific gravity of the substance composing the sphere. Find d for 
each sphere below: 

27. Cork sphere: radius = 3'; specific gravity = .21. 

28. Wooden sphere; radius = 5'; specific gravity = .71. 

★29. The thermal conductivity, k, of air at an absolute temperature of 
T° (Fahrenheit), is given by the equation 

717 / T \i 

* " -0129 2^ _|_ 2^ (492) ' 

By use of Section 145, find the temperature to the nearest degr^ ifk = .0158. 
Use logarithms and do not expand or rationalize in the equation. 

★30. The relation M = x - E sin x, called Kepler’s equation, holds 
between the mean anomaly M and the eccentric anomaly x of & planet at 
any point in its path around the sun; E represents the eccentricity of tne 
path, and M and x are measured in radians. H E = .5 and ill — i ^ 
by the method of Section 145. 

★147. Transformation to decrease the roots.* Let f(x) repr^ 
sent the left side of aox" 4* aix^~^ + • • • H- Un-iX + a„ = 0. On su 
stituting X = X -\-hm f(x) = 0, we obtain f{X -\-k) — 0, or 

ao(X + h)- + ai(X + h)’^' + • ■ • + o„_i(X + h) + a.^0, (D 

whose roots are those of f(x) — 0 each decreased by h, because we 
have X = x-h. If the powers in (1) are expanded and like powers 
of X are collected, we obtain ooY’* and meet certain coefficients 
Ai, An for the other powers: 

f{X + h) = ooX” + AiX--' + • • ■ + = 0. (2) 

* Auxiliary to the discussion of Homer's method for irrational roots. 
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Theorem I. To obtain the coefficients A,, A,, in the equa- 

t T ’ = 0 eacA decreased 6« 

A, diiode J{x) by x - A; dtidde <Ae resulting quotient by x - h; etc 

Continue to divide each quotient by x-h until n divisions have been 

performed. The remainder obtained in the first division is A„- the 

secord remainder is A^,; ■ • ■ ; the last remainder is A,; the last 
quotient w ao. 


Proof. 1. In (2), if we substitute X = x-h, then UX + A) be- 
comes /(x) and we obtain 

fix) = ao(i - A)" -I- Ai(x - A)"-' -I- • • . -I- A„_i(x - A) + A„. (3) 

2. If we divide f(x) in (3) by x - A, the quotient is 

a„(x - A)»-> -H A.(x - hY-'- -h . . . a„..Ax - A) + A,.,, (4) 

and the remainder is A,. On dividing (4) by x - A, we obtain the 
new quotient 


Ouix hy - + Ai(x hy ^ An-zix - h) + An-2, 

and the remainder An-i. On continuing through the n divisions 

specified m Theorem I, the last quotient which we obtain is Oo and 
the remainders, in order, are An, An-i, Ai. 


Illustration 1. To obtain an equation whose roots are those of 

2x« - 7 j + 6 = 0 each decreased by 2, we divide by x - 2, synthetically 
as specified in Theorem I. * 


First quotient is 2x* + 4x + 1. 

Second quotient w 2x + 8. 

Third quotient is 2. 

The desired equation: 


2 

0 

- 7 

C '2 

1 


4 

S 

2 

2 

4 

1 

CO 

II 

|co 


4 

16 


2 

8 

17 

11 


4 



T 

12 


II 


2r + i2r + i7jr + 8 = 0. 


★EXERCISE 65 

Transform to decrease the roots as specified. 

1. 2x® + 2x* — 5x + 43 = 0; to decrease the roots by 1. 

2. Sr* + 4x2 - 2x + 5 = 0; decrease the roots by 2. 

3. x^ — 3x2 + 5x - 7 = 0; decrease the roots by . 3 . 

4. 2x3 + x^ - X + 3 = 0; to decrease the roots by - 2. 

6. 3x* + 2x2 - 2x + 5 = 0 ; to decrease the roots by - .03. 
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★148. Homer’s method for finding irrational roots. The method 
presented in this section applies only to integral rational equations.* 

Example 1. Solve: f{x) = x* — Zx^ — 2x + 5 — 0. (1) 

Solution. 1. From Step 1 of the solution of Example 1 on page 151, 
we find that the real roots are approximately — 1.3, 1.2, and 3.2. 

2. To obtain the root which is between 3 and 4, proceed as follows: 

A. Transform (1) to decrease the roots hy 3. The transformed equation, 
obtained as in the preceding section, is 

/i(xi) = Xi* + 6 X 1 * + 7x, - 1 = 0. (2) 

« 

A subscript 1 on/i and on xi serves to distinguish (2) from (1). Since (1) has 
a root between 3 and 4, hence (2) has a root between 0 and 1. When Xi 
is small j (xi® + 6 x 1 *) is very small compared to (7xi — 1). Hence, the root of 
( 2 ) between 0 and 1 is approximately the same as the root of 7xi - 1 = 0 , 
= ^ = .1+. To locate this root between successive tenths, we compute 
values of/i(xi) by synthetic division: wefind/i(.l) = — .239and/i(.2) = .648. 

Hence, (2) has a root between Xi = .1 and xi = .2. 

B. Transform (2) to decrease the roots hy .1. We obtain 

= X,’ + 6.3x3» + 8.23X3 - .239 = 0. (3) 

Equation 3 has a root between 0 and .1 whose approximate value is obtained 
from 8.23X3 - .239 = 0; X 3 = .02+ To locate this root between successive 
hundredths, we compute / 3 (. 02 ) = — .0719 and /sC.OS) — .013 . ence, 
root is between .02 and .03. 

C. Transform (3) to decrease the roots by .02. We obtain 

/3(X3) = + 6.36X3* + 8.4832X3 - .0719 = 0, (4) 

which has a root between 0 and .01 whose approximate value is obtain 
from 

8.4832x3 - -0719 = 0; Xa = -008+. 

D. Conclusion. Each root of (1) is 3.12 greater than a root of ( 4 ) bemuse 

we successively reduced the roots by 3, .1, and .02, or, altogethe^ y • - 
Since xa = .008 is approximately a root of (4), hence x = 3.12 7 * ’ 

X = 3.128, is approximately a root of (1). This value of the root is ^ 
correct to two decimal places. If desired, the third decimal place co 
checked by locating the root of (4) between successive thousan t . 
essential numerical work performed in obtaining x = 3.128 is compac y 
arranged as follows: 

• The method of Section 145 applies to transcendental or irrational equations 
as well as to integral rational equations. 



1 

-3 

-2 

5 


3 

0 

- 6 

r 

0 

- 2 

- 1 


3 

9 


r 

3 

7 



3 



r 

6 

7 

- 1 


.1 

.61 

.761 

r 

6.1 

7.61 

- .239 


.1 

.62 


T 

6.2 

8.23 



.1 



T 

6.3 

8.23 

- .239 


.02 

.1264 

+ .1671 

T 

6.32 

8.3564 

- .0719 


.02 

.1268 


T 

6.34 

8.4832 



.02 



T 

6.36 

8.4832 1 

- .0719 

Hence, 

X = 3 + .1 + .02 
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ix = 3+.) 


7xi — 1 

Xi 


= 0 ; 
= . 1 + 


8.23x2 - .239 

X2 


0 ; 

. 02 +. 


(8.48x3 - .0719 = 0; Xj = .008+.) 


3. Similarly, we find x = 1.202 as the second positive root. 

4. To find the negative root of/(x) = 0, consider the equation 

/(“ >^) = - X® - 3x2 + 2x + 6 = 


Since /(x) = 0 has a root near x = - 1.3, hence /(- x) = 0 has a root near 
X = 1.3. By the method of Step 2, this root of /(- x) = 0 is found to be 
X = 1.330. Hence, x = — 1.330 is the negative root of/(x) = 0. 


Summary. To find a positive irrational root by Horner^ s method. 

1. Locate the root between successive integers. The smaller integer 
is the integral part of the root. 

2. Transform f{x) = 0 into /i(xi) = 0, whose roots are those of 
f(x) = 0 decreased by the smaller of the integers of Step 1. Then 
fi(xi) = 0 has a root between 0 and 1. Locate this root between suc- 
cessive tenths. The smaller tenth is the tenths part of the root of 

m = 0 . 

3. Transform /i(xi) = 0 into / 2 (x 2 ) = 0, whose roots are those of 

/i(xi) = 0 decreased by the smaller of the tenths found in Step 2. 

Then, /aCxa) has a root between 0 and .1. Locate this root between 

successive hundredths. The smaller hundredth is the hundredths 
part of the root of f(x) = 0. 
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4. Continue this processj to obtain any desired accuracy. Each 
step yieldsj accurately j one more decimal place of the root. 

Note 1. To find negative roots of f(x) = 0 by Homer’s method, find the 
positive roots of/(- x) = 0, and multiply by — 1. 


-^^149. Coefficients in terms of the roots. 

Illustration 1. Let ri, r 2 , and r* be the roots of 

x^ + bix^ + + 63 = 0. 

From Section 135, 

x^ + bix^ + 62X + &3 = (a: - ri)(x - rz^x - r^) 

= x^ - {ri + rz r3)x^ + (rir^ -h riTz + Tzrz)! ~ riTzrz. 

From Corollary 1, page 140, it follows that 

hi = - (ri + rj + ra): 62 = riTz + nrs + rzTz; 63 = - riTzrz. 

Similarly, we find that, if ri, rz, • ‘ - t rn are the roots of 

x" + bix^~^ + b2X^~^ + • • • + = 0, 

the following equations are true: 
hi = - (ri + ra + h r„), 

ba = T1T2 + riTa -!-•••+ rirn + raj's + • • * + in-irn, 
ba = — (rirara 4- rirari +*■*)» 

bn = (- I)"rir2r3 • • • r„. 

Or, hi — — {the sum of all the roots) ^ 

62 = + {the sum of the products of the rooiSj two at a time), 

63 = — {the sum of the products of the roots, three at a time) , 


( 1 ) 

( 2 ) 

(3) 

(4) 

(5) 


bn = (— !)’'• {the product of the roots). 

If we divide both sides of 

oox" + + aiX''~^ 4- • • * + On = 0 (6) 

by oo, we obtain 

x" + —x^~^ + — _l_ . . . -f ^ = 0. 

Qq <Zo Od) 

Hence, from (5), if (n, r 2 , • • •, r„) are the roots of (6), then 

— = — (ri + r2 + • • * + r„) ; 

do 

— = + (rir 2 + rirs + * • • ) ; etc. 

Oo 
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★EXERCISE 66 

1. By the method of Illustration I, page 158, derive equations 5 for the 

case of H- + 62^:2 + fcjx + 6 , 0 . 

By use of equations 5, Section 149, obtain an equation vrith the given roots. 

2. (3, - 4, 2). 3. (V2, - %/2, - 3. 1). 4. (± 2i, 1, - 5). 

In the remaining problems, x is the unknovm. 

6. Find the third root of + 7x2 + + d = 0, given that 3 and - 2 

are two of the roots. 

6. Mnd all of the roots of Sx’ - 121 ^ + ci + / = 0. given that one root 
IS 4, and that the difference of the other roots is 4* 

7. Solve x2 + 4x2 - 9x + A = 0, given that one root is the negative of 
another. 

8. Solve x2 — 6x2 — 4x + A = 0, gjygjj roots, in some order, 

form an arithmetic progression. 

9. Solve x2 - 7x2 + 14x + A = 0, given that the roots, in some order, 
form a geometric progression. 

10. Solve X* -h 2x2 — 11x2 + /:x + 36 = 0, gjygjj double 

roots. 

11. Prove that, if r* + 9 x 2 + rx + s — 0 has one root the negative of 
another, then s ^ qr, and conversely. 

12. If the roots of x^ + 6x2 _j_ ^ taken in some order, form a 

geometric progression, prove that — 62d = 0. 


★160. Algebraic solution. An algebraic formula is one involving 
only a finite number of the operations of addition, subtraction, 
multiplication, division, and the extraction of roots, and no other 
operations. If /(x) = 0 represents the general equation of degree n 
in a single unknown x, Oox" + aix""^ + - . . + a„ = 0, then the follow- 
ing theorems hold. 

Theorem I. If n- 1, or 2, or 3, or 4, the roots of f(x) = 0 can 
be expressed by means of algebraic formulas in terms of the coefficients 

osm. 

Theorem II. If n > A, no root of f(x) = 0 can he expressed by 
an algebraic formula in terms of the coefficients of f{x). 

We have previously derived formulas for the solution of the 
general linear equation, ax + 6 = 0, and the general quadratic 
equation, ax2 4 - bx + c = 0. In the next two sections we shall com- 
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plete the proof of Theorem I by deriving algebraic formulas in terms 
of the coefficients for the roots of the general cubic and the general 
quartic. The proof of Theorem II demands the methods of ad- 
vanced mathematics and is beyond the scope of this text. Theorem II 
was first proved in 1824 by the brilliant Norwegian mathematician, 
Niels Henmk Abel (1802-1829), who left a tremendous record of 
mathematical achievement in spite of his early death, caused by 

tuberculosis. 


unknown 


hx^ cx + d = 0. 


Solution. 1. In (1), place 


X = y - 0 


b 

3 


Then, we obtain 
where 


p = c ■“ •g’ 2 “ ® 3 27 


(1) 

(2) 

(3) 


2. We call (3) the reduced cubic; its advantage is that it contains no 
term in t/*. In (3), place 

(4) 


y = 2 - 


£ 

3z 


Then, 


272* 


+ 2 = 0 , 


or 


z® + 22® - ^ = 0. 


(5) 


Since (5) is in the quadratic form in 2 ®, we solve for 2 ^ by use of the quad- 
ratic formula; if we let R = ^ + the solutions are 


27 

23 = — ^ -f VR and 2 ® = — I — 
2 


( 6 ) 


3. The first equation in (6) has three solutions, 2 i, 22 , and 23 , the cube 
of the right member. From (4), the corresponding values of y are found U) 






2/3 = 28 — 


£_ 

32^ 


(7) 


4. Therefore, from (2), the roots of equation l^^are 

xi = 2i-^^-|; 2:2 = 22 -^-3: ^" 323 3 

Comment. It can be proved that, if in place of ( 21 , 32, 23 ) we had 
solutions ( 24 , 2 s, 26 ) of the second equation in (6), the three values 0 m 

for X would be the same as those in (7). 

* Section 127 is a prerequisite for the remainder of the chapter. 
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Note 1. In the solution, p, q, and R are rational functions of 6 , c, and d. 
Hence, we should think of Zi, Z 2 t and Zi as the indicated cube roots of a 
certain function of 6 , c, and d. Therefore, in (7) we have algebraic formulas 
for Xi, X 2 , and Xi in terms of the coefficients ( 6 , c, d). 


Illustration 1. To solve x® + Si® - 9x - 3 = o, we obtain p = - 12, 
5 = 8 , and R = — 48. Then, the first equation in ( 6 ) becomes 

_ 4 4^V3 = 8 (cos 120 ° + i sin 120 °). 

Hence, we obtain 

zi = 2(cos 40° + i sin 40°); Z 2 = 2(cos 1C0° + i sin 160°); 

23 = 2 (cos 280° + i sin 280°). 

From (7), 


Xi = 2(cos 40° + i sin 40°) + 


12 


- 1 ; 


6 (cos 40° + i sin 40°) 
xi = 2(cos 40° + i sin 40°) + 2(cos 40° - i sin 40°) - 1 = 4 cos 40° - 1 

Similarly, I 2 = 4 cos 160° - 1 ; 13 = 4 cos 280° - 1 . From Table IV, 

Xi = 2.00; X 2 = — 4.76; X 3 = — .30. 


Note 2. The essential elements of the preceding solution of the general 
cubic were first published in 1545 by H. Cardan (1501-1570) in liis famous 
treatise called Ars Magna, although he had obtained the method under 
promise of secrecy from Niccol6 Tartagli.^ (1506-1557). The clue to 
the method is supposed to have been discovered independently by Tartaglia 
and an earlier writer, perhaps Scipione del Ferro (1490-1526). E.xpres- 
sions 7 are frequently called Cardan’s formulas, which is an injustice to 
the memory of Tartaglia. All mathematicians just mentioned were Italians. 
The French algebraist, Francis Vieta (1540-1603), was the first to con- 
sider the general cubic, in contrast to special cubics. 


' 1 ^ 152 . Ferrari’s solution of the general quartic 

X* + bx^ + cx^ + dx + e = 0. (1) 

Solution. 1 . From ( 1 ), x* -{- bx^ = — cx^ — dx — e. ( 2 ) 

We shall determine what expression should be added to both sides of (2) to 
niake each side a perfect square. The left member contains the first two 
terms of (i® + i 6 x)®. Hence, on adding \b-X‘ to both sides of (2), we obtain 

(i® + ibx)- = (^5® - c)x® - dx - €. ( 3 ) 

2. Let p be a number to be specified later. If j/(x® + ibx) + Jj/® is added 

to both sides of (3), we obtain 

( x ® + ^bx + = (i5® - c + y)x^ + {^by - d)x (Jp® - c). ( 4 ) 
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The right side of (4) is a quadratic in x which will be a perfect square if its 
discriminant is zero, that is, if 

(i&y - - 4(46^ - c + - e) = 0. (5) 

3. On simplifying (5) we obtain 

+ (6d — 4c)t/ — + 4c€ — <? = 0. (6) 

Equation 6 is called the resolvent cubic for equation 1; (6) can be solved 
by the method of Section 151. 

4. Let y = She any root of (6), and substitute y = 5 in (4). The right 
side becomes the square of some linear function, hx k, and (4) gives 

(x2 + ibx + = (Ac + ky. (7) 

From (7), ibx ^S ^ hx + k, (8) 

or + J6x + = - (Ac + k). (9) 

Each of (8) and (9) can be solved by use of the quadratic formula. The 
four values of x obtained on solving (8) and (9) are the roots of (1). 

C(mTnent. It can be proved that if any root of (6) other than y — S were 
used in (7), the same four values of x would be obtained. 

Note 1. By use of the formulas of Section 151, we could write a formula 
for the root 5, of the resolvent cubic, which we used in (7). This formula 
would involve the coefficients (6, c, d, c) of (1). Using this formula for 5, 
we could obtain formulas for h and k, in terms of (6, c, d, e) ; and, solving 
(8) and (9) in terms of h, k, and iS, we could obtain formulas for the four 
roots of (1), in terms of (6, c, d, e). These formulas would be very com- 
plicated, and are of interest mainly for theoretical reasons. 

Usually, the real roots of particular cubic or quartic equations 
are found more conveniently by Homer’s method, or some other 
method of successive approximations rather than by use of the 
formulas of Sections 151 and 152. 

Note S. The preceding method was invented by the Italian mathema^ 
tician, Lodovico Ferrari (1522-1560), a pupil of Cardan, who published 
the method for the first time in his Ars Magna. 

★EXERCISE 67 

Solve each equation by taking the steps used in arriving at the formulas in 
the text, but do not employ these formulas themselves. In Problems 5-8, try to 
use a rational root of the resolvent cubic. 

1. + 9x + 26 0. 6. - 2x* + x* + 3 = 0. 

2. - 3x* - 12x + 140 = 0. 6. x^ - 4x» -f 4x* + 4x = 5. 

3. x* + 6x3 - 36 x - 24 - 0. 7 . x^ + Ox^ + 23x* + 3x = 36. 

4. x^-6x2 + 9x- 1 = 0. 8. x^-4x’-4x= = 42 - 37x. 



CHAPTER THIRTEEN 


Computation and Logarithms 



163. Significant digits. In this chapter we shall assume that any 
number referred to is written in decimal notation. In any number, 
we may visualize an endless sequence of zeros at the right of the last 
^git which is not zero, if there is such a last digit; such a number 
is called a terminating decimal. 

Illustration 1. 35.G73 = .0001 = — ^ = — = 10"^ 

1000 lUUOO 10^ 

i = .75000 • • • is a terminating decimal. J = .333 • ■ - is an endless re- 
peating decimal, tt = 3.14159 • • ■ is an endless but not a repeating decimal. 

In any number N, let us read its digits from left to right. Then, 
by definition, the significant digits or figures of N are its digits, 
in sequence, starting with the fust one not zero and ending >vitli the 
last one definitely specified. Notice that this definition does not 
involve any reference to the position of the decimal point in N. 
Usually we do not mention final zeros at the right in referring to the 
significant digits of N, except when it is the approximate value of 
some item of data. 

Illustration 2. The significant digits of 410.58 or of .0041058 are 
(4, 1, 0, 5, 8). 

164. Approximate values. If T is the true value and is an 
approximate value of a quantity, we agree to call A — T the error of A . 

Illustration 1. U T = 35.62, and if A = 35.G0 is an approximation to 
T| then the error of A is 35.60 — 35.62, or — .02. 

The significant digits in an approximate value A should indicate 
the maximum possible error of A. This error is understood to be 
at most one half of a unit in the last significant place in A , or, which 
is the same, not more than 5 units in the next place to the right. 

Illustration 2. If a surveyor measures a distance as 256.8 yards, he 
should mean that the error is at most .05 yard and tliut the true result lies 
between 256.75 and 256.85, since the error might be ± .05. 
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In referring to the significant digits of an approxiTiuUe value Aj 
it is essential to mention all final zeros designoied in A. 

Illustration 3. To state that a measured weight is 35.60 pounds should 
mean that the true weight differs from 35.60 pounds by at most .005 pound. 
To state that the weight is 35.6 pounds should mean that the true weight 
differs from this by at most .05 pound. Thus, there is a great distinction 
between 35.6 and 35.60 as approximate valites although there is no difference 
between 35.6 and 35.60 as abstract numbers. 

For abbreviation, or to indicate how many digits in a large num- 
ber are significant, it is sometimes convenient to write a number N 
as the product of an integral power of 10 and a number equal to or 
greater than 1 but less than 10, with as many significant digits as are 
justified by the data. 

Illustration 4. 385,720 = 3.8572(100,000) = 3.8572(10®). 

.000'000'368 = 3.68(.000^000'1) = 3.68(10-0. 

Illustration 5. If 5,630,000 is an approximate value, its appearance 
fails to show how many zeros are significant. If five digits are significant, 
we write 5.6300(10®), and, if just three are significant, 5.63(10®). 

166, Rounding off numbers. In referring to a place in a number, 
we shall mean any place where a significant digit stands. In referring 
to a decimal place, the word decimal will be explicitly used. 

To round off N to k figures, or to write a fc-place approxiination 
for N, means to write an approximate value with k significant 
digits so that the error of this value is not more than one half o a 
unit in the kth place, or 5 units in the first neglected place. 

Illustration 1. The seven-place approximation to tt is 3.141593. On 
rounding off to five places, we obtain tt = 3.1416; we changed 5 to m 
the 4th decimal place because .000093 is greater than .00005. 

Illustration 2. In rounding off 315.475 to five figures, with equal 
justification we could specify either 315.47 or 315.48 as the result. an 
arbitrary rule in this book, whenever we meet the necessity for such a choice 
between an odd and an even digit, where both are equally justifiable, we 
agree to select the even digit. Thus, we choose 315.48 here. 

1C6. Accuracy of computation. By illustrations, we can verify 
that the following rules do not underestimate the accuracy of com- 
putation \vith approximate values. On' the other hand, we must 
admit that the rules sometimes overestimate the accuracy. How- 
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ever, we shaU assume that a result obtained by these rules mil have 
a neghgible error in the last significant place which is specified. 

I. In adding approximate values, round off the result in the first 
place where the last significant digit of any given value is found. 

II. In multiplying or dividing approximate values, round off the 

resuU to the smallest number of significant figures found in any 
given value. 


Illustration 1. Let a = 35.64, h = 342.72, and c = .03147 be approxi- 
mate values. Then, a + 6 + c is not reliable beyond the secrnid decimal 
place because both a and h are subject to an unknown error which may be 
as large as 5 units in the third decimal place. Hence, we write 

fl + 6 -j- c = 378.39147 = 378.39, approximately, 

tK ^ ~ 31.27 and y = .021 are approximate values, 

^en by Rule II, we state that xy = .66, because y has only two significant 


xy — 31.27(.021) — .65667 = .66, approximately. 

Illustration 3. If a surveyor measures a rectangular field as 385.6' by 
432.4', it would give an unjustified appearance of accuracy to write that 
the area is (385.6) (432.4) = 166,733.44 square feet. For, an error of .05 foot 
m either dimension would cause an error of about 20 square feet in the area. 
A reasonably justified result would be that the area is 166,700 square feet, 
to the nearest 100 square feet, or 1.667(10^) square feet, where we claim 
just four significant digits; this corresponds with Rule II. 


In problems where approximate values enter, or where approxi- 
mate results are obtained from exact data, the results should be 
rounded off so as to avoid giving a false appearance of accuracy. 
No hard and fast rules for such rounding off should be adopted, 
and the final decision as to the accuracy of a result should be made 
only after a careful examination of the details of the solution. 


EXERCISE 68 

Express as a power of 10. 

1. 1,000,000. 2. 10,000. 3. .001. 4. .1. 6. 1, 6. .00001. 

Round off, first to five and then to three significant digits. 

7. 15.32573. 9. .3142678. 11. 195.635. 13, .0345645 

8. .00132146. 10. 5.62153. 12. .00129553. 14. 392,462. 

^rite the number in ordinary decimal form. 

16. 3.85(10*). 16. 2.672(10^). 17. 1.935(10-*). 18. 8.107(ia-«). 
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Write as the product of a power of 10 
19. 3,807,000. 20. 67,030,000. 


arid a number between 1 and 10. 

21. .000357. 22. .00000046. 


If the measured length of a line is given as the specified number of feet, teU 
between what two values the exact length lies. 

23. 567. 24. 567.4. 25. 567.0. 26. 35.18. 27. 8.139. 28. 21.30. 


Assuming that the numbers represent approximate data, find their sum and 
their product, and state the results without false accuracy. 

29. 31.52 and .0186. 30. .023424 and 1.13. 31. 3.6 and .21573. 

32. The measured dimensions of a rectangular field are 469.2 feet and 
57.3 feet. Find the perimeter and the area of the field. 


Given that the number is an approximate value, write it as tlw product of 
an integral power of 10 and a number between 1 and 10, aesuming, first, that 
there are five and, second, that there are three significant digits. 

33. 9,325,000. 34. 460,000. 35. 23,500,000. 36. 72,200,000. 


167. Irrational exponents. A logical foundation for the use of 
irrational exponents is beyond the scope of this text. Hence, wth- 
out discussion, we shall assume the fact that irrational powers ha.ve 

meaning and that the laws of exponents hold if the 

volved are real numbers, either rational or irrational, provided that 

the base is positive. 

Illustration 1. The student may safely use his intuition in coMection 
noth the symbol 10'^^ = 10' <» ■ • ■ • Closer and closer approximations to 
10'^ are obtained if the successive decimal approximations to V2 are us^ 
as exponents. That is, 10''’^ can be approximated as closely as we please 

if we proceed far enough out in the sequence 

los 10 ^*, 10^ “, 10* 


168. Logarithms are auxiliary numbers which are exponer^, and 
which permit us to simplify the arithmetical operatio^ o mu i 
plication, division, raising to powers, and extraction o roo . n 
the following definition, a represents any positive number, not 1, 

and N is any positive number. 


Definition I. The logarithm of a number N to the base a ts the 
exponent of the power to which a must he raised to obtain N. 

In other words, if — N then x is the logarithm ^ 
base a. To abbreviate *'the logarithm of N to the base a, we wnte 
'*loga Then, by Definition I, the follo^^’ing equations state 
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the same fact, the first equation in exponential form and the second 
in logarithmic form : 


N = a* and x - logo N. (1) 

Illustration 1. If iV = 4®, then 5 is the logarithm of N to the base 4. 
Illustration 2. ^‘logj 64” is read “the logarithm of ^ to the hose 2”: 

since 64 = 2®, hence logs 64 = 6. 

Illustration 3. Since — 5^, hence logs = i = -333 ■ * • . 

Illustration 4. To find log 2 i, we express J as a power of 2: 


1 

since Q 

Q 



hence 



Illustration 5. If logs 16 = 4, then 6® = 16; b = ■'Mfi = 2. 
Illustration 6, If log« 2 = — then a~^ = 2. Hence, 

1 o * 1 1 

s = 2; ai = 2! “ = y = r 

For any base a, we have a® = 1 and = a. Hence, 

logo 1 = 0; logo 0=1. (2) 


In advanced mathematics, it is proved that, if > 0 and o > 0, 
there exists just one real number x such that N ~ a*. That is, every 
positive number N has just one real logarithm to the base a. 

Note 1. We do not use o = 1 as a base for logarithms because every 
power of 1 is 1 and hence no number except 1 could have a logarithm to 
the base 1. 

Note 2, We shall not define or use logarithms of negative numbers. If 

< 0, or if a < 0, loga N can be defined as a complex number. 


EXERCISE 69 

Express as a fraction. 

1. a~® 2 b~^ 3 2~*. 4. 3~^. 6. 10"^. 6. 10“®. 

Express by use of a fractional exponent. 

7. V5. 8. </b. 9. 10- 

By use of equations 1, write an equivalent logarithmic equation. 

13. N = 3®. 16. N = 19. 64 = 4^ 22. * = 5"^. 

14. N = 10*. 17. N = 10-®. 20. 64 = 8^ 23. * = 2"®. 

16. N = 10-3. 18. 49 = 7*. 21. 27 = 3^. 2L ^ lO"*. 
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Find the number N whose logarithm is given. 


25. logs N = 2. 

26. logs N = 2. 

27. logs N = 3. 

28. logs N = I- 


29. logio N — 0. 

30. logs N = 1. 

31. logs = — 2. 

32. logic N = — 3. 


Find the following logarithms. 

37. logs 36. 40. logic 100. 

38. logs 32. 41. logs 27. 

39. logs 2. 42. logs 216. 


43. logicc 10,000. 

44. logs 3. 

45. logics 10. 


33. logs iV - J. 

34. logs N = 

35. logrn iV = J. 

36. logai N = §. 


46. logs h 

47. logs^S:- 

48. logic .0001. 


irFind a. N, or x, whichever is not given. 


49. log. 16 = 2. 

50. log. 125 = 3. 

61. log. 1000 - 3. 

62. log. 9 - J. 

63. log. 3 = J. 


64. log. 10 = J. 

66. log. ^ — 1. 

66. log. .001 = - 3. 

67. logsi N = f . 

68. logioo N — 


69. log.oi — i* 

60. logic .1 — 3;. 

61. log. .0001 = - 2. 
62« log626 25 — X* 

63. log. 8 = - f. 


169. Properties of logarithms useful in computation. 

I. The logarithm of a product equals the sum of the logarithms of 
its factors. For instance^ 

logo MN = logo M + logo N. 

Illustration 1. Logic (897)(596) = logic 897 + logic 596. 

Proof. Let x = log. M, and y = loga N . Then, 

M = a^ and N - a". (Definition of a loganthm) 

MN = a^a« = a^^. (A law of exponents) 

Therefore, by Definition I, log. MN - x-{- y — log. M + log. N. 

Note 1. By use of (1) we can prove Property I for a product of any 
number of factors. Thus, since MNP — {MN){P), 

log, MNP = log, MN + log, P = log, M + log. ^ + lo&> 

11. The logarithm of a quotient equals the logarithm of the dividend 
minus the logarithm of the divisor: 


Illustration 2. 


log. ^ = log. Af - log. N. 


Logic ^ = logic 89 — logic 57. 
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Proof of Property II. Let x 

ilf = a* 

M 
N 


loga Mf and y = loga N; then, 
and N - a*'. 


Therefore, 


a* 

= - = a-. 


(A law of exponents) 


Hence, 


M 


logo ~^x-y = loga M - loga N. 


(Definition I) 


III. The logarithm of the kth power of a number N equals h times 
the logarithm of N: 

logo = /e loga N, (3) 

Proof. Let x = logo N. Then, by Definition I, N = a*. 

Therefore, iV** = (a*)* = a**. (A law of exponents) 

Hence, by Definition I, logo kx- k loga N. 

Illustration 3. log* 7^ = 5 log* 7. log* = loga 3^ = J logo 3. 
Since = iV*, by use of (3) with k = l/h we obtain 

loga log- W 

Illustration 4. logo \ logo N ; logo ^ logo 25. 


160. Logarithms to the base 10 are called common logarithms 
and are the ihost useful variety for computational purposes. Here- 
after, unless otherwise stated, when we mention a logarithm we 
shall mean a common logarithm. For abbreviation, we shall write 
merely log Ny instead of logio N, for the common logarithm of N . 
The follo\ving common logarithms will be useful laterj the student 
should obtain them by use of Definition 1. 


N = 

.0001 

.001 

.01 

.1 

1 

10 

100 

1000 

10,000 

100,000 

log N ~ 

- 4 

- 3 

- 2 

- 1 

0 

1 

2 

3 

4 

5 


Illustration 1. If we are given log 3 — .4771, then by use of Properties 
1, 11, and III we obtain the following results: 

log 300 = log 3(100) = log 3 -b log 100 = .4771 + 2 = 2.4771; 
log .003 = log = log 3 — log 1000 = .4771 — 3 = — 2.5229; 

log ''^3 = log 3^ = 4 log 3 = 4(.4771) = .1193. 
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EXERCISE 70 


Find the common logarithm of each number by use of Properties I, II, and 
III and the following logarithms. 

log 2 = .3010; log 3 = .4771; log 7 = .8451; log 17 = 1.2304. 


1. 6. 

6. 1 

9. .7. 

13. 9. 

17. 

21. '^14. 

2. 34. 

6. V. 

10. .17. 

14. 49. 

18. v^. 

22. 

3. 30. 

7. i. 

11. 

16. 27. 

19. i 

23. Vf 

4. 70. 

8. y. 

12. A- 

16. 8. 

20. 

24. 


Prove by the method used in establishing Properties I, II, and III, without 
using the properties themselves. 

26. logo MNP'^ — loga M + logo N 2 logo P. 


26. logo ^ = logo M — logo iV — logo P. 

27. logo = 3 log M + J log N. 

161. Characteristic and mantissa. The logarithm of any num- 
ber can be written as the sum of an integer and a decimal fraction, 
positive or zero and less than 1. After log N is written in this way, 
we call the integer the characteristic and the fraction the mantissa 
of log N. We notice that the characteristic of log N is negative 
when and only when log N itself is a negative number. 

log iV = (an integer) + (a fraction, ^ 0, < 1) ; 

log N = characteristic + mantissa. (1) 

Illustration 1. If log N = 4.6832 = 4 + .6832, then .6832 is the man- 
tissa and 4 is the characteristic of log N. 

Illustration 2. If log N — — 3.75, then log N lies between — 4 and 
- 3. Hence, log A = - 4 + (a fraction). To find the fraction we sub- 
tract; 4 - 3.75 = .25. Hence, log A = - 3.75 = - 4 + .25; the charac- 
teristic is — 4 and the mantissa is .25. 

Illustration 3. The following logarithms were obtained by later 
methods. The student should verify the three columns at the right. 


1 

Logarithm 

Characteristic 

Mantissa 

log 300 = 2.4771 

= 2 -f- .4771 

2 

.4771 

log 50 = 1.6990 

= 1 -h .6990 

1 

.6990 

log .001 = - 3 

= - 3 + .0000 

- 3 

.0000 

log 6.5 = 0.8129 

= 0 + .8129 

0 

.8129 

log .0385 = - 1.4145 

= - 24- .5855 

- 2 

.5855 
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162. Properties of the characteristic and mantissa. 

Illustration 1. All numbers whose logarithms are given below have the 
same significant digits, (3, 8, 0, 4). To obtain the logarithms, log 3.804 
was first found from a table to be discussed later; the other logarithms 
were then obtained by use of Properties I and IL 


log 380.4 
log 38.04 
log 3.804 


log 100(3.804) 
log 10(3.804) 
.5802 


log 100 -f log 3.804 
log 10 + log 3.804 


log .3804 = log 
log .03804 = log 


3.804 

10 

3.804 

100 


2 + .6802; 
1 + .6802; 
0 + .6802; 


= log 3.804 - log 10 = - 1 + .6802; 
= log 3.804 - log 100 = - 2 + .6802. 


Similarly, if is any number whose significant digits are (3, 8, 0, 4), then 
^ equals 3.804 multiplied, or else divided, by a positive integral power of 
10; hence, it follows as before that .5802 is the mantissa of log N. 

^oU 1. Let X = log M and y = log A"; then M = 10^ and N = 10^. 
For integral values of x and y we have observed that if x < y then 10* < 10‘', 
and conversely. This relation e.xtends to the case where x and y are not 
necessarily integral; that is, 

log M < log N if and only if M < N. (2) 

In Illustration 1, the characteristic of log 380.4 is 2, of log 38.04 
IS 1, etc. These facts could have been learned as follows. 

Illustration 2. To find the characteristic of log 380.4, notice the two 
successive integral powers of 10 between which 380.4 lies: 

100 < 380.4 < 1000. 

Hence, 

log 100 < log 380.4 < log 1000; or, 2 < log 380.4 < 3. 

Therefore, log 380.4 = 2 + (a fraction, >0, < 1); or, by definition, the 
characteristic of log 380.4 is 2. 


In Illustration 1 we met special cases of the following theorems. 

Theorem I. The mantissa of log N depends only on the sequence 
of significant digits in N. That is, if two numbers differ only in 
the position of the decimal point, their logarithms have the same 
mantissa. 


Theorem II. When > 1, the characteristic of log N is an 
inkger, positive or zero, which is one less than the number of digits 
in to the left of the decimal point. 
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Theorem III. If iV < 1, the characteristic of log N is a negcUive 
integer; if the first significant digit of N is in the Ath decimal place, 
then - ft is the characteristic of log N. 

Illustration 3. By use of Theorems II and III, we find the character- 
istic of log N by merely inspecting N. Thus, by Theorem III, the char- 
acteristic of log .00039 is — 4 because *‘3” is in the 4th decimal place. 
By Theorem II, the characteristic of log 15,786 is 4, because there are five 
digits to the left of the decimal point (which is understood after 6). 

Note 2. Besides common logarithms, the only other variety used ap- 
preciably is the system of natural, or Naperian logarithms, for which the 
base is a certain irrational number denoted by e where e — 2.71828 ■ • • . 
Natural logarithms are useful for theoretical purposes. 

Note 3. Logarithms were invented by a Scotchman, John Napier, Baron 
of Merchiston (1550-1617). His original logarithms were not the same as 
those now called Naperian logarithms, in his honor. Common logarithms, 
also called Briggs logarithms, were invented by an Englishman, Henry 
Briggs (1556-1631), who was aided by Napier. 

163. Standard form for a negative logarithm. Hereafter, for 
convenience in computation, if the characteristic of log N is nega- 
tive, - ft, change it to the equivalent value 

[(10 - ft) - 10 ], or [(20 - ft) - 20 ], etc. 

Illustration 1. Given that log .000843 = — 4 + .9258, we write 
log .000843 = - 4 + .9258 = (6 - 10) + .9258 = 6.9258 - 10. 

The characteristics of the following logarithms are obtained by use of The- 
orem III; the mantissas are identical, by Theorem I. 


1st SiGNiF. Digit in 

Illustration 

Log N Standard Form 

1st decimal place 

2d decimal place 

6th decimal place 

.V = .843 
.V = .0843 

N = .00000843 

- 1 + .9258 = 9.9258 - 10 

- 2 + .9258 = 8.9258 - 10 

- 6 + .9258 = 4.9258 - 10 


164. A table of logarithms. Mantissas can be computed by use 
of advanced mathematics, and, except in special cases, are endless 
decimal fractions. Computed mantissas are found in tables of 
logarithms, also called tables of mantissas. 

Illustration 1. The mantissa for log 10705 is .029586671630457, to 
fifteen decimal places. 
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Table II gives the mantissa of log N correct to four decimal places 
if i\^ has at most three significant digits; a decimal point is under- 
stood in front of each mantissa in the table. If N lies between 1 
and 10, the characteristic of log N is zero so that log N \s the same 
as its mantissa. Hence, a four-place table of mantissas is also a 
table of the actual logarithms of all numbers with at most three sig- 
nificant digits, from N — 1.00 to = 10.00. In case N is less than 1 
or greater than 10, we must supply the characteristic of log N by 
use of Theorems II and III besides obtaining the mantissa of log N 
by use of Table II. 

Example 1. Find log .0316 from Table II. 

Solution. 1. To obtain the mantissa: find “31’^ in the column headed 
N in the table; in the row for "31,” read the entry in the column headed 
“6.” The mantissa is .4997. 

2. By Theorem III, the characteristic of log .0316 is — 2, or (8 — 10). 
Hence, log .0316 = - 2 -f .4997 = 8.4997 - 10. 

Illustration 2. From Table II and Theorem II, log 31,600 = 4.4997. 

Example 2, Find N if log N = 7.6064 - 10. 

Solution. 1. To find the significant digits of N: the mantissa of log N 
is .6064; this is found in Table II as the mantissa for the digits "404.” 

2. To locate the decimal point in N: the characteristic of log is (7 — 10) 
or — 3; hence, by Theorem III, N — .00404. 

Illustration 3. If log N = 3.6064, the characteristic is 3 and, by 
Theorem II, N has 4 figures to tlie left of the decimal point: the mantissa 
is the same as in Example 2. Hence, N = 4040. 

Definition I. .1 number N is called the antilogarithm of L in case 
log N L, and for abbreviation we write N = antilog L. 

Illustration 4. Since log 1000 = 3, hence 1000 = antilog 3. 

Illustration 5. Example 2 could have been stated as follows: find 
antilog (7.6064 - 10). 

★166. A five-place table of logarithms* lists the mantissa of log N 
correct to five decimal places if is any number with at most four 
significant digits. 

* The reader is referred to the five-place table in Hart’s Logarithmic and 
Trigonometric Tables or in Hart's Tables for Mathematics of Investment, Sd Edi- 
tion, D. C. Heath and Company, publishers. The exercises are arranged to 
permit the use of either four-place or five-place tables. 
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Example 1. Find log .03162 from a five-place table. 

Solution. 1. To obtain the mantissa. We find the first three digits, 316, 
under the column headed In the row of 316, in the column headed by 

2, the fourth digit of 3162, we find 996, the last three digits of the mantissa; 
its first two digits are 49, shown in the column headed by 0. The mantissa 
is .49996. 

2. By Theorem III, the characteristic is — 2. Hence, 

log .03162 = - 2 -h .49996 = 8.49996 - 10. 

Example 2. Find N if log N = 5.40209 — 10. 

Solution. 1. To obtain the siffnificant digits of N. The mantissa is 
.40209. We find its first two digits “40’* in the column headed by 0. Among 
the entries corresponding to this “40*' we find 209 in the row with 252 at 
the left margin and in the column headed by 4. Hence, the significant digits 

of N are 2524. 

2. The characteristic of log N” is (5 — 10) or — 5; by Theorem III, the 
first significant digit of N is in the 5th decimal place: N = .00002524. 


EXERCISE 71 


In Problems 1 to 8, each number is the logarithm of some number N . State 


the characteristic and the mantissa of log N . 

1. 2.9356. 3. 15.2162. 6. - 1.300. 

2. 3.5473. 4. - 2 + .3561. 6. - 5.675. 


7. 7.2356 - 10. 

8. 5.1942 - 10. 


Write the following negative logarithms in standard form. 

9. - 1 4- .2562. 10. .3267 - 3. 11. .4932 - 6. 

State the characteristic of the logariihtn of each number. 

13. 637,500. 14. 368. 16. .000673. 16. .00897. 

Use Table II to find the four-place logarithm of the number. 

18. 65.4. 21. .00785. 24. 6530. 27. .086. 

19. 43.2. 22. .0346. 25. 17,800. 28. .000358. 

20. 178. 23. 9.46. 26. .00005. 29. 101,000. 


12. - 3.4675. 


17. .000007. 


30. .00089. 

31. 157,000. 

32. .0000002. 


Find the antilogarithm of the given logarithms by use of Table II. 

33. 2.3856. 37. 0.1553. 41. 9.4800 - 10. 46. 8.9823 - 10. 

34. 3.3927. 38. 2.1461. 42. 8.5611 - 10. 46. 4.8915 - 10. 

35. 3.6684. 39. 1.8692. 43. 7.7701 - 10. 47. 6.9542 - 10. 

36. 1.8785. 40. 0.9727. 44 9.8041 - 10. 48. 2.9340 - 10. 

49. Find N if (a) log AT = - 2.3010; (6) log N = 8.3010 - 10. 

60. Find AT if (a) log A^ = - 3.6990; (6) log N = 7.6990 - 10. 
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★FiJid the five-place logarithm of each number. 

61. 198.7. 66. .01118. 69. 59,600. 63. .801. 67. 1,000,000. 

62. 18.56. 66. .2866. 60. 69,990. 64. 3.075. 68. .000607. 

63. 1.389. 67. ,2563. 61. .00018. 66. 4168. 69. 10 ®®®*^. 

64. 2.633. 68. .0146. 62. .00009. 66. 10,070. 70. lO^-^^a, 

^Find the antilogarithms of the following five-place logarithms. 

71. 1.25115. 76. 9,42716 - 10. 79. 0.66058. 83. 6.55630 - 10. 

72. 2.47305. 76. 8.58726 - 10. 80. 5.83052. 84. 5.68124 - 10. 

73. 4.68538. 77. 7.49094 - 10. 81. 3.61899, 85. 0.11361. 

74. 3.77663. 78. 9.09237 - 10. 82. 0.48001. 86. 2.30081. 

166. Interpolation in a table of mantissas is based on the assump- 
tion that, for small changes in N, the corresponding changes in log N 
are proportional to the chariges in N. This principle of proportional 
parts is merely an approximation to the truth but leads to results 
which are sufficiently accurate for our purposes. 

We agree that, whenever a mantissa is found by interpolation 
from a table, we shall express the result only to the number of decimal 
places given in table entries. Also, in finding .V by interpolation in 
a table of mantissas when log N is given, we agree to specify just four 
or just five significant digits according as we arc using a four-place 
or a five-place table. No greater refinement in the result is justified 
because the unavoidable error, which may arise, frequently will be 
as large as 1 unit in the last significant digit which we have agreed 
to specify, although the error is rarely larger. 


167. Interpolation in a four-place table. 

Example 1. Find log 13,86 by interpolation in Table II. 

Solution. 1. We notice that 13.80 < 13.86 < 13.90. Hence, by the 
pnnciple of proportional parts, we assume that, since 13.86 is of the way 
from 13.80 to 13.90, 

log 13.86 IS of the way from log 13.80 to log 13.90, or 
log 13.86 = log 13.80 -f- .OClog 13.90 - log 13.80). 

2. Each logarithm below has 1 for its characteristic, by Theorem II. 


From table: log 13.80 = 1.1399" 

log 13.86 = ? 31 

From table: log 13.90 = 1.1430_ 

log 13.86 = 1.1309 + .6(.0031) = 


Tabular difierence is 
.1430 - .1399 = .0031. 
.6(.0031) - .00186, or .0019. 

1.1399 + .0019 = 1.1418. 
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C(mme7U. We found .6(2 
e column of proportional 

Illustration 1. To find log .002914: 




r r2910: mantissa is A&ZQl ' 

Tabular difference is 

10 

^12914: mantissa is ? J 

15 .4654 - .4639 = .0015. 


2920 : mantissa is .4654 

I = .4(15) = 6. 


Hence, the mantissa for 2914 is .4639 + -0006 - .4645. 


Hence, by Theorem III, log .002914 = - 3 + .4645 = 7.4645 - 10. 
Example 2. Find N if log N = 1.6187. 

Solution. 1. The mantissa .6187 is not in Table II but Ues between the 
consecutive entries .6180 and .6191, the mantissas for 415 and 416. 

2. Since .6187 is of the way from .6180 to .6191, we assume that N is 
of the way from 41.50 to 41.60. 


11 


_ ri.0180 = log 41.501 ■ 
^Li. 6187 = logN J 
L 1.6191 = log 41.60 . 

N = 41.50 + A(.IO) 


.10 


41.60 - 41.50 = .10 
X = A(.IO) = .064, or 
approximately .06. 

= 41.50 + .06 = 41.56. 


Illustration 2. To find N if log N = 6.1053 10: 


34 


10 


■ r.l038, mantissa for 12701 ^ 

L.1053, manfea /or ? J 
.1072, mantoa /or 1280 J 
Hence, .1053 is the mantissa for 1274 and N -- .0001274. 


^ = .4. Hence, 
X = .4(10) = 4. 
1270 + 4 - 1274, 


l|^ = .4, and g = .5. 


Comment. We obtain U = -i by inspection of the tenths of 34 m the 
columns of proportional parts. We read 

13.6 = .4(34) or 

Since 15 is nearer to 13.6 than to 17, hence H is nearer to .4 than to .5. 

If = P(10*) where k is an integer and P is greater than or eq^ual 
to 1 but less than 10, then log P is the mantissa and k is the char- 

acteristic of log N. 

Illustration 3. If N - 1.352(108) then, by Property I, page 168, 
log AT = log 1.352 + log 10* = 0.1309 + 8 - 8.1309. 

If AT = 1.352(10^), then log AT = .1309 - 4 = 6.1309 - 10. 
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Illustration 4. If log N = 9.7419, and if we write N in the form 
P(10*), where 1 ^ P < 10, we observe that A: = 9 and log P = 0.7419; 

P = 5.520 and N = 5.520(10’*). 

This form shows explicitly that only four diyits are significant in the result. 


★168. Interpolation in a five-place table. 


Example 1. Find log 25.637 from a five-place table. 

Solution. By the principle of proportional parts, log 25.637 is ^ of the 
way from log 25.630 to log 25.640. 


From table: log 25.630 = 1.40875 

log 25.637 = ? 

From table: log 25.640 = 1. 40892 J 


Tabular difference is 
17 .40892 - .40875 = .00017. 

.7(17) = 11.9, or 12. 


^og 25.637 = 1,40875 + .7(.00017) = 1.40875 -f -00012 - 1.40887. 


Example 2, Find N if log N = 2.40971. 

Solution. The mantissa is .40971, which, numerically, is between the 
consecutive entries .40960 and .40976 in the five-place table; these man- 
tissas correspond to 2568 and 2569. Since .40971 is of the way from 
.40960 to .40976, we assume that the significant part of A*' is of the way 
from 25680 to 25690. 



~11 mantissa for 25680“! 

= .7, to nearest tenth. 

16 

L. 40971, mantissa for ? J ^ 

10 X = .7(10) = 7. 


.40976, mantissa for 25690 

25680 + 7 = 25687. 


Hence f .40971 is the mantissa for 25687 and N = 256.87. 


Note 1 . In interpolating in a table of mantissas, if there is equal reason 
for choosing either of two successive digits, for uniformity we agree to 
make that choice which gives an even digit in the last significant place of 
final result of the interpolation. 


EXERCISE 72 


Find the four-place logarithm of each number from Table II. 


1. 1826, 6. 35.94. 

2. 25.63. 6. 1.293. 

3. 532.2. 7. .3013. 

4. 12.67. 8. .4213. 


9. .5627. 

10. .03147. 

11. .01563. 

12. .001139. 


13. 90,090. 

14. 203,500. 
16. .001439. 
16. .05626. 


17. 1.233(10-0. 

18. 1.417(100. 

19. 3.126(100. 

20. 2.438(10-^). 


Find the antilogariihm of each four-place logarithm from Table II. 

21. 3.2367. 22. 7.1247 - 10. 23. 6.1640. 24. 8.9935 - 10. 
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26. 

3.1395. 

29. 

6.3350 - 

10. 

33. 

3.8862. 

37. 

5.9885 - 

10. 

26. 

2.9276. 

30. 

4.1436 - 

10. 

34. 

2.1952. 

38. 

8.3358 - 

20. 

27. 

1.6016. 

31. 

9.6715 - 

10. 

36. 

0.0130 

39. 

9.6270 - 

10. 

28. 

0.4906. 

32. 

8.0255 - 

10. 

36. 

5.5511. 

40. 

0.4228. 



★ Find the five-place logarithm of each number. 

41. 18,563. 46. .042087. 61. .75362. 66. 1,300,600. 

42. 25,632. 47. 4.7178. 52. 53.J.93. 67. 966,910. 

43. 5.3217. 48. 31.648. 63. .0040063. 68. .00041569. 

44. 21.285. 49. .073563. 64. .0062873. 69. .000000000061. 

46. .30129. 60. .89316. 65. .00078651. 60. 5,000,600,000. 

•kFind the antilogarithm of each five-place logarithm. 

61. 2.21388. 65. 9.65328 - 10. 69. 6.03271. 73. 9.00858 - 10. 

62. 3.21631. 66. 8.12277 - 10. 70. 5.45698. 74. 3.33412 - 10. 

63. 1.33740. 67. 7.94014 - 10. 71. 0.97036. 76. 6.24049 - 20. 

64. 2.05297. 68. 9.77817 - 10. 72. 0.28779. 76. 8.73168 - 20. 

169. Computation of products and quotients. Unless othenvise 
specified, we shall assume that the data of any given problem are 
exact. Under this assumption, the accuracy of a product, quotient, 
or power computed by use of logarithms depends on the number 
of places in the table being used. The result is frequently subject 
to an unavoidable error which usually is at most a few umts in the 
last significant place given by interpolation. Hence, usuaUy we 
must compute with at least five-place logarithms to obtam /w- 
place accuracyt with at least four-place logarithms to o ain 
three-place accuracy. As a general custom, in any result \\e s 
give all digits obtainable by interpolcUion in the specified table. 

Ex.<^mple 1. Compute .0631(7.208)(.5127) by use of Table II. 

Solution. Let P represent the product. By Property I, we obtein 
log P by adding the logarithms of the factors. We obtain the logarithms 
of the factors from Table II, add to obUin log P, and then finally obtain 
P from Table 11. The computing form, given in blackface type, was made 
up completely as the first step in the solution. 

log .0631 = 8.8000 - 10 (Table 11) 

log 7.208 = 0.8578 (Tab e H) 

log .6127 = 9.7099 - 10 (Table llj 

(add) log P = 19.3677 - 20 - 9.3677 - 10. 

Hence, P = .2332. [= antUog (9.3677 - 10), Table II] 
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Example 2. Compute a = ^ ^ 

7880 X 253.6 

SoLtmoN. First make a computing form, as given in blackface type. 
Ry Property II, log q = {log of numerator) - {log of denominator). 

3.8965 
2.4041 
6.3006. 


-) log deno m. = 6.3006 = 6.3006 

log 9 = ? = 7.0259 - 10. Hence, q = .001061. 

Cement. We foresaw that log q would be negative. To obtain log q 
m the standard form, we added 10 to 3.3265 and then subtracted 10. When 
it is nec^ry to subtract one logarithm from a smaller one, increase the 
characteristic of the smaller one by 10 and then subtract 10, to compensate. 

Example 3. Compute the reciprocal of 189 by use of Table II. 

Solution, Let 12 = — ■ ^ == *^ 0000 = 10.0000 - 10 

^ _ 189 (-) log 189 = 2.2765 = 2.2765 

Hence, R = .005290. •« log 1? = ? = 7.7235 - 10. 

Comment. In stating R = .005290, the final zero is essential. 

_ Note 1. Before finding the /owr-place log W if N has more than four 
significant digits, round off N to four significant digits. Similarly, round 
off N Uifive significant digits if the ^rc-place log N is to be used. 




EXERCISE 73 


Compute by use of four-place or five-place logarithms. 

1- 31.57 X .789. 3. .8475 X .0937. 6. 925.618 X .000217. 

2. 925.6 X .137. 4. .0179 X .35641. 6. 3.41379 X .0142. 


7. (- 84.75) (.00368) (.02458). 8. (- 16.8)(136.943)(.00038). 

Hint. Only positive numbers have real logarithms. First compute as if 
all factors were positive; then determine the sign by inspection. 


9. 

675 

13.21' 


11. 

728.72 

895 

13. 

.0894 

.6358 

10. 

568.5 

23.14' 


12. 

753.166 

9273.8 

14. 

.0421 

.53908 

17. 

16.083 

X 256 


1 o 

9.32 X 531 


47 X 

.0158 



.8319 X .5685 

• 

18. 

:42173 X .217 
.3852 X .956 


20. 

5.4171 X .429 
18.1167 X 37 

* 


15 

325.932 

16 ^ 
100,935 

1 

.53819 X .0673' 

22 1 

.00073 X .965' 
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«« (- .29)(.038)(- .0065) o>i (5.6) (- 3.9078) (- .00031) 

(- 1006.332) (2.7ir ' (132)(- 1.93) 


Compute ike reciprocal of the number, 

26. 63283. 26. .00382. 27. .02567. 28. .0683(.52831). 

29. (a) Compute 652(735); (6) compute (log 652)(log 735). 

30. (a) Compute C063) (.952); (6) compute (log .063) (log .952). 

31. (a) Compute .351 625; (6) compute (log .351) Gog 625). 


★170. Cologarithms.* The logarithm of the reciprocal of iV is 
called the cologarithm of N and is written colog N, Since log 1 = 0, 

colog N = log ^ = 0 — log N. ( 1 ) 

1 log 1 = 10.0000 - 10 

Illustration 1. Colog .031 = log ^ 8.49 14 - 10 

colog .031 = 1.5086. 


The positive part of colog N can be quickly obtained by inspec- 
tion of log N : suhirad each digit (except the last) in the positive part 
of log N from 9, and subtract the last digit from 10. 


Example 1. Compute q = ^ -O llf cologarithms. 

Solution. To diiride by N is the same as to multiply by 1/N, Hence, 
instead of subtracting the logarithm of each factor of the denominator, we 

add the cologarithm of the factor: 

9 = 256) (^)(;^)- 


log 47 
log .0158 


log 16.08 
log 266 

1.6721; hence, colog 47 

8.1987 — 10; hence, colog .0168 
q = 5542. <— 


1.2063 

2.4082 

8.3279 

1.8013 


- 10 


(add) log g ~ 13.74^ — 10 — 3.7437. 


171. Computation of powers and roots. 


EXAilPLE 1. 
Solution. 


Compute (.3156)^. 

log (.3166)* = 4 log (.3166) = 4(9.4991 - 10). 
log Ul66)* = 37.9964 - 40 = 7.9964 - 10. 


Therefore, (.3166)* = .009918. 

• The instructor may desire to specify the use of cologarithms occasionally. 
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Example 2. Compute -v^.OSSSl. 

SoLXjTiON. By equation 4, page 169, log "WV = J log iV. 

log = 126. -08361 ^ 8.9218 - 10 . 

6 6 * 

log = 58-9218 - 60 ^ g ^^03 - 10. 

Therefore, v^.08361 == .6611. 



Comment. Before dividing a negative logarithm by a positive integer, 
usually it is best to write the logarithm in such a way that the negative part, 
after division, will be - 10. Thus, in (1), we altered (8.9218 - 10) by 
subtracting 50 from - 10 to make it - 60, and by adding 50 to 8.9218 to 
compensate for the subtraction; the result after division by 6 is in the 
standard form for a negative logarithm. 


Example 3. Compute a = ( \^ , 

\65.3Vl46/ 

SoLTJTiON. 1. Let F represent the fraction. Then log $ = f log F. 
2. Notice that log (.5831)^ = 3 log .5831; log VUG = ^ log 146. 


log .6831 = 9.7658 - 10 

log 146 = 2.1644 

^og .6831 = 9.2974 - 10 '' 

(^) log denom. = 2.8971 

log F = 6.4003 - 10; 2 log P 


, . r log 66.3 = 1.8149 

I ^ log 146 = 1.0822 

log denom. = 2.8971. 
2.8006 - 10 = 42.8006 - 50. 


logg = M 


42.8006 - 50 
5 


= 8.5601 - 10. 


Hence, q = .03632. 


EXERCISE 74 


Compute by 

use of four-place or five-place logarithms, as 

the instructor directs. 

1. (17.5)=. 

7. =y.857. 

13. (700,928) i. 

19. (357)i 

2. (3.1279)*. 

8. \/.03107. 

14. 1.045. 

20. (- .00831)3. 

3. (.837)=. 

9. (1.04)^ 

16. \^0001. 

21. (143.54)i. 

4. (.0315)=. 

10. (lO.OOO)i 

16. .00001. 

22. V\7.847. 

6. Vl.09. 

11. (.0797)i 

17. (- 1.03)i. 

23. (- .0057) t. 

6. =J'2795. 

12. (.0138273)i 

18. (- 1796)i. 

24. (157)-=. 

Hint for Problem 24. Recall that (157)“^ = 1/(157^) 

• 

26. (13.67)^. 

27. (.98)’^. 

29. (1.03)-^ 

31. (1.04)>» 

26. (3.035)-*. 

28. (.831447)-^ 

30. (1.05)-«. 

32. (1.041-“ 
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Note 1. Give the seven-place log 1.04 = 0.0170333, compute the results 
in Problems 31 and 32 and compare with the former answers. The new 
results are more accurate (see the Answer Book). 


Compute by use of four-place or five-place logarithms. 

33 958(12.167)^. 34. 10^*®^V8.265. 36. 10^’“ V .88147. 36. (25.3)*V.093. 


_ 56.3 X 4.317 

37 — ■ — * 

■ 21.4V521.923 

_ (25.73)(152)^ 
1893.32 



.0198 

(3.82616)^' 



758.32 

( 46 . 3 ;^’ 




89.1 

163 X .62* 


3 47.5317 

V.031 X .964* 



10-.36V.78 

(.983174)V 



io->«v^ 

(57) (8.64)= ' 



V- 463.19 
V16.3144 


46 


3/(-316)(.198) 
• V ,756392 




/54.2vT^'\i 
.157386 / ■ 

/ 5731.84 

ll4.2V:8^/ 


Note 2. Observe that no property of logarithms is available to simplify 
the computation of a sum. In the following problems, logarithms should be 

used wherever possible. 


(35.6)= + 89.532 
V^ -h 2.513 

V 45 - 364.1 
(.9873)=+ 16.3* 


V^ - V 134.91 
453 X .110173 

( 1 . 03 ) ^ + 1 . 

(1.03) ^ + 1 


65. (2.67)^ ®=. 66. (53.17) ■«. 67. (59.2)--« 


63 

log 53.8 

log 567 - 20 
^ log 235 

68. (.065) “=. 


Hint for Problem 57. - .43 log 59.2 = - .7621 - 9.23/9 10. 

59. Compute (a) (antilog 2.6731)=; (5) [antilog (- 1.4973)J. 

Dkfinition I. The geometric mean of n numbers is 
root of the product of the numbers. Thus, the geometric mean of N, t', V, 

and R is \'MNPQR. 


In each problem, find the geometric mean of the given numbers. 

60. 138; 395; 426; 537; 612. 61. .00138; .19276; .08356; .0131- 

If a, 6, and c are the three sides of a triangle, it is proved in trigonometry 
that A, the area of the triangle, is given by 

A = VS{S - a){S - 6) (5 -"c), where S = i(a + ^ + ^)* 


Find the area of a triangle whose sides are as follows. 

62. 375.40; 141.37; 451.20. 63. .089312; .0739168; .024853. 

64. Given that wi, uj, Uz, • - are positive and that (ui, « 2 , ua, ■ • -) form 
a G.P., prove that (log ui, log us, log ua, - • •) form an A.P. 
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The time t in seconds for one oscillation of a simple pendulum whose Isngih 
is I centimeters, is given by the formula 



{g = 980; tt = 3.1416) 


66. (a) Find the time for one oscillation of a simple pendulum .985 centi- 
meters long. (6) Find I if the time for one oscillation is 3.75 seconds. 


66. Let d be the diameter in inches of a short solid circular steel shaft 
which is designed to transmit safely II horsepower when revolving at R 
revolutions per minute. A safe value for d is 



Find the number of horsepower which can be safely transmitted at 1150 
revolutions per minute if d = 1.9834. 

67. The weight w, in pounds of steam per second, which will flow through 
a hole whose cross-section area is A square inches, if the steam approaches 
the hole under a pressure of P pounds per square inch, is approximately 
w = ,0\Q5AP ^\ (It is assumed that the steam flows into a reservoir where 
the pressure is ^ fP.) How much steam at a pressure of 83.85 pounds per 
square inch will flow through a hole 12.369 inches in diameter? 

68. If a volume of air at a pressure pi is compressed to a volume v -2 
at a pressure p 2 , without losing any of the heat thus generated, then 



Under this condition, find the pressure necessary to compress 117 cubic feet 
of air at a pressure of 25.8 pounds per square inch to 26 cubic feet. 


★172. Exponential and logarithmic equations. A logarithmic 
equation is one in which there appears the logarithm of some ex- 
pression involving the unknown quantity. 

2x 

Example 1. Solve for x: log x + log — = 6. 

D 

Solution. By use of Properties I and II of page 168, 

log X -h log 2 + log X — log 5 = 6. 

2 log X = 6 -f- log 5 - log 2 = 6.3980. (Table II) 

log X = 3.1990; x = antilog 3.1990 = 1581. (Table II) 

An equation where the unknown quantity appears in an exponent 
is called an exponential equation. Sometimes, an exponential equa- 
tion can be solved by taking the logarithm of each member and 
equating results. 
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X 


Example 2. Solve 16* = 74. 

Solution. Equate the logarithms of the two sides: 

log 1.869 = 0.2716 
log 74 1.8692 (-) log 1-204 = 0.0806 

" iogl6 "■ 1.2041' log X = 0.1910; 


X log 16 = log 74; 


hence x = 1.652. 


★EXERCISE 75 

Solve far x hy use of four-place or five-place logarithTUs. 

1. 12* = 28. 4. 15^* = 85(3*). 7. 27** = 54. 10. 6.52* = 38.683. 

2. 51* = 569. 6. .67* = 8. 8. (1.03)“* = .587. 11. 6*"^ = 18. 

3. 52 * = 28(2*). 6 . .093* = 12. 9. (1.04)^ = .642. 12. 5**+^ = 17.64. 


13. log X* - log y = 8.43. 

16. = 6.3282. 

.05 


14. log 5x2 log _ _ 5.673. 

X 

16. = 12.675. 


17. The vapor pressure p, in millimeters of mercury, of liquid arsenic 
trioxide is given * by T log p = - 2722 + 6.513T, where Cent.gmde .s 
the absolute temperature (absolute zero is — 273 Centigrade). ( 

the pressure when T = 500°. (6) Find T if p is 120 milbmeters? 

18. A given radioactive substance decomposes at such a rate that, i 
B is the initial number of atoms of the substance and ^ is *e numbe 
remaining at the end of f hours, then N = Be-“, where * is a con tent and 

e = 2.71828 ■ • Given that, out of 21,000 atoms, 14,500 remain at the 
end of i hour, (a) find (6) find when only i of the atoms will remam. 

19. The intensity, I, of a beam of after pacing through 1 cenh- 

meters of a liquid which absorbs light, is given by / . 

the intensity of the light when it enters the hqui , e . ntimetets 

is a constant for any given liquid. If i = -12526, find how ”^7 
of the liquid are sufficient (a) to reduce the intensity of a beam to i 
original value; (6) to absorb 10% of the intensity. 

★173. Logarithms where the base is not 10. If Af and b are 
given and if X = log. N, we can find x by solvmg AT - b* for x y 

use of common logarithms. 

Note 1 . Recall that the base of the natural system of logarithms is 
e = 2.71828, approximately. The following logarithms are useful. 

logio e = 0.43429; logio .43429 = 9.63778 - 10. 

* See Farrington Daniels’ Mathemalical PrepaTolion for Physical CAmWry, 
page 68. McGraw-Hill Book Company. 
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Illustration 1. To find log, 35, let x - log, 35; then e* = 35. On solv- 
ing by the method of Section 172, we find 

X logic e = logic 35; x = = 3.555. (Table 11) 

Theorem I. If a and b are any two bases, then 

log. AT ^ (log.6)(log,A0. (1) 

Proof. Let y - log6 N ; then N - h^. Hence, 

log. N = log. bv = 2/ log<i ^ = Goga &)(Iogb A^). 

The number log. b is called the modulus of the system of base a 
with respect to the system of base b. Given a table of logarithms 
to the base b, we could form a table of logarithms to the base a by 
multiplying each entry of the given table by the modulus, log. b. 

★EXERCISE 76 

Find each logarithm by use of four-place or five-place common logarithms. 

1. log, 75. 3. logis 33. 6. log, 10. 7. logs .097. 9. log a 23.8. 

2. log, 1360. 4. logi 2 1000. 6. loge 1.05. 8. log, .001. 10. log e 185. 

11. Find the natural logarithm of (a) 4368.1; (b) 4.3681. 

Comment on Problem 11. It is found that if two numbers differ only in 
the position of the decimal point, their natural logarithms do not differ by an 
integer. This fact, as compared to Theorem I, page 171, causes us to prefer 
common logarithms for aid in computation. 

12. Find the modulus of each system with respect to the other: the Briggs 
system and the natural system of logarithms. 

13. Prove that loga b = l/Iogt a. State this result in words. 

★174. Graphs of logarithmic and exponential functions. We 
recall that y = loga x and x = are equivalent relations. We call 
loga X a logarithmic function of 
X and o*' an exponential func- 
tion of y. 

Illustration 1. In Figure 27, 
we have the graph ot y = log, x. 

For any base a > 1, the graph of 
loga X would be similar. This 
graph assists us in remembering 
the following facts. 



Fig. 27 
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I. If X is negative j loga x is not defined. 

II. IfO<x< 1, loga X is negative^ and logo 1 = 0. 

III. If X increases without limit, logo x increases without limit; 

if x ap-proaches zero, logo x decreases without limit. 

Since y = logo x is equivalent to a: = a*', these equations have the 
same graph. Thus, in Figure 27 we have a graph of a: = e^. 

Illustration 2. To graph y = log 2 x, we could more easily work with 
X = 2*'; on assigning suitable values to y we could compute the correspond- 
ing values of x and then form the graph. 

Illustration 3. To graph y = lO'T, we would assign values to x and 
compute y. Thus, if x = 3, then y = 10 ^ hence, 

logio y = - 2.25 = 7.7500 - 10; from Table II, y = .0056. 

EXERCISE 77 

1. Graph y = logw x for 0 < x ^ 30. From the graph, read the value of 
10^-=>; 10-®; 10-3. 

2. Graph t/ = 2* from x = - 6tox = 4. From the graph, read loga 6; 
log 2 10; logs .8. 

Graph from x = - 5tox = 5, using several values of x near to x = 0 in 
the table of values. 

3. y = 10“**. 4. y = 10"3. 6. y = e 2 . 6-1/ =3“**. 

7. (a) Draw a graph of y = log .5 x by graphing x = .5>'. (6) State facts 
similar to I, II, and III, above, about loga x in case a < 1. 

★176. A logarithmic scale. In Figure 28, after selecting a unit 
of length. HK, we lay off a uniform scale on the upper side of the 
line. On the lower scale, we place each value of x below that value 
of X which equals log x (meaning logio x). That is, a value of X, 
above, and of x, below, satisfy X — log x. 


B (unit of length) K 



Fio. 28 

Illustration 1. Since log 1 = 0, hence x = 1 is below X = 0. Since 
log 40 = 1.6, appro.ximately, hence x = 40 is below X — 1.6. 



COMPUTATION AND LOGARITHMS 


187 


If we blot out the upper scale in Figure 28, we obtain Figure 29, 
called a logarithmic scale. On a log x scale, if the unit of length 
is properly chosen, the distance from a: = 1 to x- N equals log N. 
Since N has no real logarithna if iV ^0, negative numbers and 
zero do not appear on a logarithmic scale. 

H {unit of lengih) K 

' I I I 1 1 1 1 1 1 — I I I 1 1 1 1 1 — i — I I I I M I \ — 

.4 .5 .e .8 t 2 3 4 S 6 8 10 20 30 40 60 80 100 200 300 ^ 

Fia. 29 

Note 1. Recall that, if h is any specified base for a system of logarithms, 
then logio N = (logic 6) (log*, A^). Hence, if the distance from x = 1 to 
I = 6 on the scale in Figure 29 is selected as the positive unit of length, 
then the distance from x = 1 to x = on the scale equals logt N. Thus, 
a logarithmic scale made by use of any specified system of logarithms may 
be used as the logarithmic scale with any other system. 

★176. Semilogarithmic coordinates. In Figure 30 there is a 
logarithmic scale on the vertical axis and a uniform scale on the 
horizontal axis. To every point P in 
the plane of these axes, there corre- 
spond two numbers (x, y) which we 
call the semilogarithmic coordinates of 
P. The x-coordinate, or horizontal co- 
ordinate, is defined as for rectangular 
coordinates. The vertical or logarith- 
mic coordinate of P is the value of y on 
the logarithmic scale at the foot of the 
perpendicular to it from P. 

Now consider the vertical axis in 
Figure 30 as the F-axis of an (x, Y) sys- 
tem of rectangular coordinates, where 
Y = log y; we have Y = 0 where i/ = 1, 
and y = 1 where y = 10. Then, to plot 
a point P whose rectangular coordinates are (x, Y) we plot the point 
whose semilogarithmic coordinates are (x, y) ; the distance of P from the 
x-axis is log y. 

Illustration 1. In Figure 30, the semilogarithmic coordinates of S are 
(x = 0, 1 / = 6) ; the distance of 5 above the x-axis is log 6. 

Illustration 2. To plot P with (x = 3.5, Y = log 7.5) as the rectangu- 
lar coordinates, we plot the point whose semilogarithmic coordinates are 
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(3.5, 7.5). In this act, we do not need to find log 7.5 from a table because the 
gradations on the vertical scale show the value of log 7.5. 

Note 1. Semilogarithmic coordinates, when used with properly prepared 
coordinate paper, are designed to aid in graphing points in a rectangular 
system where one coordinate is most conveniently described as a logarithm. 
The logarithmic scale on the paper makes it unnecessary to employ a table 
of logarithms in finding the coordinate referred to. 

★177. Semilogarithmic graphs. Let (x, y) be a solution of 
F(x, y) = 0, where 2/ > 0. Then, vnth the aid of semilogarithmic 
coordinate paper we can plot the point whose rectangular coordi- 
nates are (x, log y ) ; the locus of all such points ^vill be called the 
(x, log y)-graph of F{Xy y) = 0. 

Example 1. Draw the (x, log y)-graph of y = 6(2'). 

Solution. If x = 0, y = 6. If x = — 1, y = 6(2"*) = 6(i) = 3. If 
X = 4, y = 96. In Figure 30, RST is the desired graph: 

R- (x = - 1, y = 3); 5: (x = 0, y = 6); T: (x = 4, y = 96). 

Let f{x) be any positive function of x. Then, the locus of all 
points whose rectangular coordinates are [x, log /(x)], or whose 
semilogarithmic coordinates are [x, f{x)2, will be called the semi- 
logarithmic graph of /(x). This graph is the same as the (x, log y)- 
graph of the equation y = /(x). 

Illustration 1, In Figure 30, RST is the semilogarithmic graph of the 
function 6(2*). 

Theorem L If a, b, and c are constants, with a > 0 and h > 0 , 
the semilogarithmic graph of ab‘* is a straight line. 

Proof. If we let y = ab", then log y = \oga + cx log b. K we let 

T = log y, A = log a, and c log b, 

then Y ^ A+Bx. Smce this equation is linear in x and 7, its graph 
in (x, 7) rectangular coordinates is a straight line. 

Note 1. When the (x, log y)-graph of F(x, y) = 0 is simple in character, 
we may desire to use it in place of the ordinary graph of the equation. 

Note 2. If a < 0 and 6 > 0 in y = 06*, then y < 0 for all values of x; 
hence, y = a6* has no (x, log y)-graph because a negative number h^ 
no real logarithm. In such a case, we can let y = - « and thus obtam 
z = — a6*; then, w'e may draw the (x, log z)-graph of this equation. 



COMPUTATION AND LOGARITHMS 


189 


Let y - /(x) and z = g{x) be two positive functions of x, and let 
the semilogarithmic graphs of/(x) and g{x) be drawn on the same co- 
ordinate system. For any value of x, let P be the point on the 
(x, log 2/)-graph and Q the point on the (x, log 2)-graph. Then, if 
the x-axis passes through the unit point, 1 , on the logarithmic scale, 
the perpendicular distance 

jrom the x-axis to P is log y; 

from the x-axis to Q is log z. 

V 

Hence, the distance QP is (log y — log z ) , or log - • 

z 

, 

Thus, an increase in the distance QP as we pass along the graphs 
indicates an increase in the size of y as compared to z. The semi- 
logarithmic graphs of /(x) and 9(x)are parallel curves^ or QP remains 
constant, when and only when /(x)/^(x) is a constant, that is, when 
/(x) is proportional to g{x). 

Illustration 2. In Figure 30, the semilogarithmic graph of ?/ = 6(2*) 
is RST and of 2 = 18(2*) is VVW. We observe that 2 = 3^, or 3 = -» and 
that the graphs are parallel lines. 


★EXERCISE 78* 

1 . Construct a logarithmic scale, like Figure 29, five inches long, on 
which I runs from .01 to 100. Use Table II. 

2 . Plot (0, 10), (5, 30) and (10, 90) on an (x, y) system of rectangular 
coordinates and also on an (x, log y) system. Notice that in one case the 
points fall on a straigiit line. 

Draw the (x, log yhgraph, from x = - 2 to x = 2 if possible on the co- 
ordinate paper. In problems 3 and 4, also draw the ordinary graph. 

3. y = 10*. 4. y = c*. 5. y = 10"^. 6. y = 2(5*). 7. y = 6(5*). 

8. y = 3(10"»*). 9. y = 10**. 10. y = 2e-**. 11. y = 

12 . Draw the (x, log y)-graph of y = 10**“^ from x = - 1 to x = 3. 

• Four-cycle semilog paper is desirable. On a log scale on the paper, the 
“1” at the lower (or left) end of the scale may be marked as any convenient power 
of 10, and the other numbers on the scale are then altered correspondingly. 
Thus, if the log scale appears on the coordinate paper as shown by the upper 
numbers on the following scale, we might alter them as given below the line: 
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13. In the formula of compound interest, F = P(1 + r)*, let P = 100 
and r = .04 and draw the (k, log P)-graph. 

14. In Problem 19, page 184, let y = I/A and draw the ft log 2 /)-graph. 
Then, use this graph to solve Problem 19 graphically. 

15. What fact is true about f{x) and g{x) if there is a constant vertical 
distance between corresponding points on their graphs on the same system 
of rectangular coordinates? (Compare with Section 177.) 

16. The table shows the world production, w, and the United States 
production, y, of petroleum in 1,000,000’s of barrels for various y^rs. Plot 
the {i, log y)- and the ((, log uj)-graphs on one semilogarithmic system. 
From the graphs, read various facts about the ratio y:w. 


y 

356 ' 

472 

714 

901 

906 

997 

1265 

1353 

w 

503 

766 

1014 

1252 

1442 

1643 

2085 

2142 

Year (0 

1918 

'21 

'24 

'27 

'33 

'35 

'39 

'40 

• • 

17. The table gives the United States production (y) of cigar 
billions for various years. Plot the ((, log y)-graph and, from it, estir 
production in 1930 and 1944. 

■ettes in 
nate the 

Year (0 

1934 

'35 

’36 

’37 ’38 '39 ’40 

'41 

'42 

y 

130 

140 

159 

170 172 181 189 

218 

258 


★178. Logarithmic coordinates. In Figure 31, each axis is sup^ 
plied with a logarithmic scale. To each point P there correspond 
two numbers {x, y) which we call the logarithmic coordinates, or, 



Fio. 31 
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for short, the log-log coordinates of P. The log-log coordinates of 
P are the values of x and y on the axes at the feet of the perpendicu- 
lars to the axes from P. 

Let us also consider the axes in Figure 31 as those of an (X, Y) 
system of rectarigular coordinates with the origin at (x = 1, y = 1) 
and with (X = log x, F = log y). To plot the point whose rectangular 
coordinates are (log x, log y), we plot the point whose log-log co- 
ordinates are (x, y). 

Illustration 1. In Figure 31, the log-log coordinates of P are (50, 40) 
and the related rectangular coordinates are (log 50, log 40). 

The locus of all points whose log-log coordinates (x, y) form a 
solution of P(x, y) = 0 will be called the (log x, log i/)-graph of 
y) ~ 0. The locus of all points whose log-log coordinates are 
[x, /(x)] will be called the logarithmic graph of the function /(x); 
this graph is the same as the (log x, log 2 /)-graph of the equation 
l/-/(x). 

Note 1. Since N has no logarithm if N ^0, both x and y must be positive 
in a (log X, log y)-graph. 

Example 1. Obtain the (log x, log ^)-graph of ^ = 25x-^^. 

Solution. If x = 1, then y = 25. If x = 10, then y = 25(10 “®-) and 

log y = log 25 + .3602 = 1.7581; 
hence y — antilog 1.7581 = 57. 

If X = 100, we obtain y = 131. In Figure 31 we plot the points 

R: (x - 1, y = 25); S: (x = 10, y = 57); T: (x = 100, y = 131). 

The straight line RST is the desired (log x, log J/)-graph. 

Theorem I. If a and h are constants and if a is positive, then the 
(log X, log y)-graph of y = ax^ is a straight line. 

Note 2. The student should prove Theorem I. 

★EXERCISE 79 

Use log-log coordinate paper. 

1. Plot (1, 2), (2, 16), and (4, 128) on an (x, y) system of rectangular 
coordinates. Also, plot these pairs (x, y) on a (log x, log y) system. Notice 
that in one case the points lie on a straight line. 

Plot the (log X, log y)-graph of each equation. 

2, y — x^. 2. y ~ Sx®. 4. t/ = 10x~^ 6. y = 2x~^ 6. y = 5(x* “^). 
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Permutations and Combinations 


179. Fundamental principle. If one act can be ’performed in h 
different ways and if, after its performance, a second act can be per- 
formed in k different ways, then the two acts can be done in the stated 

order in hk different ways. 

Proof. For each way* of doing the first act there are k ways of 
doing the two acts in the stated order. Hence, since there are 
h ways of doing the first act, there are hk ways of doing the two 

acts in the stated order. 

Illustration 1. If there are 5 ways of going from A to B and 4 ways of 
going from B to C, then we can go from A to B to C in 5 • 4 or 20 ways. 


Two or more acts are said to be independent if the performawe 
of any one does not affect the performance of the other acts. 1 he 
order of the performance of independent acts is immatenal and hence 
we can restate the fundamental principle as follows: if me act 
can be performed in h ways and a second independent act in k ways, 

then the two can be done together in hk ways. 

An evident extension of the principle holds for three or more acts. 

Note 1 . In this chapter, unless otherwise specified, the word number wUl 
mean a positive integer. 


Example 1. How many numbers of three different digits each can be 
formed from the digits 1, 2, 3, 5, 8, and 9? 

Solution. We can choose any one of the six digits for the units pl^. 
then any one of the five remaining digits for the 
tens’ place, and then any one of the four remain- 


(4) 


( 5 ) 


(6) 


xens place, ana tnen any uuc ..x.- ^ c too HJfferent 

ing digits for the hundreds’ place. Hence, we can form 6 ■ 5 • 4 or 120 differe 

numbers of the specified kind. 


Example 2. How many numbers of four different ^gits 
formed from the digits 1, 2, 3, 4, 5, 6, and 8, if each number is to begm an 

end with an odd digit? 


* In referring to “ways” we shall mean different ways. 
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Solution. We can choose any one of the three digits (1, 3, 6) for the 
thousands’ place, then any one of the two 
remaining odd digits for the units’ place, 
then any one of the five remaining digits for the hundreds’ place, etc. Hence, 
we can form 3-5*4-2 or 120 different numbers of the specified kind. 

Example 3. In how many ways can 3 men be assigned consecutive 
seats in a row of 7 seats? 

Solution. 1. We can select 3 consecutive seats in any one of 6 yf&ys 
(think first of the three being at the left end, and then move from this 
position to the right end one seat at a time, in 4 steps). 

2. After any choice of the 3 consecutive seats, the 3 men can be assigned 
places in these seats in 3- 2 - 1 or 6 ways. 

3. By the fundamental principle, Steps 1 and 2 can be performed in 
5-6 ways. Hence, the men can be seated in 30 ways. 

180. Permutations. We can think of any set of things as being 
arranged in a set of numbered places; for instance, in places num- 
bered 1, 2, 3, • • •. Any such ordered arrangement of any part of a 
set of things is called a permutation of them. If r of the things 
occur in the arrangement, it is called a permutation of the tilings 
taken r at a time. 

Illustration 1. The permutations of the letters o, b, and c, taken two 
at a time, are a6, 6a, ac, ca, be, and c6: their permutations, taken three at a 
time, are a6c, acb, bac, bca, cab, and cba. 

Example 1. Find the number of permutations of 7 different things taken 
3 at a time. 

Solution. In forming permutations, we can fill the first place in 7 ways, 
then the second place with any one of the 6 things remaining after the first 
place is filled, and finally the last place in 5 ways. Hence, there are 7-6-5 
or 210 permutations of the specified kind. 
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1. How many numbers of four different digits each can be formed from 
the digits 2, 5, 6, 7, 1, and 8? 


2. In how many ways can 3 positions be filled by selections from 
15 people? 

3. If 5 coins are tossed together, in how many ways can they fall? 

4. A girl has invited 6 friends to a dinner party. After locating herself 
at the table, in how many ways can she arrange her friends in the remaining 


seats? 
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6. There are 4 applicants for 3 different positions. In how many ways 
can the positions be filled? 

6. Two cubical dice are tossed together. In how many ways can they 
fall? 

7. How many permutations are there of the letters i, y, z, and w, taken 
three at a time? Write out the permutations. 

8. How many permutations are there of the digits 1, 2, 3, 4, and 5, taken 
three at a time? W’rite out these permutations. 

9. How many permutations are there of the letters in the word hotelf 
(o) taken five at a time; (6) taken three at a time? 

10. Find the number of permutations of n different things taken three 
at a time. 

11. In how many ways can a teacher seat 6 pupils if 8 seats are available? 

12. In how many w'ays can 3 men take up quarters in a city where there 
are 5 hotels available? 

« 13. In how many ways can a man distribute a nickel, a dime, and a 
quarter among 6 boys? 

' 14. From the digits 1, 2, 3, 4, 5, 6, 7, 8, and 9, we shall form all possible 
numbers of four different digits each, (a) How many numbers do we form? 
(b) How many of these numbers are divisible by 5? (c) How many are odd? 
(cO How many both begin and end vs*ith an odd digit? 

16. From the letters of the word fancies, we shall form all possible per- 
mutations of 5 letters each. (1) How many permutations do we form? 
(2) How many begin and end with a vowel? (3) How many have s or c m 
the middle? ■ (4) How many end with a consonant? 

16. How many distinct license plates for automobiles can be made up if 
each plate label consists of a capital Roman letter followed by a number, 
not zero, less than 1,000,000? 

17. How many numbers of five different digits each can be formed from 
the digits 0, 2, 3, 4, 5, and 7? 

18. How many numbers greater than 4000, of four different digits each, 
can be formed from the digits 0, 3, 6, 7, 4, and 2? 

19. In how many ways can 7 different books be placed in a row on a shelf 
in case neither of 2 particular books is to be at either end? 

20. How many numbers can be formed by use of the digits 1, 2, 3, and 5, 
if no digit is used more than once in a number? 

21. In how many ways can a teacher seat 4 boys and 3 girls in a row 
of 7 seats, if the boys and girls are to alternate? 

22. In how many wa}^ can 2 people take places in consecutive seats in a 
row of 8 seats? 
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23. In how many ways can a certain 4 men be assigned positions in the 
batting order for a baseball nine, if they are to occupy consecutive positions? 

24. How many numbers of five different digits each can be formed from 
the digits 1, 2, 3, 4, 5, 6 , and 7, if odd digits are to stand at each end and 
in the middle? 

25. In how many ways can 3 individuals be assigned consecutive positions 
in a receiving line of 12 people? 

26. How many numbers greater than 53,000 can be made from the dipts 
2, 3, 4, 5, 6 , and 7, without repeating digits in any number? 

27. A motor bus has 5 seats vacant on each side. In how many ways 
can 7 persons A, B, C, D, E, F, and G be seated, with A, B, and C on the 
right and the others on the left side? 

28. In how' many ways can 5 people be seated in a row of 5 seats if a 
certain 2 people are not to sit at either end? 

29. By use of (1, 2, 3, 4, 5, 6 ), how many numbers of five different digits 
each can be formed in wiiich odd and even digits alternate? 

181. Fonnulas for permutations of different things. Let the 
symbol nPr represent the number of permutations of n different 
things taken r at a time. 

Illustration 1. We read “&P 3 ” as the number of permutations of five 
things taken three at a time. 

Theorem I. The number of permutations of n different things 
taken r at a time is n{n — l)(n — 2 ) • • • (n — r + 1 ) : 

„P, = n(n-l)(n- 2 )...(n-r+l). ( 1 ) 

Proof. In any permutation, we can fill the first place by any 
of the n things, then the second place by any of the (n - 1 ) things 
remaining after the first place is filled, then the third place by any 
of the (n — 2 ) things remaining, • • ■ , finallj' the rth place by any 
of the [n - (r - 1 )] things remaining after the (r - l)th place is 
filled. Hence, by the fundamental principle, all r places in a permu- 
tation of the n things, taken r at a time, can be filled in 

n(n - l)(n - 2 ) • - • (n - r -f- 1 ) different ways. 

Corollary 1. The number of permutations of n different things, 
taken n at a time, is n !. 

Proof. We place r = n in (1) and obtain 

/>„ = n(n - l)(n - 2 )- • - S ^ l = n !. 

Illustration 2. iPt = 7'6-5-4 = 840; nPz - n(n — l)(n — 2). 


( 2 ) 
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Note 1. Whenever convenient, the student should find the number of 
permutations by direct application of the fundamental principle, as in the 
preceding exercise. However, after the principle is thoroughly appreciated, 
it is frequently desirable to employ the formulas which we have just derived, 
particularly formula 2. 

Example 1. In how many different orders can 7 people take seats at a 
round table? 

Solution. The positions of any six may be thought of with reference to 
the seventh person, whom we may consider fixed in position. Hence, the 
seven can be seated in &p6, or 6 ! different orders. 

Note 2. In the preceding example, we dealt with cyclical permutations 
(arrangements in a nng). In contrast, ordinary permutations can be thought 
of as arrangements in a straight line, or linear permutations. The number of 
cyclical permutations in Example 1 is 6 !, whereas the number of liMar 
permutations of 7 people, taken 7 at a time, is 7 !. 

182. Permutations of things not all different. It is easily seen 
that there are fewer permutations of like things than of unlike 
things. For instance, there are 6 permutations of (a, b, c) taken 
all at a time, whereas the only permutation of the three letters 
(a, a, a), taken all at a time, is aoa. 

Example 1. Find the number of permutations of (o, a, a, b, c) taken five 
at a time. 

Solution. 1. Let P be the desired number of permutations. 

2. Consider (o., a,, a„ b, c) where all letters are different; their number of 
permutations taken five at a time is 5 !. We can obtain these as o ows. 

I. lake in turn each distinct permutation of (a, a,, a, b, c), and 

II. replace the a's in all possible ways by (fli, U 2 , Oa). 

We can perform (I) in P ways, (II) in 3 ! ways, and hence (I) and (II) in 
P(3 !) ways. Therefore, 

P(3 1) = 5 !, or P = |-| = 20. 

Theorem I. If P represents the number of distinct permuiatio^ 
of n things taken all at a time when, of the n things, there are u alike, 

V others alike, w others alike, etc., then 
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Proof, 1. For concreteness, let the n things consist of u like 
things represented by a’s, and v other like things represented by 6 ’s. 

2. Now, replace the u letters “a” by u different letters ai, 02 , • • 

Ou and the v letters by v different letters bi, 62 , • • hvj thus 
obtaining n different letters. We can create all their permutations 
taken n at a time as follows: 

I. Take in turn each permutation of the original u letters “a” and 
V letters “b.” 

II. Then replace the u letters of the permutation in all possible 
ways by the u different letters fli, 02 , • • • , Ou- 

III. Replace the v letters “b” in all possible ways by the v different 
letters bi, b 2 , * • • , by. 

We can do (I) in P ways, (II) in u ! ways, and (III) in v ! ways. Hence, 
we can do (I), (II), and (III) in succession in P{u !)(t/ !) ways. But, 
this equals the number of permutations of the n different letters 
taken n at a time, or n !. Hence, 

P(u !) (!)!) = n!, or P = ( 2 ) 

Illustration 1. The number of permutations of the letters in attention 
taken all at a time is j , because there are three Vs and two n's. 


EXERCISE 01 

Read each symbol and cofnpute its value. 

1. 5P2. 2. ftPi. 3. 3^3. 4. 7B3. 5. 12F3. 6. 21P2. 

Find the number of distinct permutations of the letters or digits^ taken all 
at a time. 

7. (a, a, a, b, b, h, c, c, c, c). 8. (2, 2, 2, 3, 4, 4, 4, 5, 5). 

^low many distinct permutations can be made of the letters of the 
word attention, taken all at a time? 

lOTlIow many different numbers of eight digits each can be formed by 
use of two 2’s, two 3’s, three 4'9, and one 5, in each number? 

many different numbers of six digits each can be formed by 
using the digit 5 twice, 4 three times, and 7 once? 

12. In how many ways can 4 dimes and 6 quarters be distributed among 
10 boys, if each is to receive one coin? 
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In signaling with 7 similar flags, they will be arranged in order from 
left to right. How many different signals can be made involving all the 
flags, if three are red, two are white, one is blue, and one is green? 

14. (a) In how many different orders can 9 people be seated at a round 
table? (6) In how many ways can they be arranged in a line facing north? 

■6. In how many ways can 8 boys (a) form a ring facing its center; (6) be 
seated in a row of 8 chairs? 

16. From the letters A, B, C, D, E, F, and G, we shall form all permuta- 
tions, taken five at a time, (a) How many do we form? (6) In how many 
will B not be present? (c) In how many will A be found at one or other of 
the ends? (d) In how many will C be present? 

17. From the digits 1, 2, 3, 5, 7, and 9, we shall form all possible numbers 
of four different digits each, (a) How’ many numbers will be formed? (b) In 
how many of the numbers will the digit 1 appear in the thousands’ place? 
(c) How many will not involve the digit 5? (d) How many will have 7 at 
one or other of the ends? 

18. In how many essentially different ways can 8 beads of different colors 
be arranged to form a necklace? 

19. How many numbers of five different digits each can be formed by use 
of (1, 2, 3, 4, 5) with 3 and 4 consecutive? 

Hint. We analyze the formation of any such number into three stages: 
(a) we choose two places in the number for (3, 4) ; (b) we arrange (3, 4) in 
these two places ; (c) w'e arrange the other three digits in their places, (a) can 
be done in 4 ways, (6) in 2 ways, etc. Then use the fundamental principle of 
Section 179, applied to the successive actions (a), (6), and (c). 

20. In how many ways can 7 people take seats in a row of 7 seats, if 
three particular people insist on being side by side? 

21. In how many ways can we form permutations of (a, 6, c, d, c, /, ff)t 
taken all at a time, if b and g are to be side by side? 

22. In how many essentially distinct ways can 7 different keys be as- 
sembled on a key ring? 

23. In how many ways can the manager of a baseball team arrange his 
9 men in the batting order if he wishes the 4 best hitters to be in the first 
4 positions? 

24. In how many ways can 4 different books on history and 3 different 
books on mathematics be arranged on a shelf, if all books on the same sub- 
ject are to be side by side? 

26. In how many w'ays can a red book, a green book, and 5 different 
blue books be arranged together on a shelf (a) with the red and green books 
separated ; (b) wnth the red and green books consecutive? 
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26. How many numbers of five different digits each can we form from 
(1, 3, 4, 5, 7), if 3 and 4 are not to be consecutive? 

27. (o) In how many ways can 5 men and 5 women be formed into couples 
in the first 5 positions in a grand march? (6) In how many orders can they 
be arranged in a circle with men and women alternating and facing the 
center? 

28. In how many ways can 6 different books be arranged on a shelf with 
books of the same color side by side, if 2 books are red and 4 are blue? 

29. In how many distinct orders can 4 different plates and 5 larger iden- 
tical plates be arranged at the 9 places of a round table? 

30. In how many distinct ways can 3 identical keys and 4 smaller different 
keys be assembled on a key ring? 

31. In how many ways can we assign 11 men to positions on a football 
team if only 3 men are qualified to play at the ends and only 2 other men 
can play at quarterback, but if all men can play at the other 8 positions? 

183. A combination of a set of things is a group of all or of any 
part of the things, without regard to the order of the things in this 
group. A combination involving r of the things is called a combina- 
tion of the things taken r at a time. 

Illustration 1. The different combinations of a, b, c, and d, taken 3 at 
a time, are (a, b, c), (a, 6, d), (a, c, d), and (6, c, d). From each combination 
we can form 3 ! or 6 different permutations of the 4 lettere taken 3 at a time. 
Thus, from (a, 6, c) we can form the permutations abc, acb, hoc, bca, cab, 
and cba. In other words, there are only four combinations, whereas there 
are 4-6, or 24, permutations of the 4 letters taken 3 at a time. 

We use the symbol nCr to denote the number of combinations of 
n different things taken r at a time. 

Illustration 2. vCs represents the number of combinations of 7 different 
things taken 3 at a time. 

Theorem I. The number of combinations of n different things 
taken r at a time equals the number of permutations of n different 
things, taken r at a time, divided by r !. 

Proof. With each combination containing r of the things, we 
can form r ! permutations of the things taken r at a time. Hence, 
since there are „Cr different combinations, there arc „Cr-(r!) dif- 
ferent permutations. That is, nCr- (r !) = „Pr, or 



( 1 ) 
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Since == n{n - l){n - 2)- • -(n - r 1), 


_ n(n - l)(n - 2) 

n^r — 


(n-r+1) 


( 2 ) 


r i 


If both numerator and denominator in (2) are multiplied by (n - r)[ 
the new numerator is 

1-2-3* • *(71 — r)(n — r + 1)* ■ • “ 2)(n — l)7i, 

or n !, and therefore 


nCr- 


n! 


rl(n-r)! 


(3) 


Note 1. Formula 1 is recommended for use in computing nC,. For later 
use, formula 3 is recommended instead of formula 2. 

Example 1. From 10 people, in how many ways can we (a) select a 
froup * of 6 people; (6) M 6 different offices in a club? 

Solution, (a) Since no order is assigned in the group, the 
number of combinatims of 10 people taken 6 at a time, which is ..C. or ^10. 

(6) The result is loP. or 151,200, the number of permutations of 10 people 
taken 6 at a time. 

Whenever we pick a group of r things from n “ 

set aside (n - r) of the things. Hence, the number of combinations 

of n diff;rent things, taken r at a time is the same as “-^^er 

of combinations of n different things, taken (n - r) at a time, 

jiCr “ nCn—T» 

*Nole 2. Formula 4 can also be proved by use of (3). From (3). 

n! 


nCn-T - _ r) ! — (n — r)]! (n ^ ' 


= n(7. 


50.49 


__ _ ^225 

Illustration 3. soCis — wLs 2 

184 Mutually exclusive events. If a certain two events cannot 
occur at the same time, we shall call them mutually exclusive. For 
such events, we observe the foUoivmg simple prmciple. 

If a first event can occur in h ways and a second ^cnt in k wa^ 
and if the events are mutually exclusive, then one or the other of them 

can occur in + fc ways. 

• W'e shall always infer that, in a group, no order is assigned to the individuals. 
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Illustration 1. Suppose that a bag contains 5 white, 6 black, and 4 red 
balls. By the preceding principle, we observe that we can draw a white 
ball or a black ball from the bag in (5 + 6) or 11 ways. On the other hand, 
by the principle of Section 179 for successive events, we can draw a white 
ball and a black ball in 5-6 or 30 ways. The key words “OR” and “AND” 
gave the essential clues leading, respectively, to the principles of Sections 184 
and 179. 

Example 1. From 6 men and 5 women, in how many ways can we select 
a group (o) of 4 men or of 3 women ; (6) of 4 men and 3 women? 

Solution. 1. We can select a group of 4 men in tCt or 15 ways. 

2. We can select a group of 3 women in sCa or 10 w'ays. 

3. (a) By the principle for mutually exclusive events, we can select a group 
of 4 men OR 3 women, that is, perform Step 1 OR Step 2, in (15 -|- 10) or 
25 ways. 

4. (6) By the fundamental principle of Section 179 for successive events, 
we can select a group of 4 men AND 3 women, that is, perform Step 1 AND 
Step 2 in succession, in 15' 10 or 150 ways. 


EXERCISE 82 

1. (a) How many combinations are there of {E, H, K, M), taken three 
at a time? (6) Write out all of these combinations, (c) How many per- 
mutations of the 4 letters, taken 3 at a time, can be formed with each of the 
preceding combinations? (d) Write out all the permutations you can form 
from the combination {E, H, il/). 

Read each symbol in words, and compute it. 

2. gCa. 3. 7^6. 4. iiCg. 6. eCg. 

6. From a group of 10 friends, in how many ways can a man select a 
dinner party of 8 people? 

7. How many sums of money, each composed of 3 coins, can be made 
from a dime, a dollar, a quarter, and a cent? 

8. (a) How many different straight lines can be drawm through points 
selected from 12 points in a plane, if no three of these points are in a line? 
(5) How many of these lines will go through any one point? 

9. From (c, d, e, f, g, h, k), how many combmations of 4 letters each 
can be formed including the letter d? 

10. From a club of 10 people, (a) how many different committees* of 
4 people each could be formed; (6) in how many ways could we fill the posi- 
tions of president, vice-president, secretary, and treasurer of the club? 

* We agree that no order of precedence is designated on a committee. 
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11. A bag contains 8 black, 7 white, and 5 green balls. * In how many ways 
can we select groups of balls consisting (a) of 4 black or 4 white balls; 
(6) of 4 black and 4 white balls; (c) of 4 balls all of the same color? 

12. Use the formula nCr — nCn~r to compute ioooC'993. 

13. How many different groups of 1500 people each can be formed from 
1502 people? 

14. From a suit of 13 playing cards, how many hands of 5 cards each can 
be dealt to a player? 

16. In how many ways can we select groups of 8 books, consisting of 

5 English books and 3 German books, from 10 different English books and 

6 different German books? 

16. From 8 men and 6 women, how many committees of 5 each can be 
formed if each committee consists of (a) 3 men and 2 women ; (6) entirely of 
men or entirely of women? 

186. Miscellaneous methods. In determining the number of ways 
of performing a complicated act, it is frequently useful to make a 
preliminary analysis of the act into either si 4 ccessive simpler acts, 
or into various mutually exclusive simpler acts. After the numbers 
of ways of performing the simpler acts have been found, the princip es 
of Sections 179 and 184 can be employed to obtain the final result. 

Example 1. How many numbers of five different digits each can be formed 
if each nuniber involves three odd and two even digits and no digit 01 

Solution. 1. In forming a number, we must 

(а) select a group of three odd digits from (1, 3, 5, 7, 9), 

(б) select a group of two even digits from (2, 4, 6, 8), and then 

(c) form a permutation of the five digits selected in (a) and (6). 

2. We can do (a) in sC, or 10 ways, and (6) in ,C. or 6 wa^. w 
way of selecting three odd and two even digits, we can ^ (w m b 
ways. Hence, by the fundamental principle of Section 179, we can 

(a), ( 6 ), and (c) in succession in 10 * 6- 5 ! or 7200 ways. 

Example 2. How many numbers without repeated digits and greater 
than 43,000 can be made by use of (2, 3, 4, 5, 6, 7)? 

Partial solution. The number may have (a) six 
digits starting with 4, or (c) five digits starting with 5, 6, or 7. lypes a, 
b, and c are mutually exclusive. The student should 
bers exist of type a, of type b, and of type c, and then a e res , 
accordance ^vith Section 184. The final result is 1176. 

* Indistinguishable except as to color. This assumption wiU persist in all 
problems in this book with similar data. 
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Example 3. A bag contains 7 black and 6 white balls. In how many ways 
can we draw from the bag groups of 5 balls involving at least 3 black balls? 

Solution. 1. We obtain at least 3 black balls if we obtain 

1. EXACTLY 3 black and 2 white balls; OR 

II. EXACTLY 4 black and 1 white baU; OR 

III. EXACTLY 5 black balls. 

2. Since (I), (II), and (III) are mutually exclusive events^ we add their 
numbers of ways of occurrence and obtain the follo^^ing final results: 

(iCzW,) + (7C4)(6Ci) ,+ tCs = 756 ways. 

9 

Comment. Notice the preliminary analysis of “AT LEAST” into various 
mutually exclusive possibilities involving “EXACT” situations, to which 
our methods apply more easily. A similar analysis is usually advisable 
in any problem involving “AT MOST” in its statement. 

MISCELLANEOUS EXERCISE 83 

1. From a group of 6 different books, in how many ways can we choose 
groups (o) of exactly 3 books each; (6) of 3 or more books each? 

2. From a penny, a nickel, a dime, a quarter, and a half dollar, in how 
many ways can we form sums (a) of exactly 2 coins each; (6) of 2 or more 
coins each? 

3. In how many ways can 4 different presents be distributed among 
3 children? 

4. From the digits (1, 2, 3, 4, 5, 6, 7, 8, 9), how many numbers of four 
different digits each can be formed, each number consisting of two odd 
and two even digits? 

5. From the letters (o, e, t, s, t, v, w), how many permutations of 5 letters 
each can be formed, each permutation consisting of 3 consonants and 2 vowels? 

6. In how many w*ays can 5 people take seats in a row of 8 seats? 

7. In how many w'ays can 6 boys choose places in 9 different seats? 

8. From a group consisting of 7 men and 5 women, in how many ways 
can we select (o) a group consisting of 3 men and 2 w'omen; (6) a group of 
5 people containing at least 3 men? 

9. From a bag containing 6 black and 8 white balls, in how many w'ays 
can we form a group of 5 balls containing (a) exactly 2 black balls; (6) at 
most 2 black balls? 

10. In a baseball league of 9 teams, how many games will be played if 
each team plays 12 games with each other team? 

11. In how many ways can a minstrel troupe of 9 men be seated in a row 
on the stage, if 2 particular men must act as end men? 
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12. In how many ways can 8 different presents be divided between A, B, 
and C so that A will receive three, B three, and C two presents? 

Hint. A can be given presents in %Cz ways; then, five remain. 

13. In how many ways can a group of 12 people be divided between 

3 automobiles, four in one, five in another, and three in the third automobile? 

14. From a set of 15 different books, in how many w'ays can A, B, and C 
be given 4, 6, and 3 books, respectively? 

16. From a group of 6 freshmen, 5 sophomores, and 8 seniors, how many 
committees can be formed if each consists of 3 members of one class and 3 

of another class? 

16. From the letters (a, h, c, d, e, /), how many permutations of 6 'etters 
each can be formed in which (a, b, c, f), in some order, stand m the hrst 

4 places and no letter is repeated in the permutation? 

17. From the digits (1, 2, 3, 4, 5, 6, 7, 8), how many numbers of six Af- 
ferent Agits each can be formed in which odd and even Agits alternate 

18. One bag contains 5 white and 6 black balls, and a second bag contains 
4 white and 7 black balls. In how many ways can we select a group of 5 bails, 
consisting of 3 white and 2 black balls, (a) if all balls must coine from the 
same bag; (6) if the white ones come from one bag and the black ones f 

the other bag? i * j r m 

19. How many different committees of 5 men each can be selected fro 

9 men, if a certain 2 men refuse to serve together on any committeef 

20. If = 840, find „C 4 . 21. If .Ce = 210, find J’f. 

22. If 5 coins are tossed together, in how ^any ways can it resuR (a) tot 
all fall heads; (6) that two fall heads and three fall tails, ( ) 

three fall tails? . . 

23. A man will play a certain game 7 times, and we can arrange for him 

either to win or to lose in any game. In how many "‘‘y® ^ 

that he should win (a) exactly 5 of the 7 games; (6) at most 3 games? 

24. In how many ways can 6 different red books and 4 A5erent bl ok 
books be e.xhibited on a shelf, if each red book has a red book on one 
and a black book on the other side? 

25. In how many ways can 6 people be seated in a row of 6 seats, if a cer- 
tain 2 people are not to be side by side? 

26. In how many different orders can we seat 8 people at “ ^ ^ 
if a certain 2 people (a) are to sit next to each other; (6) are not to 

to each other? 

27. A teacher has 8 different assignments for outside 

group of 4 students. In how many ways can the assignments be dist 

two to each student? 
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28. From the letters of the word amicable^ how many permutations of six 
letters each can we form in which the first four letters are vowels? 

29. If 7 coins are tossed together, in how many ways can they fall with 
(a) just 4 heads ; (6) at least 4 heads ? 

30. If the faces of a cubical die are numbered 1, 2, 3, 4, 5, and 6, respec- 
tively, and if 2 dice are tossed, in how many w^ays can a total of 6 show up 
on the <fice? 

31. How many numbers without repeated digits and greater than 3,200 
can be made by use of (1, 2, 3, 0, 5)? 

32. How many hands each consisting of 6 hearts and 7 spades can be made 
up from a usual deck of cards? 

I 

33. A box contains 7 different red books and 5 different blue ones. In 
how many ways can we exhibit six of these books in a row on a shelf, if 
each exhibit should contain 4 red and 2 blue books? 

34. Find the number of distinguishable combinations of the letters (a, a, 
b, c, d, e, /, g, k) , taken three at a time. 

36. A motor bus has 5 seats on each side. In how many ways can 6 people 
seat themselves, if a certain two always take seats on the right side and a 
third always sits on the left side? 

36. (a) How many different hands of 13 cards each can be made from a 
deck of 52 cards? (6) In how many ways can 4 people in a game be dealt 
hands of thirteen each? Leave the results factored. 

37. In how many ways can 9 different books be exhibited on a shelf if 
4 books are red, 3 are w’hite, and 2 are green, and if books of the same color 
stand side by side? 

38. In how many different orders can 4 men and 4 women be seated at 
a round table with men and women in alternate seats? 

39. How many numbers of five digits each can be formed by use of 
(1, 2, 3, 4, 5) if each number involves two 3’s but no other repeated digits? 

40. In how many ways can a hostess seat herself and 9 guests at a round 
table, with a certain 3 guests consecutive and with 2 others consecutive? 

Solve each equation for n. 

41. nPa = 336. 42. nPv = nPc. 43. .C, = 210. 

★186. Binomial coefficients as combination symbols. On compar- 
ing (2) on page 200 with (2) on page 101, we observ^e that, in the ex- 
pansion of {x + y)", 

the term involving is nCrX"“^i/' : (1) 

(l + y)" = in _|_ H + nCrX^-'tf + ' * ' + (2) 
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Illustration 1. The term involving in the expansion of (x + is 

or 792x’y“ 

Illustration 2. By use of (2), 

(x yY ^ X* 4 ,Ci3^ + aC^'^Y + 4 ^ 32 ^ + y* 

= + 43Yy + 6xV + 4xy^ + y*. 

We can prove (1) without reference to Section 104. By definition, 

(x + 2 /)" = (x + y){x -f y) • * • (a; + y)- (3) 

The product of the n factors (z + y) on the right in (3) consists of 
the sum of the results obtained by taking, in all possible ways, one 
term out of each of the factors and multiplying the selected terms. 
We obtain x^^’y’ in this process by selecting y out of r of the factors 
(j + y) and z out of the other (n - r) factors. The number of ways 
of selecting r letters y out of the n factors is „Cr (the number of 
combinations of r letters y out of n letters y, because the order of 
selection is of no importance). Hence, the term z'"y' is obtained 
„Cr times; or, in other words, „Cr is the coefficient of x’^y ' m t e 

expansion of (x + y)”- 

Note 1. If we place i = 1 and y = 1 in (2), we obtain, 

2" = 1 + nCi + nCa + • • • + nCr + • • • + nCn, 

or, „Ci + nCj + • • • + = 2'* - 1. 

Thus, the total number of comhinati&ns of n things taken 1 at a timet or 2 at 
a time, ‘ ^ or n at a timet is (2" — 1). 


★EXERCISE 84 

Write the expansion of each power by use of the symbol .C,. 
l.(x + yy. 2. (X-#. 3. 4.(2z3-J^)«. 

Find the specified term in the expansion by use of the formula ,C,x"^y'. 

B. (X - ,jy: term invoU-ing tfi. 7. (w + zi)"', term mvolvmg x*. 

6. (X - term inveh-ing y“. 8. (xi + w^)’; term involving x». 

9. Without computing coefficients, ivrite out the expansion of (x + y)» 
by use of the symbol „C,. For what value of r is lA the greatest? 

10. For what values of r is nCr greatest? 

11. How many committees of one or more people can be made up from a 

group of 8 people? . . . 

12. How many sums of money can be made up by use of 

a cent, a nickel, a dime, a quarter, a dollar, a $5 gold piece, and a 
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Probability 
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187. Mathematical probability. By a trial of an event we shall 
mean an act which gives the event an opportunity to occur or to 
fail to occur; when the event occurs, we shall call the trial a success. 
In the following definition, we consider an event which, at any trial, 
can occur in 5 different ways and fail in / different ways, where 
all of these ways are equally likely. 

Definition I. At any trial of an event, the probability of its oc- 
currence is the ratio of the number of ways of occurrence to the total 
number of ways of occurrence or failure, or 

^ = JT-r 

the probability q of the event failing to occur is 

« = 7T7' ® 

Illustration 1. If a bag contains 7 black and 3 white balls, the probabiU 
ity that a ball, dra\\Ti at random, will be black is because a black can be 
drawn in 7 ways (s = 7) out of 10 ways of drawing a black or a white. 

From (1) and (2) we verify that 

p-^q=U (3) 

or, the sum of the probabilities of success and of failure is 1. 

In (1) or in (2), the numerator cannot exceed the denominator. 
Hence, any probability is a positive number not greater than 1. 
Moreover, if / = 0 then p = 1 ; hence, if an event is certain to occur, 
its probability of occurrence is 1. Similarly, if the event is certain 
to fail, its probability of failure is 1 and its probability of success is 
zero. 

Note 1. In this chapter, to draw, or to select, means to do the act at random, 
without replacements. Also, in a reference to ways of performing an act, 
we shall mean equally likely ways, unless otherwise specified. 
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In solving a problem by use of (1), ve first decide on the general 
act whose performance gives the desired event a chance to happen 
or to fail to happen. Then, we compute separately the number 
s of successful cases, and the total number of cases (s+f) for the 
act, frequently employing the methods of the preceding chapter 

in this computation. 

Example 1. A bag contains 5 red , and 6 white balls. If we draw 4 balls 

together, find the probability that two are red and two are white. 

Solution. 1 . The general act is that we draw i balls. The (o(al number of 

ways (s + /) in which this can be done is uC 4 or 330. 

2 The successful cases. We can draw two reds from five in sCi or 10 ways, 
and two whites from six in or 15 ways. Hence, we can draw two red 
and two white in 10- 15 or 150 ways. Therefore, the probabiUty of drawmg 

two red and two white balls is 33 ^ or 


188. Meaning of probability as a relative frequency. Consider 
an event whose probability of occurrence at any trial is p, as defined 
in Section 187. Suppose that N trials of the event are made, an 
that S of these are successful. Let us caU S/N the relative frequen^ 

of successes in N trials. Then, a more advanced 

show that, if N is large, it is very hkely that the relative frequency 

of successes in N trials would be appro.ximately equal ’ 

for any N trials, it can be proved that the most probable number 

of occurrences is * pN. We caU pN the expected number of occur- 
rences in N trials. 

Illustration 1. Suppose that f is the probability that 
a certain game whenever he plays. If, for 

the most probable number of wins is i(lOOO) or 600. Since ^0 

we would expect the relative frequency of h s wins to be ^ ^ 

That is. we would expect that the number of games won 

600 by only a small percentage of 600. If he plays only “ 

would not be surprised if the relative frequency ° ® . 3,.,., g 

from i Thus, out of 15 games, the expected number of mns is f (15) or 9. 

but we would not be surprised if he won only 2, or 3, or even none. 

189. Experimental or empirical probabiliW- ^ a" ev^t 
obserx-ed to occur S times out of N trials, then, until further knowl 

• Or, if pN is not an integer, the most P-'f “'I'^XintegLTw'hich^^to 
value (or. in special cases, either of the iwo values) of the integer K 

pN — q ^ K ^ pN p- 
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edge of the event is obtained, we may take S/N as our estimate 
of the probability that the event will occur at any future trial 
Our confidence in this estimate increases as the number N of ob- 
served cases increases. We refer to the estimate 


S 



as an experimental probabihty. 

Note 1. Frequently it is impossible or inconvenient to analyze the causes 
influencing an event so as to determine the possibilities at any trial and 
how many would be successful. Then, it is impossible to apply the definition 
of probability given in Section 187, and hence we obtain probabilities ex- 
perimentally. In such a case, we assume that any event is such that S/N, 
the relative frequency of successes in N trials, becomes more and more 
reliable as N increases without bound. Experimental probability is of great 
importance in the study of statistics. 

Note 2. The American Experience Table of Mortality (Table III) em- 
bodies the results of a large amount of observation of the ages at death of 
holders of life insurance policies in the United States. The table should be 
thought of as a record of the year of death for each of 100,000 persons wiio 
the table specifies w'ere simultaneously alive at the age of 10 yeirrs. The 
table was arrived at by a process whose discussion is beyond the scope of 
this text. A mortality table of some sort is essential in the mathematical 
background of any life insurance company. 

Example 1. If a man is alive at the age of 25, find the probability that 
he will live at least 13 years. 

Solution. In this, and in similar examples, by a man we mean a man 
selected at random. In the American Experience Table of Mortality (Table 
III) we observe 89,032 men alive at age 25. Of these, 79,611 remain alive 
at age 38. Hence, the probability of the man aged 25 living at least 13 years 

io T9.611 

6 9 1 0 3 2 * 

190. Mathematical expectation. If p is the probability of a per- 
son receiving a sum $S, we call pS his mathematical expectation. 

Illustration 1. If a man plays a game w'here the stake is $100 and w’here 
the probability of winning is then his mathematical expectation is |($100) 
or $60. Suppose that a professional operator offers to play this game against 
any man who will pay his expectation as a fee for playing. Then, if many 
players enter the game, it is probable that about § of them w ill win and hence 
that the total fees collected will differ from the stakes won from the operator 
by only a small fraction of the fees. Thus, if 100 players enter, they pay $6000 
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in fees; if the expected number f(lOO) or 60 players win, they are paid 
60(S100) or S6000. To avoid loss, however, the operator should charge 
more than the mathematical expectation as a fee because more than f of 
the players may win. Even with a fee greater than S60, the financial safety 
of the operator depends on his obtaining a large number of players for his 
game so that it will be highly probable that the relative frequency of wins 
S/N will approximate the probability f used in computing the lower limit 

for the fee. 

The principle involved in Illustration 1 is of fundamental im- 
portance in the conduct of a life insurance company, or of any 
financial enterprise involving the sharing of natural risks by a 
group of people. The fact that the risks are unavoidable, instead 
of being assumed voluntarily as in a game of chance, does not 
alter the nature of the problem essentially. The financial safety 
of the operating company demands that the fees charged shall be 
more than the corresponding mathematical expectations and that 
a large number of pereons should be induced to join the enterprise. 


EXERCISE 85 

A bag contains 4 white, 5 red, and 18 black balls. If one ball is 
drawn, what is the probability that it will be (a) black; (6) red or whitei' 

2. The faces of a cubical die are numbered 1, 2, 3, 4, 5, and 6, 

If a die is thrown, what is the probability (a) that 5 will turn up? (6) lhat 

3, or a smaller number, will turn up? 

3. As a cooperative class exercise, make 1000 tosses of a co'" ““id a 

record of how many fall heads out of the first (a) 10 trials; (*) 250 - 

(c) 1000 trials. In each case, compare the relative frequency of heads wi 

the probability of a head on a single throw'. ^ ^ 

4. If tile probability of w-inning a game is J, w'hat is the probability o 

losing the game? , ... 

5. From a pack of 52 cards, we draw a card. What is the probabih y 

that it will be (a) a queen? (6) An ace or a queen? 

^'ole 1. In connection udth Definition 1, page 207, we say that the odds 
are s to / in favor of ihe event if s > /, and s to / agaimt the event if s < /• 

6. If the odds are 7 to 3 in favor of a man receiving $50, find (a) his 
probability of receiving $50; (5) the probability that he mil not receive it, 

(c) his mathematical expectation. 

7. If the odds are 4 to 6 against a man receiving SlOO, find (o) his pro a- 
bility of receiving SlOO; (b) the probability that he wiU not receive i , 

U) his mathematical expectation. 
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8 . A bag contains 50 envelopes of which 30 contain $5 each, while the 
others are empty. If I draw an envelope, find my mathematical expectation. 

9. A bag contains 5 white and 10 black balls. If 2 balls are dra\ra 
together,* find the probability that (a) both are white; (6) both are black; 
(c) one is white and one is black. 

10. A bag contains 4 red and 6 wliite balls. If 3 balls are drawn together,* 
find the probability that (a) all are red; (6) one is white and two are red; 
(c) one is red and two are white. 

11. From a group of 6 men and 8 women, a conunittee of four is chosen by 
lot. Find the probability that the committee will consist (a) of 4 women; 
(6) of 2 men and 2 women. 

12. A group of 3 letters is chosen at random from the letters a, e, i, A 

m, n, and p. Find the probability that (1) the three are vowels; (2) exacJ^ 
two are vowels. ~ 

• 

In Problems 13 to 18, leave each result as a fraction, using the mortality 
table to find the specified probability, 

13. That a boy aged 12 wiW be alive 10 years later. 

14. That a man aged 33 wiW live at least 20 years. 

16. That a person aged 18 will live at least 10 years. 

16. That a person aged 20 will die (a) vithin 5 years; (6) during the 5th 
year. 

17. That a person aged 22 wiW die (a) within one year; (6) during liis 
35th year. 

18. That a person aged 62 will die within one year. 

19. A bag contains 6 white and 8 black balls. If 3 balls are draw’n to- 
gether, find the probability that (a) all are black; (fc) exactly two are white; 

(c) at least t tw'o are white; (d) all are of the same color. 

20. A bag contains 5 white and 10 red balls. If 3 balls are drawn together, 
find the probability that (a) all are white; (6) exactly one is white; (c) at 
least t two are w’hite; (d) all arc of the same color. 

21. There are 5 doors to a certain building. Find the probability that 
2 persons, entering at random, will choose the same door. 

22. In a single throw' with two dice, find the probability of turning up a 
total (a) of 7; (b) of 10; (c) of at most 4. 

23. From a pack of 52 cards, 4 cards are draw'n together. Find the 
probability that all are of the same suit. 


* Or, drawm in succession uithout replacement. 

t At least two are white if (I) exactly two, or (II) exactly three are white. 
successful ways, on any trial, arc the ways for (I) plus the ways for (II). 


The 
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24. From a pack of 52 cards, we draw 2 cards together. Find the probabil- 
ity that they consist (a) of an ace and a queen; (b) of an ace and a queen, 

both of the same suit. 

26. The tickets in a box are numbered from 1 to 50 inclusive. If 2 tickete 
are drawn together, find the probability that the sum of their numbers is 

even. 

26. A first bag contains 6 white and 5 black balls and a second bag con- 
tains' 4 white and 8 black balls. If 1 ball is drawn from each bag, find the 
probability that (a) both are white; (6) one is white and one is black. 

27. We draw 2 balls together from a bag containing 5 white and 3 r^ 
balls, and draw a ball from another bag containing 4 white and 5 black balls. 

gind the probability that all balls drawn are white. 

A bag contains 10 black and 4 white balls. If we draw 2 balls in 
secession, find the probability that both are white, (o) if the firet drawn is 
r^laced before the second is drawn; (6) if the first baU is not replaced before 

the second is drawn. 

29. In a single throw with three dice, find the probability of tummg 
up a total (a) of 5; (6) of 6; (c) of at most 6. 

30. If 3 balls are drawn in succession from a bag contaiMg ^ 

6 black balls, find the probabiUty that all are black, if first town 
replaced, but the second town is not replaced before the next draw. 

31. From the integers 1 to 16 inclusive, two different " 

at random. Find the probability that (a) neither is a multiple of 3, W their 

product is odd; (c) their sum is even. 

32. A committee of three is chosen by lot ^ “Sy^that 

4 Americans, 5 Canadians, and 3 Englishmen. m P . . 

(o) all members of the committee are of the same nationahty, (6) leas. 

2 members are English. j j rn. 

33. A committee of four is selected from 4 IhOT ® doctom, an^P^ 

fessors. Find the probability that (a) at leas ^ another, 

are lawyers; (6) 2 members are from one profession and 2 are from anot 

Example 1. Six coins are tossed. Find the probability that exactly 

two will fall heads. , 

Solution. 1. The total number of ways in which 6 coins can faU toge 

is 2-2-2-2-2-2, or 64. r n 

2. The successful cases. We can select 2 corns, V 1 

from 6 coins in 6 ^ 2 , or 15, ways. For each of th^e w'ays, 15 . f or 15, 

in w hich all of the other 4 coins can fall tails. Hence, ther ba- 

ways in which 2 heads and 4 taUs can result. Therefore, the 

bility is 
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31 If 5 coins are tossed, find the probability that they will fall (a) all 
heads; (6) 3 heads and 2 tails. 

36. If 6 coins are tossed, find the probability that they will fall (a) all 
heads; (6) 3 heads and 3 tails. 

36. If 4 boys and 3 girls take seats at random in a row, find the proba- 
bility that boys and girls alternate. 

37. We form a number of five different digits by use of (1, 2, 3, 4, 5, 6). 
Find the probability that odd and even digits alternate in the number. 

38. In a single throw with 4 coins, find the probability that they will fall 
with (a) exactly 3 heads; (6) at least 3 heads. 

39. From the mortality table, find the year in which it is most likely that 
a person now aged 20 will die, and his probability of d>ing in that year. 

40. A three-digit positive integer, without repeated digits, is built at 
random from the digits 1, 2, 3, 4, 5, 6, and 7. Find the probability that the 
integer (a) is larger than 400; (5) is smaller than 260; (c) has even and odd 
digits alternating. 

41. If 5 persons take seats at random in a row' of 5 chairs, find the proba- 
bility that a certain two of the persons will be found side by side. 

42. If 6 persons take seats at random at a round table, find the probability 
that a certain two of the persons will be seated side by side. 

43. If a hand of 13 cards is drawn from a deck of 52 cards, find the proba- 
bility that the hand will contain all the kings. 

44. A bag contains tw^enty SI bills, ten S5 bills, and fifteen $10 bills. What 
is the mathematical expectation of a person who draws one bill? 

191. Probability of mutually exclusive events. Consider a set 
of mutually exclusive events, any one of which may happen if a 
certain act is performed. 

Theorem I. The prohabiliiy that one or other of a set of mutually 
exclusive events will occur is the sttm of the probabilities of occurrence 
for the separate events. 

Proof. 1. For simplicity, consider a set of only two events, 
W and B, and suppose that any trial can result in u different ways, 
out of which W occurs in m ways and B in n ways. 

For concreteness, think of any trial as the drawing of a ball from a bag 
containing u balls of which m are w'hite and n are black, and consider W 
and B as the events of drawing a white and a black, respectively. 

2. The probability of occurrence of IF is ^ and of ^ is 
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3 The m ways in which W occurs and the n ways in which B 
occurs are aU different, because W and B are mutually exclusive. 
Thus, one or other of W and B can happen in (m + n) ways. Hence, 
the probability of one or other occurring is 


m + n 

> or 

u 



which is the sum of the probabilities of occurrence of the separate events. 

Illosteation 1. A bag contains 3 wliite, 7 black, and 10 yellow balls. 
If a ball is drawn, the probability that it is white is ^ and that it is black is 
5 %. Hence, by Theorem I, if a ball is drawn, the probability that it is eUlier 

white or black is ^ or or J. 


192. Dependent events. If the occurrence of one event Ei affects 
the probability of another event Ei happening, then Ei is said to 

be dependent on Ei. 

Illustration 1. Consider a bag containing 5 white 6 ““ck ba^. 
Let El be the event of drawing a while ball if one ball is selecte a ra • 
Let El be the event of drawing a black ball if one baU is ^ ec 
dom after the first drawing. Then, Ei depends on For, if oc^, 
Z probability of Ei occurring is A, while if Ei faUs to occur the proba- 

bility of E 2 occurring is 

Theorem I. If the probabilUy of Ei occurring is 
El has happened, the probability of Ez occurring is pz, V 
of El and then Ez happening is pipz- 

Stall-Hy, -M e. <«. R J 

E3 occurring is p 3 , the probability of Ei, 

happening is piPzPh etc., for more events. 

i”; 6 it trt » b. h„ ^«dy 

th.t E, tappens In «, ol Ihes. «. At .ny tml oI 1 

of li., the probabiUly of ooourrenco of ft i« B - >■/« •«" « 

is pz - sz/nz. . 

2 By the principle of page 192, Ei and then E, can occur n 

s,s wSs k can happen or fail and then E, can happen or fad m 

mnz ways. Hence, the probabUity of Ei and then Ez occu 
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Illustration 2. Suppose that J is the probability of A winning the first 
game of two to be played, and, if the first is won, that his probability of 
winning a second is f; then, his probability of winning both games is 
i'hoT^. 

Example 1. A bag contains 4 white and 7 black balls. If 2 balls are 
drawn in succession, and not replaced, find the probability that the 1st is 
black and the 2d is white. 

Solution. The probability that the 1st draw will be black is If the 
1st draw is black, then there \vill remain in the bag 4 wliite and 6 black balls. 
Hence, the probability that the 2d draw will be white is or f . By Theorem 
I, the probability of the 1st draw being black and the 2d white is or Jf. 

193. Independent events. We consider a set of events where the 
happening of any one does not affect the happening of the others. 

Illustration 1. If Ei is the event of drawing a white ball from a bag 
containing rii balls of which 5i are white, and Et is the event of drawing a 
black ball from a second bag containing Uz balls of wiiich Sj are black, then 
E\ and E* are independent events. The drawing of a white ball, or the 
failure to draw one, from the first bag has no effect on E-. 

Theorem I. *The probability that all of a set of independent events 
vnll occur on an occasion when each of them is possible is the product 
of their separate probabilities of occurrence. 

'Note 1. If we consider Theorem I for the case of just two events Ei and 
Ej, then we obtain a proof of the theorem by simply omitting from the proof of 
Theorem I, Section 192, all remarks in blackface type. 

Illustration 2. If the probability of A winning a certain game is A, 
fi'Ud of B winning another game is then the probability that both A and 

B will win isf^, or 

Example 1. The probability that Jones will win a certain game whenever 
he plays is J, If he plays twice, find the probability that he will win one 
game and lose the other. 

Solution. 1. He wins one and loses the other if 

(а) he wins the first game and loses the second; or if 

( б ) he loins the second game and loses the first. 

2. By Theorem I on independent events, the probability of (a) occurring 
is and of (b) occurring is also — f. Since (a) and (b) are 

mutually exclusive, the probability of (a) or (6) occurring is (§ + or f, 
by the theorem of Section 191. 

Comment. Notice the analysis into mutually exclusive subevents. 
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EXERCISE 86 

1. The probability of H winning a game is i and of K winning another 
game is i Find the probability that (a) both will win; (6) H will win and 

K will lose. 

2. In a game where only one man can win, the probability that A will 
win is §, and that B will win is i Find the probability that one or other 
of A and B will win. 

3. The probability of A arriving in a certain town is J, and, if he arrives, 
the probabiUty that he will meet B there is Find the probability that A 
will arrive and meet B. 

4. What is the probability of throwing a tail each time in 4 tosses with 
a coin? 

6. If a coin and a die are tossed, what is the probability of obtaining 
(a) a head, and a 5 on the die; (6) a tail, and at least a 3 on the die? 

6. In a race, the probability of A winning is and of B winning is i- 
Find the probability that A or B will win. 

7. Find the probability of thro\ving a total of 7 each time in 3 tosses with 
a pair of dice. 

8. If a coin is tossed twice, find the probability that one fall is a head 
and the other a tail. 

9. The probability that Jones wiU win a certain game whenever he plajra 
is h If Jones plays t^ice, find the probability that (o) he will wm the Ist 
and lose the 2nd game; (6) he will win one game and lose the other. 

One hag cmlaim 4 white and 6 black balU, and a second ^ 

and 5 blLk balls. In Problems 10 to 14 find the probabiUy that the event 

described urill occur. 

10. If one ball is drawn from each bag, both balls will be (a) white; 
(6) of the same color. 

11. If 2 balls are drawn from the first bag, the first being replaced before 
the second is drawn, then both will be white. 

12. If 2 balls are drawn in succession from the second bag, and not re- 
placed, both bails will be black. 

13. If a ball is drawn from a bag selected at random, the ball 
white. 

Hint. The probability of selecting the 1st bag is i; after 
probabiUty of drawing a white from it is A, or f . By Section 191, t p 
bility of a white coming from the 1st bag is or 

14. If 2 balls are drawn together from a bag selected at random, both will 
be black. 
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16. The probability that a certain man will live 15 years is J, and that 
his wife will live 15 years is Find the probability tliat (o) the wife will 
live, and the man will not live, 15 years; (b) one of them will live, and the 
other will not live, 15 years. 

16. K’s probability of winning a certain game is J, and H^s probability 
of winning an independent game is Find the probability that one of them 
will win and the other will lose. 


17. From a deck of 52 cards, we draw 3 cards in succession, replacing 
each one before the next is drawn. Find the probability that (a) all are 
hearts; (6) all are of one suit; (c) all are kings or queens. 


18. One box contains 5 apples and 10 oranges, and a second box contains 
4 apples and 5 oranges. If a man selects a box at random, and then draws one 
piece of fruit, what is the probability that an apple is drawn? 


19. The probability of H winning a certain game, whenever he plays, 
is J. If H plays twice, find the probability that he w’ill win at least once. 

20. The probability of H winning w'henever he plays a certain game is J. 
If H plays twice, find the probability that he wiW lose at most one game. 

21. To determine who is to receive a certain prize, A tosses a coin with B, 
the winner tosses with C, and the winner tosses with D. The winner of the 
last toss receives the prize. Find each person’s probability of receiving the 
prize. 

22. A bag contains 4 white and 6 black balls. A person draws 2 balls, 
and replaces them by green balls. Then, he. draw’s 2 more balls together. 
Find the probability that the last two drawn are both of the same color. 

★23. Find the probability that, in successive tosses of 2 dice, a total of 
5 will be obtained before a 7. 


Hint. The favored result is obtained if w'e get (a) 5 on 1st throw; or 
(5) neither 5 nor 7 on the 1st throw and 5 on the 2d throw; or (c) neither 
5 nor 7 on the first two throws and 5 on the 3d throw; etc. Find the sum 
of the resulting infinite series. 

★24. A man holds 2 kings and a queen out of a deck of 52 cards and then 
draws 2 more cards from the deck. Find the probability that he will draw 
2 queens, or 2 kings, or a king and a queen. 


★194. Successive trials of an event. 

Example 1. The probability of A winning w’hcnever he plays a certam 
game is J. If A plays 6 times, what is his probability of winning four games 
and losing tw'o? 

Solution. 1. Four games, to be won, can be selected from six played in 
<^4 or 15 mutually exclusive ways. 
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2. The probability of A losing in a game is (1 - J), or 

3. By Section 193, the probability that A will win any particular four 

and lose the other two is or this is the probability of 

the occurrence of any one of the 15 mutually exclusive cases in which A can 
win four and lose two games. Hence, by Section 191 the probability of 
one or other of the 15 cases occurring is the sum of 15 probabilities (each 
equal to 51^)1 or 15 • 5 ^ 7 , or 40^6 • 

Theorem I. If the 'probability that an event 'will occur is p, and 
that it will not occur is q, at any trials then the probabilily that the 
event 'will occur just k times out of n trials is nChp^q^~^. 

Proof. 1. By Theorem I, Section 193, the probability that any 
particular k trials will be successful, and the other (n — k) trials 
will fail, is 

{p-p- ' - to k factors) -[g-g* ■ - to (n - ^) factors], or ( 1 ) 

in ( 1 ), there is one factor p corresponding to each trial we ™h to 
see successful, and a factor q for each of the other trials. 

2. It is possible for k successes to occur out of n trials in nCk 
different ways. The probability of any one of these mutually 
exclusive ways occurring is hence, by Section 191, the 

probability that exactly k successes will occur in one or other of 

these nCk w'ays is nC^p^g'*"^. 

Corollary I. The probability that the event will happen at least 
k times out of n trials is 

p" + nCn-\p"-^q + nC„-s/»"-V + ' ' ' + nCkp''q"~'’- (2) 

Proof. In (2), the 1st term is the probability of exactly n sue- 
ccsscs in n trials, the next term is the probability of just (n 
successes, etc., the last term is the probability of just k successes 
in n trials. By Section 191, the sum in (2) is the probabihty of 

k or more successes in n trials. 

Xote 1. From (1) page 205, recognize that is the term in the 

expansion of (p + g)-* which contains p* as a factor. Also, (2) consists or 

the first (n - A: + 1) (erms in the expand o/ (p + g)"- 

Note e. The most probable number of successes in n trials is the value 
of k for which nCkp’‘q^~^ is greatest. An investigation of the character o 
this expression leads to the fact, stated in Section 188, that the most probable 
number of successes is np {approximately). 
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EXERCISE 87 

1 . The probability of H winning whenever he plays a certain game is 

If H plays 5 times, find the probability that he will win (a) exactly twice; 

[b) at least twice; (c) at most twice. 

2 . The probability of K winning whenever he plays a certain game is .4. 
If K plays 6 times, find the probability that he will ^\in (a) exactly 4 games; 
(6) at least 4 games; (c) at most 3 games. 

3. Find the probability that, in 6 tosses with a coin (or, in one toss with 
6 coins), (a) exactly two will fall heads; (6) at least two will fall heads; 

(c) at most two will fall heads. 

4. If 3 dice are tossed, what is the probability that (o) exactly two will 
give aces ; (6) at least tw'o will give aces? 

6. A bag contains 4 w’hite and 2 black balls. If we draw 5 balls in suc- 
cession, replacing each one before the next is drawn, what is the probability 
that, of those drawn, (a) exactly three are wiiite; (6) at least three are white? 

6. What is the probability of throwing at least three sevens in five throws 
with a pair of dice? 

7. From a group of 3 girls and 2 boys, w'e make 5 random selections of 
a committee of two persons. What is the probability that exactly 3 of tlie 
five committees will consist entirely of boys? 

8. A bag contains 5 black and 4 white balls. We draw 2 balls together 
from the bag, then replace these balls, and repeat the process until 4 draw- 
ings of 2 balls each have been made. What is the probability that exactly 
3 drawings give 1 black and 1 w'hite ball? 

9. A bag contains 5 red balls, 3 green balls, and 7 white balls. We draw 
a ball, 5 times in succession, replacing each ball before the next drawing. 
What is the probability that we draw' 3 green and 2 red balls? 

10 . Find the probability that, of four persons, each of age 20, exactly 
three wll remain alive 15 years from now.* 

11 . Find the probability that, out of three classmates, each of age 24, 
at least two will be alive 30 years from now.* 

12 . Find the probability of obtaining the most probable number of heads, 
if a coin is tossed 7 times. 

13 . Find the probability of obtaining the most probable number of aces, 
if a die is tossed five times. 

14 . If p is the probability of success on a single trial, show that the proba- 
bility of at least one failure in m trials is (1 — p"). 

16 . State and prove a theorem like that of Problem 16, about at least 
one success in vi trials. 

* Use the mortality table. Compute by logarithms or give factored form. 
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196. Mathematical induction is a method of proof which we shall 
illustrate in establishing the theorems stated in the following ex- 
amples. 


Example 1. Ifnis any positive integer, prove ilwi 

2 + 4 + 6 + • • • + 2n = n(n + 1), 



or, the sam of the first n positive even integers is n(n + 1). 

Note 1. There are n terms on the left in equation 1, and 2n is a formda 
by means of which any term can be computed. Thus, if nis 4 or greater 

in (1), the 4th term is 2(4) or 8. 


Proof. 1 . VerifuMtim of first few specMca^es. By substitution m equar 

tion 1, we obtain the following results. 

When we place n = 1, 2 = 1(1 + D. or 2=2. 

When we place n = 2, ^ ^ ^ 1 1 ’ ” ,2-12 

When we place n = 3, 2 + 4 + 6 = 3(3 + 1), or 12-12. 

Hence equation 1 is true when n is 1, 2, or 3. (The verification of these 
special cases may create a presumption that 

true but, by itself, the verification of any number of special cases does no 
prove a general theorem.) 

II. Auxiliary Theorem. If k is any value of n for which equatum 1 is 
true, then the equatim is true also when n - ft + I- 


% 

Proof. 1. By hypothesis, equation 1 is true when n = ft, or 

2_[_4-l-6“h •** "t"2ft = ft(ft "b !)• 


( 2 ) 


By use of (2) we wish to prove that 

2 + 4 + 6 + ••• + 2(ft + 1)- + 1) + y 

* (ft + l)(ft + 2), 



which results from (1) when n = ft + 1. lu (3), we place ? over 

because the equality is not yet proved. Recognize that 

2 + 4 + 6 + ■ ■ * + 2(ft + 1) = 2 + 4 + 6 + ■ • ■ + 2ft + 2(ft + 1), ( 
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since the sum of {k + 1) terms equals the sum of k terms plus the (k -j- l)th 
term. By use of (4), the equation 3 which we ^ish to establish becomes 

2 + 4 + 6+ ••• +2k + 2[k+l)= (A+l)(fc + 2). (5) 

Our hypothesis is (2) ; by means of it we desire to prove (5) . 

2. Add 2(fc + 1) to both sides of equation 2: 

2 + 4 + 6 + ••• + 2A:-l-2(A; + 1) = A;(A: + 1) + 2(jfc -fl) 
(factoring) = (fc + l)(ft + 2). (6) 

Hence, each side in (6) is the same as the corresponding side of (5). There- 
fore, we have shown that (5) is true if (2) is true, which completes the proof 
of the Auxiliary Theorem. 

Conclusion. Let H be any positive integer. Then, to show that equation 
1 is true when n = Hj we first recall that (1) is true, by verification, when 
n equals 1, or 2, or 3. Now, by use of Part II, since equation 1 is true when 
n - 3, it follows that equation 1 is true when n = 3 + 1 = 4. By use of 
Part II again, since equation 1 is now knowTi to be true when n = 4, hence 
equation 1 is true also when n = 4 + 1 = 5. On proceeding step by step 
in this manner, by successive applications of Part II, we eventually reach 
the conclusion that equation 1 is true when n = //. Since II represented 
any positive integer, we have proved Theorem I. 

Comment. It is essential to recognize that (5) was not used in the proof 
leading to (6). We wrote (5) merely to guide our proof. 

Example 2. If nis any positive integer, prove that 

1-2 + 2*3 + • ■ • + n{n + 1) = +i(?i + l)(n + 2). (7) 

Proof. I. Equation 1 is true when n = 1, 2, or 3 because 
whenn=l, 1-2 = J(l)(l + 1)(1 + 2), or 2 = 2; 

whenn = 2, 1-2 + 2-3 = ^(2)(2 + 1)(2 + 2), or 8=8; 

when 71 = 3, 1-2 + 2-3 + 3-4 = J(3)(3+ l)(3 + 2), or 20 = 20. 

11. Auxiliary Theorem. If k is any value of n for which equation 7 is 
true, then the equation is true also when n = k I . 

Proof. 1. By hypothesis, (7) is true when n = k, or 

1.2 + 2-3+ ••■+*(/: + 1) = ik{^ + l)ik-\-2). (8) 

Under this hypothesis we wish to show the truth of the following equation, 
which is obtained by placing ti = A: + 1 in (7) : 

l‘2 + 2.3 + +(A: + 1)[(A: + 1) + 1] 

= iik + 1)C(* + 1) + !][(* + 1) + 2]. (9) 

2. On explicitly indicating the kih term on the left in (9), we may rewrite 
(9) as follows: 
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1. 2+2-3+ ••• +&(A:+l)+(fc+l)(&+2)=i(ft+l)(A+2)(A:+3). (10) 

To establish (10), add (i + l)(i + 2) to both sides of (8); we obtain 

1.2 + 2-3+ ••• +fc(* + l) + (* + l)(* + 2) 

= 4it(lfc+l)(ft + 2) + (* + !)(* + 2). (11) 

When the right member of (11) is simplified, it becomes 

k{k + l)(ft + 2) + 3(fc + l){k + 2) ^ 1 ^ + 2)(ifc + 3). 

3 3 

Since each side of (11) is the same as the corresponding side of (10), hence 
we have shown that (9) is true if (8) is true. 

Conclusion. The student should now supply a concluding statement. 

In order that mathematical induction may be tised, it must be 
possible to arrange the cases ^vith which the theorem deals in a 
definite order, so that there is a 1st case, a 2d case, • • • , a Ath case, • * • . 
The total number of cases may be large or small, but we are interested 
in the method mainly for use in case a theorem deals ^vith infinitely 

many cases. 

196. Outline of a proof by mathematical induction. 

Part I. Verification of the truth of the theorem in the first few 
special cases. 

Part II. Proof of an auxiliary theorem. If the A:th case of the 
theorem is true, then the {k + l)th case is also true. 

Conclusion. The argument for concluding that all cases are true. 

Note 1 . An argument by mathematical induction may be compar^ to 
climbing a ladder, where each round corresponds to a special case of the 
theorem. In the proof, Part I shows that we are able to chmb onto the 
first round of the ladder. Part II proves that we are able to pass from 
round to round and, hence, that we are able to arnve eventually at any 

round, however high. 

Note 2 In Part I of a proof by mathematical induction, it usually suffices 
logically to verify only the first case of the theorem. However the m^rn^ 
of the theorem wiU always be more thoroughly appreciated if several cases 

are verified. 

Note 3. Both Part I and Part II of a proof by mathematical induction 
are necessary. Thus, Part I by itself would be insufficient 
though many special cases of a theorem are true, nevertheless t e ^re 
may not be true in all cases. Thus, it can be verified that (n n 
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is a prime number for each of the values n = 1, 2, 3, ■ • • , 40. Hence, it might 
be inferred that (n^ — n + 41) is a prime number for all values of the integer 
n. However, this general result is not true because, on substituting n = 41, 
we find that (n^ - n -f 41) becomes [(41)^ - 41 + 41], or (41)2, ^nd 
(41)2 \snotd. prime number. 

Likewise, Part II must be accompanied by Part I in order to furnish a 
proof. Thus, if we should forget the necessity for the verification of special 
cases in Part I, we could apparently prove the false statement that, if n 
is any positive integer , then 

2 + 4 + 6 + • • • + 2n = 20 + n(n + 1). (1) 

When we compare this equation with the correct equation of Section 195, 
we see that equation 1 is not true for any value of n. Nevertheless, we can 
easily prove the auxiliary theorem of Part II, which would state that, if 

2 + 4 + 6 + • • - + 2jfc = 20 + jt(A: + 1), (2) 

then 2 + 4 + 6 + • • ■ + 2(ifc + 1) = 20 + (A + l)(jt + 2). 

This result can be proved by adding 2{k + 1) to both sides of (2). 

Note 4- In the natural sciences a general conclusion is often reached, 
although not demonstrated in the mathematical sense, by a consideration 
of what happens in a number of special cases. Sucli reasoning is called 
ordinary, or incomplete, induction. In contrast to it, mathematical induction 
is often called complete induction. 

The student must not infer that mathematical induction applies 
only when the theorem is stated by means of an equation. In the 
follo\ving Example 1, no equation is involved in the theorem. 

Example 1. Prove that, if n is any positive integer, then x-'" — j/'* has 
X -\- y as a factor. 

Solution. I. When n = 1, — y^^ becomes x‘ — if, which is seen to 

have X + y as a factor. If n = 2, x^'* — if’^ becomes x^ — if, wliich has 
a? + y as a factor: 

X* - f = (x + y)(x^ - xhj + xif - f). 

n. Auxiliary Theorem. If x^-* - if^ has x + y as a faetor when n = k, 
then x^" — y^" has x + y as a factor also when n = k + 1. 

Proof. 1. If x*’^ — y^” has x + y as a factor when n = k, then 

- y=‘ = (x + y)F, (3) 

where we let F represent the other factor. AATien n = ^ + 1, x^" — y2'» be- 
comes x*^ — y^^. We verify that * 

_ yik+2 = _ y2t)_j_ _ ^2), (4) 

* The identity 4 is obtained on dividing x"'"^ — by x^ — j/®*; the quo- 
tient is X* and the remainder is y^x^ — or y®*(x® — y®). 
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2. Hence, by use of equations 3 and 4, we obtain 

2 . 2 itf 2 _ = x\x + y)F + + y)(x - y) 

= (a: + “ y)l 

Therefore - 2/^ x + 7/ if has the factor 

X + y, aild hence the auxiliary theorem has been proved. The student 
should supply the concluding statement for the solution. 

EXERCISE 88 

By use of rnaihemalkoL induction, prove IM the equation, or staiemorU, w 
true for all posUive integral values of n. Do not use formulas premously proved. 

1. 4 + 8 + 12 -1 h 4n = 2n[n + 1). 

. n(n + 1) 

2. H-2 + 3-|-*"+n = 2 

3. The sum of the first n positive integral multiples of 3 is in{n + 1). 

4. The sum of the first n positive integral multiples of 6 is 3n(n + !)• 

6. 1 + 3 + 5 + . . . + (2n - 1) = (State tWs theorem in words.) 

6. 1 + 4 + 7 + * • • + (3n - 2) = in(3n - 1). 

7. U + 2^ + 3* + * * * + n* = ^ 

8. 1* + 23 + 33 H H == j (n + !)*• 

9. 2-4 + 4-6 + 6-8 + • • • + 2n(2n + 2) = 5 (2» + 2)(2n + 4). 

10.1 + 3 + 6 +---+|(« + l) = ^('‘ + l)^” + ^)- 
+ ^ + 3^ + ■ ■ ■ ° 

12 . 2 + 2 * + 23 + 1 - 2 " ^ 2 "+* - 2 . 

13. 3 4- 32 + 33 + h 3" = §(3'*'^* - 3)' 

14. 1 4- 5 + 52 + • ■ • + 5"'" = i(5" - !)• 

16. The sum of the cubes of the first n positive even mtegers is 2n ( + ) • 

-1 g - 

16. a 4- gr 4- ar2 4- • • • 4- j — r * 

17. a + (a + d) + (a + 2d) + • • • + C" + 2*^^“ 

18. If 71 is a positive integer, then (i” - !/”) has (x - y) as » facto 

P^otice that (i’^‘ - y*') = - y''> + 

19. If 71 is a positive integer. (i-‘ + has (i + ») as a factor. 
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★197. Binomial Theorem. The binomial Jorinulay 

(x + y)" = X" + x"-V + • • • 

n(n-l)-.-(n-r + 2) ^ 

^ (r-l)l * ^ 

, n(n - 1) • ■ • (n - r + 1) , . „ 

+ ^ + • • * + y"i 

joT the expansion of (x + y)” is true Jot every 'positive integral value 
of n. 

Note 1. In (1), we repeated formula 3 of page 101, and, for later con- 
venience, inserted the rth term, involving as well as the (r + l)th 

term, involving x^~'y'. 

Proof. I. In previous problems, we have verified (1) for n = 1, 2, 3, and 
4 as well as for numerous other special cases. 

n. Auxiliary Theorem. If the binomial formula is true when n ^ k, 
then the formula is true also when n = k I . 

Proof, 1. By hypothesis, (1) is true if ti = A:, or 

(x + y)‘ = + kx’^'y + + • • • (2) 

, kik-1) ‘ ‘ • {k-r-\-2) , A:(fc-1) • • • (A-r-f 1) ^ 

+ ~ 7 ri x’^'y'Ar • ■ • -ty- 

— i ) ! ' • 

Under this assumption, we wish to prove that (x + is equal to the 
following expression, which we write on substituting n = A 4- 1 in the right 
member of (1) : 

+ (i + i)x^ + x’^Y + . 

(ft+DW ■■•C(fc + l)-»-+l] + . . . + 

2. Since (x + = (x + y)(x + ^/)^ we can obtain (x + y)'^^ by 

multiplying the right member of (2) by {x + y). On multiplying, the first 
few terms obtained are as follows: 

x'^Y + • ■ • 

-f xV 4* kx’^^y^ 4" • • • • 

In (4), the first line results from use of the x of the multiplier (x 4- y) and 
the second line from use of the y. On adding similar terms in these two 
lines, we obtain 
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+ (i + + . . ., 

where we find the same first three terms as in (3). 


3. We must also show that, in the result of the multiplication by {x + y), 
the general term involving y is identical with the corresponding term in (3). 
In multiplying {x + yY by (x + y), we obtain terms involving by mul- 
tiplying 

(а) the term in y*" in (2) by the x of (x -f- y), and 

(б) the term in y^^ in (2) by the y oi (x + y). 


That is, we obtain, as the terms in y, 

, k{k - 1 ) 


1-2 


Y + 


(& - r + 2) 


1-2 ••• (r - 1) 




r. 


On reducing these to a common denominator and adding, we obtain 


[(fc - r + 1) + rjk)(k - 1) • > • (A; - r + 2) 

1-2 • • • r 




(5) 


Since A; — r + 2 = C(A + 1) — r + 1], hence (5) can be written 

(k + 1)(A:)(A: — 1) • • • [(fc + 1) — r + 1] 

H 

which is the same as the corresponding term in (3). 

4. On multiplying iY in (2) by the y of (x + y), we obtain y^*, which is 
the last term in (3). Hence, we have shown that, if (2) is true, then (x+y)*^' 
is given by (3). Hence, the auxiliary theorem is proved. The reader should 
make the concluding statement for the proof. 

Note 2. The conclusion of a proof of a theorem by mathematical induction 
can be written in various equally logical ways. Let the general ca^ of the 
theorem be called the nth case (n a positive integer), suppose that in Part I 
tlie theorem has been verified at least for n = 1, and assume that Part 11 of 
the proof has been completed. Then, instead of writing the conclusion as on 
page 221 , we may use the follovsing argument, which employs the method of 
indirect proof, consisting of an assumption that the theorem ]s false and then 
the arrival at a contradiction. 

Conclusion. To prove that the theorem holds for all values of n, assume 
that this is not true. Then, let (k + 1) represent the smallest value of n for 
which the theorem is false. By Part I of the proof, (k + 1) is at least 2, and 
the theorem fails when n = A: + I but holds when n — k, because {k 4"^ 1) 
was the smallest value of n for which the theorem is false. The preceding 
sentence contradicts the result of Part II of the proof. Thus, the original 
(^sumption above that the theorem is not true for all values of n is false. Hence, 
the theorem is true for all values of n. 
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198. Inversions. In considering any permutation of positive in- 
tegers, we shall say that there is an inversion whenever a number 
precedes (is to the left of) one which is smaller. 

Illustration 1. In (1, 5, 3, 2, 4) there are four inversions because 5 
precedes 3, 2, and 4, and 3 precedes 2. 


199. Determinants of any order. We shall give a definition of a 
determinant of any order which will include as special cases the def- 
initions of determinants of the 2d and 3d orders on pages GO and 61. 

Consider an array of n- numbers, called elements, arranged in n 
rows and n columns of n numbers each, and inclosed by t\\ o vertical 
bars. Represent each element by a letter with a subscript showing 
the number of the row where the element lies, and use the s;ime letter 
for all elements in the same column. 


Illustration 1. We indicate an array of 4" or 16 elements by the symbol 
at the left and an array of elements by the symbol at tlie right below, 
where the n column letters would be chosen without duplications: 


ai 

bi 

Cl 

di 

(h 

h 


dz 

03 

63 

C 3 

d, 

a* 

bi 

Ci 

d. 



ai 6i • • • r, 
Qi th • • • r2 


• « • • « 
Qn 


Definition L A square array of numbers, such as (II), is 
called a determinant of the nth order. It is a symbol for the sum of 
all terms which can be formed 

1. by taking as factors one and only one element from each row, 
and from each column, and 

2. by giving to each such product a plus or a minus sign according 
as the number of inversions in the subscripts is even or odd, after 
the letters of the product are written in the order in which they 
appear in the first row of the determinant. 
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Illustration 2. We obtain the products in the expansion of the following 
determinant by attaching the subscripts 1, 2, and 3, in every possible order, 
to the type product “a 6 c.” We thus obtain azbtCi, etc. We de- 
termine the sign to be attached to any product by Step 2 of Definition L 
Thus, we give 026301 a plus sign because (2, 3, 1) shows two inversions, and 
026103 ^ mvnus sign because (2, 1, 3) shows one inversion. 


01 bi Cl 

02 ^2 

03 bi Ci 


= QibiCi QibiCi -f- 02^301 — flsbaCi — 0163^2 OibiCa. 


This expression is the same as that used on page 61 as a definition of the 
determinant of the 3 d order. Hence, Definition I includes the previous 
definition as a special case. More easily, the student can verify that Defini- 
tion I includes as a special case our previous definition of a determinant of 

the 2d order. 

The sum of the signed products described in Definition I is called 

the expansion of the determinant. 

The principal diagonal of a determinant is the line of elements 

from the upper left^ to the lower right-hand comer. 

Theorem I. TJm expansion of a determinant of order n contains 
n ! terms. 

Proof. The number of terms is the same as the number of waya 
in which we can attach the subscripts 1 , 2 , ■ • n to e n 
used to denote columns. This number of ways is n nj or h . 

Illustration 3. The expansion of a determinant of the 4 th order con- 
tains 4!, or 24 terms. 

'Note 1 . In a permutation of letters a, 6 , c, ’ * *> shall say ^ 

inversion whenever me letter precedes another which follows it m alp 
order. Suppose, now, that in a determinant we use the ^me letter 
elements of the same row, mth the row-letters m alphabetica order f 
top to bottom, and subscripts to distinguish the columns. 

Then, we shall replace Step 2 of Definition I by the following 
statement: give to each product a plus or a minus sign 
ing as the nwm6er of inversuyns among the lei^s is even or od , , 

of the product are written so that the subscripts appear in e n 

(h 2, 3, 


Qi 

6i 

Cl 


02 

62 

Cl 


03 

63 

Cl 


EXERCISE 89 

Determine the number of inversions in each arrangement: 

1. 5, 3, 4, 1, 7, 9. 2. 6, 1, 4, 3, 2, 5. 3. 1. 4, 3, 2, 5. 


4. 3. 4, 1, 2, 5, 
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B. By use of Definition I, write out the expansion of the determinant of 
order 4 in Illustration 1, Section 199. 

200. Properties of determinants. 

Property I. The value of a determinant is not changed if corre- 
sponding rows and columns are interchanged * 

Illustration 1. If we let 


Qi 

6 i 

Cl 

Oi 

Oa 

03 

Oj 

6 , 

Ca 

, and D' = bi 

6 a 

63 

03 

6 , 

Cs 

Cl 

Ci 

C 3 


then Property I states that D — D'. The reader can verify this special 
case of Property I by expanding D and D', by the method of page 61. 

From Property I, it follows that, for every theorem concerning 
the columns of a determinant^ there is a corresponding theorem con- 
cerning the rows. Hence, we shall state the following properties 
as true for both rows and columns, but shall prove only the parts 
referring to columns. 

Property II. If all elements of a column (or row) of a determinant 
D are multiplied by the same number k, the value of the determinant 
is multiplied by k. 

Proof. One and only one element of the column is a factor of 
each term of D. Hence, if each element of the column i.s multiplied 
by K we obtain a new determinant D' each of whose terms is k times 
a corresponding term of D. Therefore D' = kD. 

TT , 3 4 _ 3 4/: 

Illustration 2. By Property II, * 5 7 ” 5 

From Illustration 2, it is evident that Property II justifies 

Property III. A common factor of all elements of a column (or 
row) may be removed and written before the determinant. 

Property IV. If all elements of a column (or row) are zero, the 
value of the determinant is zero. 

Proof. Each term of the expansion is zero, because each term 
contains one factor from the column of zeros. 

Property V. If two columns (or rows) are interchanged, the sign 
of the determinant is changed.* 


* For a proof, see Appendix, Note 6. 
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Gi bi Cl Cl bi Oi 

Illustration 3. If D = 02 hz ct and D = Cz bz <k t 

03 bz C3 Cz bz Qi 

* 

then Property V states that D = - D\ The reader can verify this equality 
by expanding D and D'; each term of D' is the negative of a term of D. 

Property VI. If two columns {or rows) of a determinant D are 
identical, then D — 0. 

a X X 

Illustration 4. By Property VI, b y y 

c z z 



Proof. Interchange the identical columns in D. By Property V, 
the value of the new determinant is — D. But, since the columns 
were identical, the new determinant is the same as D. Hence, 
Z> = — D, or 2Z) = 0, or Z) = 0. 


Property VII. If each element of some column {or row) is ex 
pressed as the mm of two, or more, numbers, the determinant may be 
expressed as the mm of two, or more, determinants. 

loi (6i + di) Ci| |ai bi Ci ai 


Oi 

bi 

Cl 

Oi 

di 

Cl 

= Oz 

bz 

Cz 

+ Oz 

dt 

Cz 

az 

bz 

Cz 

03 

dz 

Cz 


Illustration 5. oj {bz dz ) Cz — (h Oz cz -r j 

03 (fts + dj) c, 0, 63 C3 03 d , c , 

This special case is seen to be true because each term of the 

on the left is the sum of the corresponding terms of the ^ 

rigid. For instance, 0.(63 + d,)o. = 0.63C3 + o.d,C3 A similar relation 

establishes Property VII for a determinant of any or er. 

Property VIII. The value of a determinant is not changed if to 
each element of any column {or row) we add k times the corresponding 

element of some other column {or row). 

Proof. 1. For convenience in details, consider only the special 
case which states that D and D' below are equal. 

\n. h. r,\ I fll {^l + ^^ 1 ) I 


D = 


Oi 

bi 

Cl 1 

02 

bz 

• 

11 

03 

bz 

C 3 1 1 


az {bz + kcz) Cs 


We apply Property VII and then Property III to D': 

ai 61 Cl fli hci Cl 

D' = 02 bz Cz + 02 kc2 C2 -= D + k oz Cz c* 

03 63 Cs <13 kcz Cz oz Cz Cz 
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3. By Property VI, the last determinant is zero; hence, D' = D. 

Definition 1. In any deierminantj if the row and column coniain^ 
ing a given element, eay e, are blotted out, the determinant formed 
from the remaining elements is called the minor of e. 

01 bi Cl 

Illustration 6. In 6* Ca , the minor of Ca is 

03 ^^3 C3 

Property IX. In any determinant D, if ai is the element in the 
upper left-hand comer and if A\ is its minor, then the terms of D in- 
volving ai are given by aiAi.* 

01 6i Cl 

Illustration 7. Let D = 0a bt ^ I; 

03 bi Ci 

Ai — biCi — biCi. In the expansion of D, on page 228, the terms involving 
01 are (01&2C3 — 016302), or 01(6303 — 63C2), which is oiAi. 

Property X. Terms involving any element. In any determinant 
D, if € is the element in the 6th row and A'th column, and if E is the 
minor of e, the terms of D involving e are + eJ? or — eE according as 
(6 + k) is even or odd. 

Illustration 8. In D of Illustration 7, if e is the element Ca, then 6 = 2 
and A = 3; 6 + ifc = 5, which is odd. By (X), the terms of D involving 
Oa are 

- Ca = - 03(0163 - 0361). (1) 

03 63 

Proof. 1. Interchange the 6th row with the one above it, then 
with the new one above it, etc., until, after (6 - 1) interchanges, 
the original 6th row becomes the 1st row. Then interchange the 
6th column with the one at its left, then with the new column at 
its left, etc., until, after (k - 1) interchanges, the original 6th column 
becomes the 1st column. Call the final determinant D'; e is in the 
upper left-hand corner of D'. 

2. In D', the minor of e is E, because on blotting out the elements 
of the 1st row and the 1st column of D' we leave the elements of 
E in the order they had originally in D. Hence, by Property IX, 
the terms of D' involving e are given by eE. 

• For a proof of Property IX, see Appendix, Note 6. 


then, Ai = 


62 Ca 

63 C3 


, or, 


Oi 61 
03 63 
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3. D' was obtained by starting with D and performing the 
[(/i _ 1 ) + (fc _ 1 )], or (h-\-k-2), interchanges of Step 1. By 
Property V, each interchange changes the signs of all terms. Hence, 
since eE gives the terms of D' involving e, then the terms of D which 
involve € are -{-eE or -- eE according as (/i + A: - 2) is even or odd, 
or, according as (/i + A:) is even or odd. 

201. Method for expanding a determinant D by minors, according 
to the elements of a given column (or row). 

1. Multiply each element of the column by its minor, and give the 

product a plus or a minus sign according as the sum of the numbers 

of the row and the column containing the element is even or odd. 

2. Take the sum of these signed products. This sum is D. 

Proof. Each term in the expansion of D contains one and only 
one element of the given column. Hence, the expansion is the 
sum of the terms involving the 1st element of the column, plus the 
terms involving the 2d element, etc., and, by Property X, these 
are the terms described in Step 1 of the method. 

Illustration 1. In the following equality, we expand the determinant 
of the 3d order according to the elements of the 1st column: 


fll 

hi 

h 

C2 

bi 

Cl 


Cl 

02 

62 


Cz 

bz 

Cz 


C2 

03 

bz 

Cl 







This equality can be verified by expanding all determinants above by the 
methods of pages 60 and 61. 

Illustration 2. Expanding according to the elements of the 2d row, 

3-150 

- 1 0-4 2 ^ 

2 3-2 6 

4 -2 -3 - 1 


- 1 

5 

0 

3 

- 1 

0 

3 

- 1 

5 

3 

- 2 

6 

+ 0-(-4) 2 

3 

6 

+ 2 2 

3 

-2 

-2 

- 3 

- 1 

4 

-2 

- 1 

4 

-2 

- 3 


202. Cofactors. In a determinant, if e is the element which 
stands in row h and column k, and if E is the minor of e, the cofactor 
of e is defined as + E or — E according as the sum (A + k) of the row 
and column numbers of € is even or odd. 
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Illustration 1. If € stands in row 3 and column 6, the cofactor of 6 is 
minus the minor of e, because (3 + 6) is odd. 

If the notion of a cofactor is employed, the rule for the expansion 
of a determinant can be restated as follows. 

The value of a determinant is the sum obtained by multiplying each 
element of any raw (or column) by its cofactor and adding the results. 


203. To evaluate a determinant of the second order, use the 
method of Section 68. If the order of a determinant is greater than 
2, it is usually most convenient to proceed as follows: 

1. By use of Property VIII, reduce all, except at most two, of the 
elements of a certain column {or row) to zeros. 

2. Expand the resulting determinant by minors, according to the 
elements of the column {or row) containing the zeros. For each minor, 
if Us order is greater than 2, proceed as in Step I. 


Example 1. Compute the value of 


5 7 8 6 

11 16 13 11 
14 24 20 23 
7 13 12 2 


Solution. 1. Subtract the 1st row from the last, twice the 1st row from 
the 2d row, and three times the 1st row from the 3d row. Then, 



5 

7 

8 

6 

1 

5 

7 

8 

6 

D = 

1 

- 1 

2 

3 

- 3 

- 4 

- 1 

5 

= 2 

1 

- 1 

2 

3 

- 3 

- 4 

- 1 

5 


2 

6 

4 

- 4 


1 

3 

2 

- 2 


in obtaining the last determinant. Property III was used in removing the 
factor 2 from the elements of the last row of the preceding determinant. 


2. In the last determinant, subtract the 2cl row from the last row, and 
five times the 2d row from the 1st row; add the 2d row to the 3d row; then, 
expand according to the elements of the first column: 




* 2(- 598) = - 1196. 



Note 1. Recognize that we cannot expand a determinant of order higher 
than 3 by a method like that used for determinants of the 3d order in 
Note 1 on page 61. If, for instance, we used such a method for the deter- 
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minant in Problem 5, page 229, we would obtain only 8 terms, instead of 
the actual 24 terms of the expansion. 

Note 2. The signs to use in expanding by minors, or 
the signs to be attached to the minors of the elements of 
a determinant in order to obtain the cofactors, can be 
remembered by use of the adjoining diagram. The 
sign in each place is the one which should be attached 
to the minor of the corresponding element in expanding. The signs alternate 
in proceeding to the nght in any row, or moving down in any column. 


H h • 

— 1 — • 
+ - + . 
— I — • 


EXERCISE 90 


1. Expand by minors according to the elements of the 
1st column; of the 2d column; of the 3d row. 


Cl 

mi 

Vi 

Ca 

nii 

V2 

Ci 

m% 

Vt 




Evaluate by use of expansion by minors. 


1 5 2 

4 7 3- 

2-36 




-2 0 2 
- 1 -3 1 ■ 

4-23 




c 

2 

b 


b 

3 

4a 



I X y 
1 x* 

1 y® 





6 

- 5 

1 

4 


3 

- 1 

2 

3 

5 

- 2 

2 

4 

11 

1 

0 

2 

1 

7 

- 8 

- 2 

4 


2 

3 

0 

1 

3 

- 6 

- 3 

9 


5 

2 

4 

- 5 


3-1 42 

4 4 4 6 

8 5-84 

6 6 6 9 


2 

1 

3 

7 


2 

3 

1 

4 

3 

4 

5 

8 

13 

5 

- 2 

0 

3 

6 

4 

- 2 

-4 


0 

1 

2 

— 5 

8 

4 

- 3 

3 

1 


3 

3 

2 

3 


1 

2 

5 

7 


- G 

3 

0 

9 

12. 

- 3 

5 

2 

7 


2 

1 

4 

3 




14. Without expanding, show that the adjoining equa- 
tion is satisfied when x = 2 and x = 3 . Hence, what factors 
has the determinant? Check by expanding and solving the 

equation. 

16. Without expanding, show that the adjoining deter- 
minant has the factors (x — y), (y — w), and (x — uj), and 
find a factored expression for the determinant. 


1 2 3 
1x3 
1 3 X 


1 1 
X y 
X* y* 



1 

w 

u>* 
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204. An auxiliary result. 

Illustration 1. Consider the expansion of the following determinant 
according to the minors Ci, 0 %^ and Cs of the 3 d column. 

fli 6i Cl 

di bi C2 = CiCi “ C2C2 “f" CzCz- (1) 

fls bz Cz 

If, on both sides of ( 1 ), we replace Ci, Ca, and cz by Oi, Oa, and 03, respectively, 
we obtain 

Qi bi di 

eta 6a Oa = fliCi — OaCa flaCa. (2) 

dz 63 03 

Since the determinant in (2) has two columns identical, it is identically 
zero. Hence, OiCi — OaCa + azCz = 0 . In a similar fashion, the following 
theorem can be proved for a determinant of any order. 

Theorem I. In ike expansion of a determinant D by minors, 
according to the elements of a given column, if we replace the elements 
of this column by the corresponding elements of another column, the 
residting expression is identically zero. 

206. Solution of linear equations by determinants. jSxiy system 
of n linear equations in n unknowns can be written in the form 

aix + 6iy + Ciz + • • • = ki, 

a2X b2y C 2 Z = h, 

• ••••• 

anX+bny + Cr^+ • • • = kn, 

where A;i, fe, • • •, kn are constant terms. In system I, certain of the 
coefficients ai, 61, cs, ki, etc. may be zeros. For (I), let the Greek 
capital letter delta, A, represent the determinant formed from the co- 
efficients of the unknowns, written by columns in their natural order. 

Theorem I. In any system of linear equations of the form I, con- 
taining the same number of unknovms as equations, if the determinant 
of the coefficients of the unknowns is not zero (A 0 ), then the system 
has a single solution. In this solution, the value of any unknown can 
be expressed as a fraction in which 

1 . the denominator is A, and 

2. the numerator is the determinant obtained if, in A, the column 

of coefficients of this unknown is replaced by the column of constant 

terms, ki, k2, • ■ • , kn. 
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Note 1. For simplicity in writing, but with general reasoning, we shall 
prove Theorem I for the special case of the following system; 

QiX + biy + Ciz = kij (1) 

n. (hx hy + (h^ = ki, (2) 

. OaX + fcay + Cjg = h. (3) 


In system II, 


A = 


ai 6i Cl 

Qi hi C 2 

Qz bz Cz 


(4) 


Let Ki, Ki, and Kz be defined as follows: 

ki bi Cl 

Ki ~ ki bi Cj 1 ; Ki •“ 

kz bz Cz 


a\ ki Cl 

Q-i ki Ci 

oz kz Cz 


Ki = 


fli 61 ki 

di hi ki 

Cz bz kz 


(5) 


The determinants Ki, K„ and K, are those specified as the numerators in 
Step 2 of Theorem I. 

Proof of Theorem I. 1. First let us show that, in any solution of 
(II), X, y, and a; satisfy the following equations; 

A-x = Ki; Ay-Ki; A-z^Kt. (6) 

2 To estabUsh, for instance, the second equation of (6), we pro- 
ceed as follows. In A, let 5., and B, be the rmnore of 6., K 
and ba, respectively. On multiplying both sides of (1) by 
of (2) by + B 2 i and of (3) by - Bz, we obtain the foUowmg equations. 

— aiBiX — biBiy — CiBxZ = ~~ kiB\. 0) 

OiBiX + biBty + CiBzz = k^B^. (3) 

- OjBsX - hzBzy - CzBz^ = - kzBz. 

On adding corresponding members of (7), (8), and (9) and collecting 
terms, the coefficient of 2 / is found to be 

— bi^i “b bzBi ~~ bzBz, (f6) 

which is seen to be A, expanded according to the elements of its 
2d column. The coefficient of x is 


” diBi “h 0.2B2 ~~ d^Bz, 

which is the same as (10) except that a’s replace the 6’s m (10). 
Hence, by Theorem I, Section 204, the coefficient of i is zero. 
Similarly, it is found that the coefficient of z is zero. Therelore, 
on adding (7), (8), and (9), we obtain 

^•y — — k\B\ -h k^B% kzBz* 


( 11 ) 
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The right member of (11) is the same as ( 10 ) except that jfci, 
and h replace 6i, 62, and 63, respectively. Since (10) equals a| 
the right member of (11) is the expansion of the determinant Kz ob^ 
tained by replacing the column of 6's in A by the constant terms 

kzj and ^3. Therefore, from (11) we obtain 

3 . Similarly, to establish A'Z = Kzt we should commence by 
multiplying both sides of ( 1 ), ( 2 ), and ( 3 ) by + Ci, - C2, and + C3, 
respectively. To obtain A‘Z = Ki, we should commence by mul- 
tiplying both sides of ( 1 ), ( 2 ), and ( 3 ) by + Ai, - Az, and + As, 
respectively. Recognize that equations 6 are true whether or not 
A is zero, if (x, y, z) is a solution of (H). 

4 . IF A 7^ 0 , from equations 6 we obtain 

Ki Ki . Ks 

which completes the proof of Theorem I. 

Note 2. Recognize that the equations in (6) and (12) are obtained under 
the assumption that there is some set of values of (x, y, z) which satisfy (II). 
Hence, the preceding proof shows that, if there is any solution, there is 
only one, given in (12). To complete a rigorous proof, it should be shown, 
by substitution in (II), that (12) actually is a solution. This substitution 
is omitted here. * 


Example 1. Solve: 


f 2x - 2 / H- 2z -h w = 12, 

I 2x — 7 / + 3? — 4w = 5, 

5x-\- y z =6, 

- 2y + z+ w = 9, 


(13) 

(14) 

(15) 

(16) 


Solution. We use the method of Theorem I. 



2 

- 1 2 

1 



2 

- 1 

12 

1 

2 

- 1 3 

- 4 

= 48; 


2 

- 1 

5 

- 4 

5 

1 1 

0 

5 

1 

6 

0 

0 

- 2 1 

1 



0 

-2 

9 

1 




Similarly, by use of determinants we find y — — 2. The values of x and w 
could also be found by use of determinants, but it is more convenient to 
proceed as follows: 

Substitute {y = - 2, z = 3) in (15) and (16): from (15), x = 1; from 
(16), uj = 2. The solution of (III) is (x = 1, y = — 2, z - 3, la = 2). 

* See L. E. Dickson’s Elementary Theory of Equatims, page 145. 
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Note 3. The discussion of the solution of a general system of m linear 
equations in n unknowns in which A = 0 is too complicated for treatment in 
this book.* Such a system may be consistent (has solutions), but usually a 
system is inconsistent if A = 0. The most simple condition for inconsistency 
is given in the following theorem. 

Theorem II. A system of the form I is inconsistent if A = 0, 
and if any one {or more) of the numerator determinants Ki, K 2 , K 3 , • • ■ 
is different from zero. 

Proof. IF system II is consistent and if (x, 2 /, z) represents any 
solution, then the equations in ( 6 ) hold, even when A = 0. Since 

it follows that if A = 0 then /Ti - 0; similarly, K 2 = /C 3 = 0. Hence, 
if A = 0 and if any one of {Ki, /C 2 , K 3 ) is not zero, the system cannot 

be consistent. 


EXERCISE 91 


Solve by determinants and check by substitution. 



I + y — 2z = 7, 

2x — Zy — 2z — 0, 
X — 2y — Zz ~ Z. 



68 + 3e + 2u) = 1, 

3s — 4u? = 4, 

58 - ( = 14. 



f 2x + 3y + 2z = 2, 

4x — 2/ — z = 1, 
i 2x + 2/ + 22 = 4. 



r X — 41/ -f- 32 = 4, 

3x - lOy + 2 = 18, 

[ 4x — 2y + 22 = 12. 


2x + 4y - 2 -1- 3uJ = 7, 

- 2x + 2y + 32 - 2uJ = - 6, 

2x - 2y + 22 + w = 9, 

. 3x - 4y - 22 4- ixJ ^ 8. 



2x + 2y -f- 32 4 - ly = 7, 
X + Sy z — 10 , 

3x — 52 — 2 w = 10, 

4x — y 4- 22 + - 11- 


3y + 224-ty4-3 = 0, 

4x + y 4 - 2 4" 4u; = 14, 
X — y — 42 — 7 = 0, 

3x - 2y - 22 + w = 12. 



■ 3x 4- y 4- 32 - 2u; 4- y = 0. 

5 — y4-3y — UJ = 0, 

2 4 " 2 y 4" 2 = 0 , 

2 — X — y — 24 - 2 u; 4 -y = 0, 

X 4- y + 22 4- 3u; = 2. 


• For a complete treatment of the solution cf m linear equations in n un- 
knowns, when m > n, m = n, or m < n, see Dickson, work aUd^ page 14 . 
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23;*-3y“l-2 — u-|-tJ + 3 
3y + 4z + 2u — v = 1, 

41 — 3/ + Z — w = — 2f 

Ox — 2y — z-\-u = 4, 
iy + 3z-u-\-2v = 3. 



Prove that each of the following systems is inconsistent. 


10 . 


a: + 2i/ — 32 = 2, 
2x + 1 / - 42 = 5, 

X - y - 2 = 2. 


11 . 


2x + 1 / - 2 = 2, 
4x + 7i/ + 2 = 13, 
X + 3y + 2 = 4. 


206. Homogeneous equations. A linear equation is homogeneous 
in case the constant term in it is zero. Thus, the equations in (II), 
page 236, are homogeneous if ki = 1^== 0. 

By substitution, we see that any system of homogeneous linear 
equations is satisfied if each unknown is zero. Frequently, such a 
solution is of no use, and hence it is sometimes called the trivial 
solution. 


Theorem I. If a system of n homogeneous linear equations in 
n unknovms has a solution other than the trivial one where each un- 
knovm fs zero, then A = 0. 

Proof. Consider system II, page 236, when each of A'o, kf) 
is zero. Then, each of (Ai, A'j, is zero because each has a column 
of zeros. Hence, by equations 12, page 237, if A 0, 

^x = ^ = 0, y = 0, e = o) 

is the only solution. Therefore, if there is some solution where 
the unknowns are not all zero, it is impossible to have A 0. 

Theorem II. In a system of n homogeneous linear equations in 
n unknowns, if A = 0, then the system has infinitely many nontrivial 
solutions. 


Note 1. The proof of Tlieorem II is beyond the scope of this book. In 
case nontrivial solutions exist, they can usually be obtained as follows: 

1. Solve n — 1 o/ the equations for n — I of the unknowns in terms of the 
other unknown, — call it x. 

2. Assign any value, not zero, to x and compute the values of the other an- 
knowns by use of the results of Step 1. Each set of corresponding values of 
the n unknowns thus obtained is a solution of the system . 
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Example 1. Discuss the system: 


3i + 2y - 3z = 0, 
4x - y + 7z = 0, 
I - 3y + lOz = 0. 


( 1 ) 

( 2 ) 

(3) 


Solution. 1. First, we verify that the determinant formed from the 
coefficients is zero: 

3 2-3 

4-1 7=0. 

1-3 10 

2. Hence, by Theorem II, system I has nontrivial solutions. 

3. We solve (1) and (2) for x and xj in terms of z; the solution is 

(3. - z,y = 32). We verify that these values also satisfy (3). 

4. From Step 3, if 2 = 2, then 1 = - 2 and (/ = 6. Hence, one non- 

trivial solution of (1) is (x = - 2, y = 6, z = 2). f 

to each value of z we obtain a solution of (I). That is, D) has inhn y 

many nontrivial solutions, wliich can be represented by the following for- 
mulas, where a may have any value: x = - a’, y = 3a] z - a. 

207. A system of linear equations containing more 
than equations usuaUy has infinitely many solutions, although, 
under exceptional conditions, such a system may be inconsistent. 

> _ 4 


Illustration 1. Consider the system . 


3j: - y - 22 = 1, 

2x + y - 32 = - 1- 


In (A), the determinant of the coefficients of x and « 

considering z as a constant for the moment, we can ^ f Z" 

terms of z by use of determinants. We obtain the so ution (x - z, y - z 1) . 

From this result, if z = 2, then x — 2 and y , a is, 

(x = 2, XJ = Ij 2 = 2) 

is one solution of (A). Similarly, corresponding to each 

tain a solution of (A). That is, (A) has infimUly many solutions, given y 

the following formulas where k may have any vaue. 

« 


X = k] XJ - k - 1; 


z = k. 


208. A system of linear equations contammg 
than unknowns usually is incondzlent, but under certain conch 

tions is consistent. Consider any system of m equations in n u 

knowns, where m > n, and suppose that we can ^ .mtiafv 
equations for the unknowns. Then, if the values ^tisfy 

the other m-n equations, which were not used in solvi g, 
system is consistent. Otherwise the system is inconsisten 
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Illustration 1. Consider the adjoining system, f x — 2y -f 7 = 0, 

On solving the first two equations, alone, we find i 3x + - 5 = o[ 

that they have a single solution (a: = — 3, y = 2 ). [ x + y -f 1 = 0 . 

By substitution we find that this is also a solution of the 3d equation. Hence, 
the system is consistent and has only one solution. 


A system of n linear equations in (n - 1) unknowns can be written 
as follows (illustrated for the case n = 3) : 


aix + biy + Cl = 0, 
OaX + bay + C2 = 0, 
flax + biy + C3 == 0. , 



Theorem I. In a system of n linear equations in (n - 1) urv- 
knovmsy if the determinant formed from the coefficients and constant 
terms is not zero, the system is inconsistent. 

Comment, The proof is given for the special case of system 1 , where 
n = 3, but the reasoning is of a general nature. It would be useful for the 
student to write out the proof for the case n = 4. 


Proof. 1 . Consider the following S 3 'stem, obtained from ( 1 ) by 
changing Ci to Ci 2 , C 2 to C 22 , and C 3 to czZ'. 


a\X + biy + CiZ = 0 , ' 
Oax + b^y + C22 = 0, 
OsX + bay + C32 = 0. , 



2. If ( 1 ) is consistent, it has a solution (x = b, y = k). Then, 
( 2 ) has a solution (x = b, y ~ k, z = 1 ), because ( 2 ) becomes ( 1 ) if 
2*1. In other words, if (1) is consistent, then ( 2 ) is a homogene- 
ous system with a nontrivial solution^ and hence, by Theorem I of 
Section 206, the determinant formed from the coefficients of x, y, 
and z in (2) is zero. Therefore, if this determinant is not zero, it follows 
that system 1 cannot be consistent. 


EXERCISE 92 


Find two nontrivial solutions, or prove that none exist. 



2x + 3y - 2 = 0, 
3x — y — 7z = 0, 


U + 7y + 52 = 0. 



u — 3i; — = 0, 

2u + y — 4uj = 0, 

3u + 5y + u> - 0. 


f 2x — 3y 2z = 0, 

3. I 4x — 6y + 5z = 0, 
[ X - y + z * 0. 

[ X + 3y - 2 = 0, 

4. I 2x + 6y - 22 = 0, 
[ 3x — y 4 - 22 = 0. 
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Find two solutions of ike system, 

f 6x — y + 22 = 1, 

\ 4x + 2/ — 32 = — 1. 

Prove inconsistent, or find a solution. 

[x-2y-l-7 = 0, 

. X + 11?/ -19 = 0. 

[ 3x + Ty = 5. 

r X - 2y = 3, 

. j 3x — 5i/ — 10 = 0, 

I 2x — 3y — 7 = 0. 


10 . 


2x — 3y — 2 + 1 = 0, 
X + 2y + 32 = 3. 


3x — 5y + 3 = 0, 
X - 2i/ + 5 = 0, 
3x + 52/ + 2 = 0. 

X - 21/ + 5 = 0, 
2x - 42/ + 7 = 0. 
X + 3y — 2 = 0. 


Given that the system is consistent, find the value of the constant k. 

fx + 2fc2/ + l = 0 , rx + 22/ + A: = 0 , 

11. \skx + Uy- 5 = 0, 12, hkx-ky-l = 0, 

I 2x + 5*2/ + 1 = 0. [x - 2 / + 1 = 0. 


Given that nontrivial solutions exist, find the value of the constant k, 

2*x — 2/ + 4*2 = 0, p*x — v + 2«j = 0, 

13. 8x + 02/ + *2 = 0, 14, 22/ + *w = 0, 

2x + 2/ + 2 = 0. [ *x + 32/ - w? = 0. 

16. If (x, y, z) is a solution of the system, show that ( Zx + z = 2y, 

X : 2/ : 2 = 1 : - 4 : - 11. \2x + 2z = 5y. 

16. If (x, y, z) is any solution of the adjoining f — 2x + 32/ — 42 = 0, 

system, show that x : y : z = I : 2 : 1. \ 3x — y — z = 0. 

17. If (x, y, z) is a solution of the adjoining sys- f Oix + bxy + CiZ = 0, 

tern, and if at least one of the determinants which 1 OjX + 5*2/ + c»2 = 0. 

appear below is not zero, prove that 

hx Cl . Cl fli . Ox hx , 

6aCi*Csa,*Oi6, 



CHAPTER EIGHTEEN 

Partial Fractions 



209 totroduction. If /(x) and g(x) are polynomials, then 
m/g{x) IS caUed a rational fraction. A rational fraction is caUed 
a proper fraction if the degree of the numerator is less than the 
degree of the denominator. In advanced mathematics it is some- 
tmes necessary to decompose a given proper fraction into a sum 
of more simple fractions, called partial fractions. The determina- 
tion of these partial fractions is based on the foUmving theorem 
whose proof is beyond the scope of this book. 

Theorem I. A proper fraxlion N/D, which is in its lowest terms, 
can be resolved Mo a sum of partial fractions made up as follows: 

I. If a linear factor ax + b occurs once as a factor of D, there is a 

A 

partial fraction in which A is some constant, not zero. 


II. If ax + h occurs k times as a factor of D, there are k partial 
fractions 


Ai 


+ 


+ • • • + 


A, 


ax + b ' (ax + by ' ' (ax + b)’‘' 

where Ai, A 2 , • ‘ Ak are constants and Ak 9 ^ 0. 

III. If a quadratic factor + mx + n occurs once in D, there is a 
partial fraction 1 2 ^^ * where C and F are constants, not both 

lx yfXX Tl 

zero. 


IV. If Ix^ + mx + n occurs k times as a factor of D, there are k 
partial fractions, 

C\X + Fi C2X +F 2 CkX + Fk 

Ix^ + mx + n (hc^ + mx + nY (Ix^ + mx + h)*’ 

in which the C’s and F's are constants, and CkX + Ft ^ 0. 

In this chapter, we shall be concerned with, fractions f(x)/g(x) 
where f{x) and g(x) have real coefficients, and shall be interested 
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only in partial fractions with real coefficients. Hence, by a linear 
factor we shall mean one with real coefficients; by a quadratic factor, 
we shall mean a quadratic factor which has no real linear factors. 

An improper fraction is one where the degree of the numerator 
is greater than or equal to the degree of the denominator. To 
decompose an improper fraction, we first reduce it to a sum of a 
polynomial and a proper fraction. Then, the resulting proper frac- 
tion can be decomposed by applying Theorem 1. 

a:3q_3^2_5 ^ ^ 5x + 20 

Illustration 1. — ^2 — = x + 6 - ■^rZfTg' * 

210. Case I. When the denominator can be expressed as a product 
of real linear factors, all of which are different. 

I 

Example 1. Resolve into partial fractions: 

7x2 - 23x 4- 10 
(3x - XKx - l)(x + 2)* 

Solution. 1. We shall find constants A, B, and C such that, for all 
values of x except those for which some denominators are zero, 

7x2-23x4-10 _ A , ^g__,_gL. (1) 

(3x — l)(x — l)(x 4-2) 3x — 1 X — 1 x4-2 

2. On clearing (1) of fractions we obtain 

7x2 _ 23 x 4- 10 

= A(x - l)(x 4- 2) 4- B(3 x - l)(x 4- 2) -h C(3x - l)(x - 1). (2) 

3. Equation 2 is true for all values of x except possibly x = 1, x = - 2, 
and X = J, for each of which some denominators in (1) are zero, and thus 
(2) is true for infinitely many values of x. Hence, it follows fmm Corollary 
1, page 140, that (2) is true for all values of x, including even x == 1, x - -2, 
and X = 

4. From (2), 

when x = l: — 6 = A-0 4- 0^ 4* C-0; R = — 1. 

when 2 ; = _ 2: 84 = 21C; C = 4. 

when X = ^: ^ A = — 2. 

5. Therefore, on substituting in (1), we obtain 

7x2 _ 23 x + 10 ^ 2_ 1_ _4 . (3) 

(3x- l)(x- l)(x + 2) 3x - 1 X - 1 X + 2 

Check. On reducing to a common denominator, and adding the fractions 
in the right member of (3), we obtain the left member. 
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211. Case II. When the Jax^ton of the denominator are of the first 
degree^ and some repeated. 

Example 1 . Resolve into partial fractions * — — 5a: + 3 

(X - 1)2(1 + 2)2 

First solution. 1. We shall find constants A, B, C, and D so that, for 
all values of x except those for which some denominators are zero, 

+ 16x^ - 5x + 3 A . B C D 

{x - l)2(x + 2)2 (x - 1)2 X - 1 (x + 2)2 x^f2' 

2. On clearing of fractious in (1), we obtain 
4x3 + 16x2 - 5x + 3 

= A(x + 2)2 + B{x - l)(x + 2)2 + C(x - 1)2 + D{x + 2)(x - 1)2 
= (R + i))x3 + (A + 3R + 0x2 

+ (4A - 2C - 3D)^ + (4A - 4R + C + 2D). 

In (4), we expanded (3) and collected corresponding powers of x. 

3. Since (2) — (4) for infinitely many values of x, the coefficient of each 
power of X in (4) equals the coefficient of that power in (2). Hence, 

R + Z) = 4, 'I 
A + 3R + e = 16, 

4A - 2C - 3R = - 5, I 
4A-4R + C + 2/> = 3. J 

4. On solving (5) for A, R, C, and Z), we obtain A = 2, R = 3, C = 5. 
and D = 1. Hence, 

4x3 ^ - 5x + 3 2 I 3 5 1 

(x - l)2(x + 2)2 (a: - 1)3 + X - 1 (x + 2)2 ■*" X + 2' 

Second solution. 1. Place x = 1 in (2) and (3): 

18 = 9A; A = 2. 

2. Place X = — 2 in (2) and (3) : 

45 = OC; C = 5. 

3. Place A = 2 and C = 5 in the first two equations of (5) : 

R + Z) = 4; 3R = 9. (6) 

4. On solving (6), we obtain R = 3 and D = 1. In this solution, we 
would not even write down tlie last two equations in (5), or tlie corresponding 
terms in (4). 

To check any expansion into partial fraction.s, combine the result 
into a single fraction to obtain the original fraction. 


( 1 ) 

( 2 ) 

(3) 

(4) 
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EXERCISE 93 


1 . 


2 . 


8. 


4. 


5. 


6 . 


5x + 16 


ix 

- 4)(2x + 

1) 


I3x + 18 


(3i + 2)(i - 

T) 


2x — 5 

• 

X* 

— 5x — 14 



7x - 14 

• 

¥ 

- 3i - 10 



* + 14!/ + 

1? 


y{y + 3)* 


x^ 

— 4x + 3 



7. 


8 . 


(X - 1)^* 

+ 10a + 9 


(a + 2y 

5x^ - 11a; + 5 
(x- l)(x*-3x + 2)* 

(x*-x)(x-l)^ 

11. ^-7x + 7_. 


x(x + 1)* 


12 . 


(x - 2)(x2 - 3x + 2) 
- 4x» + + 27 

x(x — 3)* 


212. Case m. When the denominator corUains quadratic factors 
which are not repeated, 

3x^ — X + 1 

ExAiiPLE 1. Resolve into partial fractions: + l)(a:* - x +^) 

Solution. 1. We shall find constants A, B, and C such that, for all 
values of x except those for which some denominators are zero, 

^ I ^ 

3i* - I + 1 


I + 1 


. Bx + C 
I® — I + 3 


( 1 ) 


(i + l)(i^ -1 + 3) 

2. Clear of fractions in (1) : 

_ I + 1 = A(i» - I + 3) + {Bx + 0(x + 1), 

3x^ - ;c + 1 = (+ + B)x’ +(B + C-A)x+ (3A + O- 

3. Place X = - 1 in (2): 5 = 5A; + = 1- 

4. Equate coefficients of i® and of i in (3) : 

A + B = Z; B + C- A = -1- 

On using + = 1 in (4), we obtain B = 2 and C = - 2. Hence, 


( 2 ) 

(3) 


(4) 


3i! - 1 + 1 


1 


-7 + 


2x - 2 

x2 - X + 3 


213. Case IV.* When the denominator corUaine quadratic factors, 
«ome of which are repeated. 

Example 1. Resolve into partial fractions: 

x" + i’ + 2x2-^. 

(X + 2 )(x^ + X + D* 

• The following Exercise 94 is arranged so that Case IV may be omitted. 
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SOLOTION. 1. We shaU find constants A, B, C, D, and E so that 
^^ + 2x^-7 A Bx + C . Dx + E 
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+ 


+ 


(I) 


(i + 2)(i2 + 1 + 1)2 a: + 2 ' (i* + X + 1)2 ' j 2 _(. 

2. Clear of fractions in (1) and collect terms on the right- 

x' + x> + 2x‘- 7 

= A(x^ + X + 1)2 + (jjj ^ ^ 2) 

+ (Ox + ^(x^ + X + l)(x + 2) 

= (A + D)x* + (2A + ^ + 3D)x^ -f (3A + £ + 3D + 3E)x^ 

+ (2A + 25 + C + 2D + 3D)x + (A + 2C + 25). 

3. On placing x = - 2 in (2) and (3), one obtains 9A = 9; A = 1. 

4. Equate the coefiScients of x*, x>, x\ and x in (2) and (4) ; 

A + D = 1,' 

2A + 5 + 3D = 1, , 

3A + 5 + 3D + 35 = 2, ( (5) 

2A + 25 + C + 2D + 35 = 0. 

5. In (5), insert A = 1, and solve for 5, C, D, and 5. The results are 

5 = 2; C=-3; D = 0; 


( 2 ) 


( 3 ) 


( 4 ) 


• • 


X* + -\-2x^ -7 


1 


(x + 2){x^ + a: -f. 1)2 i + 2 + x + 1)3 + x I 


2x -3 


E= -1. 


I 


Comment. Frequently, useful equations connecting tlie unknown con- 
stents can be easily obtained by placing x equal to convenient values othei 
than those which make the linear factors of the denominator D equal to 
zero. Thus, in Example 1, besides placing i = - 2 in (2) and (3), we could 
p ace I — 0; this gives — 7 = A + 2(7 + 2E which is the same as would be 
obtained by equating the constant terms in (2) and (4). With this equation 
^ a substitute, we could then omit the last equation of (5). 


^ote 1. Recall Corollary 1, page 141; any polynomial g{x) mth real 
^Mcienis can be expressed as a product cf real linear and real quadratic factors. 
Renee, this chapter furnishes a complete treatment of the problem of de- 
composing a fraction /(x)/^(x) with real coefficients into its partial fractions, 
we assume that we can solve g{x) = 0. 


EXERCISE 94 


Resolve into partial fractions. 

1. llx - 7 

‘ (2x-6)(a:2 + 2)* 

2. -12 + 3 

(2 + 2)(222 + 5 )’ 


3 -f 3 j 4- 14 
x» - 8 

4 ^ + Ax'^ + oAx + 18 

ar* - 81 
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6 . 


6 . 


7. 


8. 


2x3 + &r* + 2x + 4 

(x + + 3) 


9. 


5i' + 3i + 6 

10. 

x(x3 — X 4- 3) 


8x3 + 4- 19x 4- 5 

11. 

(2x3 + 3)(x3 4- 5} 


7x3 + 2x3 4- 13a; + 2 

12. 

~~ix* + llx“ + 7 



3x*-5x + 6 

(1 4- 3x)(l - 2x - 15x*) 
2x3 + 3x* - 3x + 4 

(x-l)(x3-l) 

2x 

&t’ + l' 

+ 14i + 3 
21^ + 5i* + 3x' 


2x* + 3x? + 2x^-2x + 1 
“• x?(x\ + 1) 

_ 6i* - lOi’ + 18i* - 14i 
(i* - l)(i’ + 2i - 3) 

41® - 3i* - 20 

16. 


(x* + X + 4)(2x3 + 2x + 5) 

3x3 + 4x3 + 123; - 17 
(2x3 4- 3x + 5)(3x - x3 - 4)* 

Note 1. Some of the following problems involve Case IV. 

f _l_ 07 


16. 


17. 


18. 


19. 


x? + x^ + 2 
(i' + 2)* ■ 

21® + I + 3 

(x^+l)“ 

5i* +181-2 

(i“ + 3i + D" 


20. 


21 . 


22 . 


lOi^ + 8i + 27 
(2i* + I + 5)» 

6x» + llx^ - 1 


(i - l)H2i' + 1 + 1)* 
+ jH> + x» + x 


23. 


24. 


26 . 


(x^ + 2)Hx* + 3)* 

17 + 52i + 30i' - 24x" 

(3i“ - I - 2)" 

— 4i — 13 

(i^ + 3)(i“ + X + iS)'’ 

81 - 155x + 12 3x» - 24i» 

(2i» - 7x + 3)» 



CHAPTER NINETEEN 


Infinite Series 


214. Limit of a sequence. Let jSi, 52, 5s, • • • , 5n, • • • be an endless 
sequence of numbers.* Then, we introduce the following funda- 
mental notion. 

Definition I. To say that the limit of Sn as n becomes infinite 
is 5 means that^ if any positive number d is assigned, then there is a 
corresponding place in the sequence such that, for all terms 5„ beyond 
this place, the absolute value of the difference 5 - 5„ is less than d. 

To abbreviate "the limit of S„ as n becomes infinite is S," we write 

limit Sn= S or Sn = 5 . 

Illustration 1. Consider the sequence J, J, where 

“ 1 ~ If n is sufficiently large, ^ will be as close to zero as we please, 

and hence Sn will be as close to 1 as we please. Therefore, limit Sn - 

This is exhibited geometrically below where the points 5i = 5z = etc., 
approach to practical coincidence with 5=1. 



O Si St St St s 


Illustration 2. A simple illustration of a variable is one which is a con- 
stant, that is, one whose values are all equal. If 5 r = A; for all values of n, 
then 5» — A; = 0 for every n, and hence 

limit Sn = k. 

Note 1. The definition of limit Sn = S” could not be construed as 

n— >00 

preventing Sn from being equal to its limit S, or as requiring Sn to equal S for 
some value or values of n. In Illustration 1, Sn is never equal to its limit. In 
Illustration 2, 5„ is always equal to its limit. For the sequence 1, 1, J, 

1» Ji • • • I the limit is 1, and there are infinitely many terms equal to 1 as well 
as infinitely many different from 1. 

• All numbers in this chapter will be real. However, the stated definition of a 
limit applies to the case where Sn is a complex number. 
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Illustration 3. If Sn = 2 + (— 1)" then 


Urn Sn = 2. 


n— 


1,1 this case, S, = §; 5, = 2h S> = IJ; 5, = 2*; etc. It is seen that 
the terms of the sequence are alternately less than and greater than 2. 

216. Theorems on limits. In the following theorems, we refer to 
variables Sn and T„ where 

S; limit Tn= T. 

n— *00 


n— *00 


I. The limit of the sum of two variables is the sum of the limits of 
the variables. That is, 

limit {Sn + Tn) = limit Sn + limit = 5+ T. 

„_♦« ft-*® 


n— *00 


II. The limit of the 'product of two variables is the product of the 
limits of the variables. That is, 

limit SnTn = {limit Sn){limit Tn) = ST. 

n-*fC n-»® ft-*» 

In particular, if k is any constant, then limU kSn = kS. 
Illustration 1. If limit Sn — 5, and limit Tn — — 3, then 

ft— »Q 0 rt-^« 


limit {Sn + Tn) = 5 — 3 — 2; 

n — *00 


limil S„T„ = 5(- 3) = - 15. 


III The limit of the quotient of two variables is the quotient of iAe 
limits of the variables, provided that the Umit of the denominator 

is not zero. That is, if 

_ limit Sn c* 

Sn n-*« . _ 

limit Tn ^ 0, then limit jr - t 

n — *00 


n— »oo 


5 6 

Illustration 2. If limit S„ = 6, and iimi! T„ = 5, then ^ = r' 

n— " 


Note 1. Theorem III makes no assertion about the limit of a quotient 
when the denominator has zero as its limit. Such a quotient may, or may not, 
approach a limit, depending on the behavior of the numerator. 

Note 2. The proofs of Theorems I, II, and III are not difficult, but^ 
quire mature appreciation of the dehnition of a limit. theore^ ^ 

be used whenever necessary, without formal reference. Proofs of the the- 

orems are given in advanced calculus. 



INFINITE SERIES 251 

216. Infini te series. If wi, W 2 , Wa, ■ ■ • , • is an endless se- 

quence of terms, the expression 

Ui + zia + U 3 + • • * -f u„ + ■ • • ( 1 ) 

is called an infinite series. Hereafter, the word senes will refer to 
an infinite series. 

Let 5i = ui; 82 = in general, let Sn represent the sum 

of the first n terms in (1), or 

+ U2 + • ■ • + Un. 

We call Sn a partial sum for the infinite series. Then, we define 
the notions of convergence and sum for an infinite series as follows. 

Definition I. An infinite series is said to converge, if the sum 
of the first n terms approaches a limit as n becomes infinite. If S is 
this limit, that is, if limit Sn = S, then we call S the sum of the senes 

and say that it converges to S. 

Definition II. If a series does not converge, we say that it diverges. 

Illustration 1. For the series 2 4 g ‘ ‘ ^ ‘ ol)taiii 

= jSi = J + :J: = J; Sz = etc. In general, by use of formula 5, 
page 107, for a geometric progression, 

*'* ^ ^ ^ iSn = 1 - 0 = 1. 

Hence, the given series converges to the sum 1. In tliis case, all tlie partial 
sums are less than the sum of the series. 

Illustration 2. For the series 2 -j- 4 -h • ■ • -I- 2n we find 

Si — 2, Sj = 6, S3 = 12. By the formula for the sum of an arithmetic 
progression, Sn = 2 + 4-l- +2n = n(l + n). If ?i grows large with- 

out bound, then Sn becomes infinite and therefore does not aj)proach any 
limit. Hence, the given series diverges. 

Illustration 3. For the series 1 — 1 -|- 1 — 1 , we obtain Si = 1 ; 

Sj = l — 1 = 0; S3=l; etc. Hence, as n becomes infinite, S„ does not 
approach a limit because the terms Si, S2, S3, • • • oscillate between 0 and 1. 
Therefore, the given series diverges. 

Note 1. The sum of an infinite series is not a sum in the oidinary sense of 
the word, but is the limit of the sequence of partial sums Si, S2, S3, • • • . In 
defining the sum of a series, we have not introduced some sui)ernatural way 
of adding infinitely many terms. 



INFINITE SERIES 


252 

217. Necessary condition for convergence. If a series converges^ 
then the nth term approaches zero as n becomes infinite. 

Proof. Let Wi + ws + • • * be the series, and let S be its sum. 
Then, = *S„_i + or, Un = 5„_i. Since the series con- 

verges to 5, both Sn and Sn-i approach S as n->oo . Hence, 

limit Un = limit (Sn “ jSn_i) = S — S = Q. 

n—*(iO n— »« 

This necessary condition establishes the follo\ving result. 

Theorem I. If the nth term of a series does not approach zero as n 
becomes infinite, then the series diverges. 

Illustration 1. The series l-|-2 + ••• -hnH- diverges, because 
Un = n, which does not approach zero as n— . On the other hand, the 
nth term in 1 + J J * does approach zero but, as will be proved later, 

this series also diverges. 


218. To determine an approximation to the sum S of a convergent 
series when no convenient formula for S is available, we recall that 
the partial sum S„ will be as close to S as we may ^vish, if n is suf- 
ficiently large. Usually, we must decide by intuition how large n 
must be in order for to be as close to S as we desire. OccasionaUy, 
it is possible to determine an upper limit of the error made m ac- 
cepting any specified partial sum as an appro.ximation to S. 


Illustration 1. Let us obtain the sum of the folloiving convergent 
series, correct to four decimal places: 


1 


1 


^"^ 2 ! '^ 4 !'^ 6 ! 


1 




1 


(2n - 2) I 


+ 


1 = 1 

i = 1 
2 ! 2 

1 = i 

4! 24 

J_ _ 1 
6! 720 

i_ ^ 1 

8 ! 40320 


= 1 . 00000 . Si * 1 


1 


= .50000. S, * 1 + ^ 


= .04167. 


^ .00139. 


21 

53 = 1 + ^ ^ 

1 , 1,1 

^•=l + 2! + 4! + 6! 


= 1.00000 
= 1.50000 


1.54167 


^ 1.54306 


= . 00002 . Si 


1 


i_L±j_A_|.i + ;L = 1.54308 
^ ^ 2! ^ 4! ^ 61 ^ 8! 


It is reasonably certain that the terms beyond ^ v,i\i be so smaU that the sum 
of any number of them will not affect any partial sum Sn by more than 
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.00001. Hence, we are reasonably certain that, to four decimal places, the 
sum of the series is 5 = 1.6431, 


Note L In more advanced mathematics, it is proved that the following 
infinite series converge and give the values of the corresponding functions, 
tor all values of i in the case of (1), (2), and (3), and for all values of i such 
that I X I < 1 in the case of (4). 


cosa:=l-|l + ^ +(~ 


.*n-2 


• X* , X* 

Sin X = X 

31^5! 


+ (- I)"-'* 


(2n - 2) 1 


.2n-l 


(2n - 1) I 


+ 


+ 


t • • 


e* = 


arcsm x - 


l+x + |i + 


+ 


.n-1 


(n- 1)1 


+ 


3 x^ 1 3 5 x^ 
4 * 6 “^ 2 ‘ 4 ‘ 6 ’ 7 ‘^ 


• • 


( 1 ) 

(2) 

( 3 ) 

( 4 ) 


In (1) and (2), x is in radian measure. In (3), e = 2.71828 • • - , which is 
the base of the natural system of logarithms. We caU (3) the e^onential 
series. In (4), arcsin x represents the principal value of the function. 


Theorem I. The infinite geometric series a ar ar"^ + ar ^ • • • 
converges if \ t\ <1, and diverges ij \ r\ ^ 1. 


Proof, In Section 112 it was proved that the series converges 
if I r I < 1, with a/(l - r) as its sum. By Theorem I, Section 217, 
the series diverges if | r [ ^ 1, because in this case or"“i does not ap- 
proach zero as n^co . 


219. The binomial series. By the binomial theorem, for a positive 
integral exponent, n, 


{y + x)" = 2 /" + n 2 /""'x + 2/" 2x2 -f • • • [_to (n + 1) terms']. 

The following related infinite series is called the binomial series: 


( 1 ) 


1 + fof + 




1-2 




1-2-3 


.... 


(2) 


NoU 1. If A: is not a positive integer, (2) contains infinitely many non- 
vanishing terms. If n is a positive integer, and if we place k = n in (2), 
the series contains only (n -f 1) terms which are not zero, because, beyond 
the (n + l)th term, each numerator has zero as one factor. Moreover, 
these (n -f 1) terms are exactly those obtained if in (1) we place y = 1. 
That is, if k is a positive integer, series 2 reduces to the expansion of (1 -|- z)K 
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Thus, if ft = 3 in (2), we obtain 

. . _ . . „ . 3(3 - 1)(3 - 2) , 3(3-l)(3 ^2)(3-3) ^^ ... 
1 + 3a: + 3x2 + x3+ ' 


or simply 1 + 3 x + 3x2 + x^ + 0 + 0 H , which is (1 + x)*. 

If ft is any real number, the first part of the following theorem 
can be proved by the methods of advanced mathematics; the 
second part will be proved later in this chapter. 

Theorem I. If x has any value for which the binomial series 2 
converges, then its sum is (1 + x)*. Moreover, for all values of ft, 
( 2 ) converges if \x \ <1 and diverges if \x \ > 1, 

Example 1. By use of (2), find to four decimal places. 

Solution, = (1 + -1)^. We substitute x = ,1 and ft =+ in (2) 

and determine the sum of the series: 

= 1 + .03333 - .00111 + .00006 - • • • = 1.0323. 

Note 2. Let a and h represent any two numbers, and suppose that 
I 6 I > I a |. Then, (6 + aY can be expanded by use of (2) : 


+ 1)‘ . ».[i + .! + ‘-2^ (0’ + -] ^ ») 

(i, + a)‘ = 5* + iM-'o + 6*^0’ + • • • > 

which has the same form as (1), except that (4) is an infinite series when 
k is not an integer. In (3), we employed (2) with i = 3 : this value of i 
satisfies the condition | x | < 1 under which ( 2 ) converges to (1 + 3 :) . 
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It mil be proved later that each of the following series converges. 
the sum of each series using enough terms to obtain the resuU correct to three 

decimal places. 



+ 1 -^ + + 


» • • 



2 ! 


+ r! + l! + 




Note 1. It will be proved later that, in an attemaiing series such ^ to 
in Problems 3 and 4 , any partial sum S, differs numencaUy rom S, the s^ 

of the series, by at most the absolute value of the first omi ' « a 

is useful in deciding when enough terms have been used m Problems 6 a 
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CompuU correct to two decirtial places by tise of a series from page 253, 

6 . Ve. 6 , e, 7^ gju 2. 9^ gj^ arcsin 

CompuU correct to tm decimal places; use the binomial series, 

11. (1 + .l)i. 13. (1.01)“». 16. ■'JToi. 17. VTIo. 19. -v^. 

12. (1.05)i 14. (1.02)-«. 16. V^. 18. - ym . 20. 

Hint for Problem 16. Express 39 as the nearest perfect square plus a 
suitable number: = V36T3. Then, use Note 2, page 254. 

Obtain the following formulas by use of the binomial series. 


2\, Vl - X = \ - -X - ^ 


1 

2 


2-4^ 2-4-6 


- 


2*4-6-8 


x^4- 


• • • 


22. 


1 


1 + a; 


— 1 — x + x* — 


23. 


24. 


1 


(I + xY 
1 

vm 


= 1 - 2i + 3i“ - 4a:» + . . .. 

- 1 j. 1-3 , 1-3-5 , , 

-^“ 2 ^ + 2 : 4 ^ -^ 4 : 6 ^ + 


★Prwfc the following theorems by use of the definition of convergence. 

26. If ui + uj + • ■ • converges to the sum S, and if -f . . . 

converges to the sum T, then (ui + vi) + (u^ + y^) + (uj + y,) . 

converges and its sum is (5 + T). 

26. If 1*1 + ua + ■ • ■ converges to the sum S, then au, + aua + • • ■ con- 
verges to the sum a<S; and, if ui Ua -f- • • ■ diverges, then aui -}- aua + • ■ • 
diverges, for every value of o 0. 


CONVERGENCE TESTS FOR SERIES OF POSITIVE TERMS 

220. Fundamental assumption. Let Si, S 2 , S^, ••• he an 

endless sequence of real numbers in which Sn never decreases as n 
becomes infinite, and always remains less than some fixed number A. 
Then, Sn has a limit as n becomes infinite and this limit is riot greater 
than A . That is, if 

S/i ^ Sn+i and Sn ^ A 

for all values of n, then there exists a number S ^ A such that 

limitn—ttnSn = S. 

Note 1. Even in an advanced treatment of the theory of limits, it is 
sometimes found convenient to adopt the preceding assumption as a basis 
rather than to employ other fundamental postulates wliich lead to the proof 
of the assumption as a theorem. We had an instance of the truth of the 
assumption in Illustration 1, page 249. 
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Theorem I. 1 / wi + 1/2 + • • • w infinite series of positive termSt 
and if there exists a number A such thaty for aU values of n, the sum 
of n termSy Sn, is not greater than Ay then the series converges and 

its sum S is not greater thun A. 

Proof. By definition, Sn+i = + Wn+i* Since all terms wi, 

1^2 • ■ • are positive, hence *S„ < 5n+i. Moreover, by hypothesis, 
si ^ A for all values of n. Therefore, by the fundamental assump' 
tion, the sequence Si, S2, • • * has a limit S, and S ^ A. 


EXERCISE 96 

1. Test the truth of the fundamental assumption as in Illustration 1, 
page 249, if = 2 — n ^ 

2. (o) State the analogue of the fundamental convergence assumption for 
Si, Sly • • • , Sn, • • ' , where jS„ never increases as n increases. (6) State and 
prove* the analogue of Theorem I for a series where all terms are negative. 


221. Comparison tests. Consider two series of nonnegative terms: 

Ui + U2 U3 A- • • • + Un + * ■ • . 

Ul + V2 + Vs 4- * * ' + Wn + • • * • 

Theorem I. If (TO converges and if each term of (U) is less than 
or equal to the corresponding term of (F), then (U) converges. 

Proof. 1 . Let iS„ = + 1/2 + * * • + WnJ Tn = vi + V2 + h Vn- 

Since Ui g Vi, U2 ^ V2, etc., hence ^ for all values of n. 

2. Let T be the sum of (F); then limitn-^cc ^ 

T„ does not decrease as n increases and hence Tn for a n. 

3. Since S„ S T., hence £ T for aU values of n ^erefore, 
by Theorem I, Section 220, ([/) converges to a sum at most equal to . 

Theorem II. 7/ {U) diverges and if eaA of (T) w greats 
than or equal to the corresponding term of (JJ), t on ( ) tverges. 

Proof Since u„ £ v„, if (T) were convergent, then from Theorem I 
it would follow that ([/) converges. But, t^s contradicts our y 
pothesis and hence (V) cannot converge, or therefore (V) diverges. 


Example 1. Prove convergent: 

1 4 h •**. 

Solution. The infinite series 

1 + ^ + ^+ +^ + 



• « • 


( 2 ) 
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converges because it is a geometric series whose ratio is J. We see that 

n" = 2«-» if n = 1; n" > if n ^ 2, 

because then n" is the product of n factors each at least 2, while 2'^“* is the 
product of (n - 1) factors 2, Hence, n" ^ 2"-* for all values of n and each 
term of (1) is less than or equal to the corresponding term of (2). Therefore, 
by Theorem I, the given series converges. 

222. Comparison series. Any series of positive terms which is 
known to converge, or to diverge, is eligible as a comparison series 
for proving the convergence or divergence of other series. The 
following series are particularly useful. We discussed (1) and (5) 
in Theorem I, Section 218, and (3) in Section 221. 

Convergent series for comparison: 

a + ar -{• ar ^ • • • + + • • • (a > 0; 0 ^ r < 1). (1) 

^ ^ ^ ^ ^ (P > !)• (2) 

1 + ^ + |+ ••• +^+ •••• (3) 

Divergent series for comparison: 

1 + ^ + i+ +^ + •••• w 

a 4- ar + + • * * + ar"“* 4- • ■ * (a > 0; r ^ 1). (5) 

Proof that (4) diverges. 1. Consider the inequalities 

14-i>l, 

3'^4^4'^4 2* 

1 ^ 1 1 1 ^ 1 4 . 1 4 - 1 4 . 1 = 1 
5‘^6'^7“'‘8 8'^8‘^8'^8 2* 

9^10^ ^16 16^10^ ^16 2 

etc 

2. On adding corresponding sides of the preceding inequalities, including 
all down to a certain level, we obtain for *S„, the sum of n terms, 

^ ^ + I + ■ ■ ■ + n ^ ^ 1 + ^ + ■ ■ ■ + 2’ 

where n depends on how many inequalities were included. The right side in 
(6) can be made as large as we please, by including enough inequalities; or, 
the sum 5„ grows large without limit as n— >oo . Therefore, (4) diverges. 
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irComTneTU. The kth. inequality in Step 1 includes 2^^ terms on the left 
whose denominators range from (2*^^ + 1) to 2\ and the sum of these terms 

would be greater than 2*^^ of A ^ 2. 


We call (4) the hannonic series because its terms form a harmonic 
progression. 


Proof that (2) converges. 1. Consider the inequalities 

2p“*'3p-2p'^2p 2** 2 r -^* 

+ i + + + = - = — 

4p"^ 5p"r 5 p"^7p-4p“4p^4p^4p 4p 4p-» 
^ + ^+ ***+15pSgp-8^i- ^2V 12^-V 

etc 



2. The sum of the terms on the right in (7) is the geometric series 


1 + 





(whose ratio w r 




Since p > 1, we have r < 1; hence, (8) converges. If A is the sum of 
(8), it follows that the sum of any number of terms at the left of the * ^ 
signs in (7) will be at most A. Therefore, since all the terms of (2) are 
present on the left in (7), we have Sn S A for every value of n, where Sn 
is a partial sum for (2). Hence, by Theorem I, Section 220, senes 2 converges. 


irComment. The kth inequality in (7) includes 2^> terms on the left, 
with denominators ranging from (2^*)'’ to (2‘ - 1)^ inclusive. The sum 

2 *^* 1 _ 1 

of these terms is at most 


(2*“i)p (2*-*)*^^ (2^‘) 


k-l 


The follo^g theorem is useful in applying the comparison tests. 

Theorem I. The convergence or divergence of a series is not af- 
fected by adding on (or dropping out) a finite number of terms. 

Proof. 1. Drop out a group of terms from «, + %+■•• whose 
sum is .1. Let S„ be the sum of n terms of the original senes and 

Tk the sum of k terms of the new series. 

2. For any value of k, Tk can be obtained by subtracting A from 
some partial sum Sn for the original series. That is, Tk — 'Sn • 
Therefore, if 5 is the sum of the original series, then S- A is the 

sum of the new series, because 
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limit Tk = limit {Sn- A) = S- A. 

n-*oo 

3. Similarly, if the T-series converges, then the iS-series converges, 
Hence, either both series converge or both diverge. 

Illustration 1. To prove that the series 

V3 + V2 + 1+4= + -4= + -7=+-" 

V2 Vs Vi 

diverges, we drop off the first two terms, obtaining 


(9) 


Vs'^ Vs"^ 


• • 




( 10 ) 


By comparison with (4), we see that (10) diverges, because, for all values 

vn ^ 


of'n, we have — ^ ^ — • Hence, by Theorem I, (9) also diverges. 


EXERCISE 97 

Prove convergent by use of the comparison test. The series in any problem 
may be used as a comparison series in any later problem. 


1 J- 4 .-L 4 .J- + 

* 1-2 ^ 2-22 ^ 3 - 23 ^ 


2 . 


3. 


^ _| L ^ L 


2 - 1 * 

1 


3-2^ ' 4-3* 
1 


H-3» 

1 


+ 


+ 


1 +3“ 
1 


l + V ■ 1 + 2* 

R i-L 1 1 _L 

6- 12 + 32 + 52 + 


+ 


+ 


• • • 


fi ^ -1. 1 j. ^ u. 
^ + 6^ + 


ip > 1). 


7. 




12 ' 2-3 ' 3-4 




®- ^ ^ ^ + 

®- D + ^ ^ + 

^ + l! + ^ + 


4 4 


Prove divergent by use of the comparison test or Section 217. 
11. 3 + 5 + 7 + • ■ • . 


1A 2,3.4, 

1 + 2 + 3 + 


13 3 . 3= 3> 

1+2 + 3 + 


16- p + + 


16. 


0><i). 


^ +^ + ^ + 


1-i ' 1-i ' 1-i 


• t « 


Prove divergent, by the method used for (4), on page 257. 
17. l + J + i+ .... 18. J + i + | + 

19. Prove in two ways that i + § + i + * • • diverges. 
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Establish the convergence or the divergence of each series. 


21 . + ^ + ^ + 


• • 


22 . 


23. 


1 _l_ I 1 1 \. 


• • 


1.2-3 ■ 2-3-4 ■ 3-4-5 
1 1 


24. 1 * + 2 ' 22 3 * 3* 

26 2.1 .3.1 + 11 + 

‘^°*3 1^4 2^5 3^ 


3,4,5, 


» • • 


• • 


• • • 


+ 


+ 


1 


l-Vl 2-'V;02 3-V^ 


+ 


l-3"^3-5'^5-7''' 


• • 


«« 2 . 2-4 . 2-4-6 , 

1-3 1-3-5 ■*'l-3-5-7'‘' " * 

★29. Let Ui + Ua + • • • and oi + Ua + * * • be series of positive terms, 
and suppose that there exists a constant k such that u„ ^ kvn for all values 
of n. Then, if the y-series converges, prove that the u-series converges. 

★30. State and prove a generalized comparison test for divergence similar 
to the result of Problem 29. 

ir Prove convergent or divergent by use of Problems 29 and 30. 


oi 2 1,3 1,4 1 , 
I * 3 2 * 3= 3 ' 3* 


• « 


32 2.1 + 11 + 11 + 

^^*3 1^4 2^5 3^ 


223. Ratio test Consider a series of positive terms, 

Wl + W2 + W3 + • • • + Wn + U„+l + * • ■ I 


( 1 ) 


and let Tn = — ; we shall call fn the test ratio. 

Un 


Theorem I. Suppose that 


limit H2±i = i?. (2) 

n— 400 

Then, (A) if R < 1, the series converges; {B) if R> the senes 
diverges; (C) z/ = 1, the test fails and the series may converge or 

it may diverge. 


Proof of {A). 1. Since i? < 1, we may select a number h be- 

tween R and 1. Since limitn-,co rn = R, if ^ is sufficient y arge 
then r„ will be represented on the follo^ving scale by a pom o 



(R <h<l) 


the left of h, and r„ < h. Consequently, if the integer k is chosen 
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suflBciently large, and if n ^ fc, then 



^<h. 

Un 


(3) 

Place n = A in (3) : 

< h, 

Uk ' 

or 

Uk+i < huk> 

Place n = 4* 1 in (3) : 

< h, 

or 

Uk+2 < huk+i < hhik. 

Place n = A: + 2 in (3) : 

< h, 

Uk+2 

or 

< huk-^2 < hhtk. 


Thus, each term in the follo\ving series 4 is less than the corre- 
sponding term in series 5. 

Uk+i + uie+2 4* wjfc+3 + * • • ; (4) 

huk H- h^Uk + h^Uk H . (5) 

2. Series 5 converges^ because it is a geometric series whose ratio 
is h, which is less than 1. Therefore, by comparison, (4) converges. 
But, (4) is obtained by dropping out Ui + + • ■ • + u* from (1); 

hence, by Theorem I, page 258, (1) converges. 


Proof of (B). 1. Since R > 1 and since limitn-^ao r„ = R, if n 

is sufficiently large then r„ will be represented on the following scale 
by a point not farther to the left than the unit point, 1, and 1 ^ r„. 



That is, if the integer k is chosen sufficiently large and if n ^ ife, 
then r„ ^ 1, or 


^ 1 
Un 



2. On placing n ^ k, then n ~ k-\- 1, etc., in (6), we obtain 

W*+1 ^ Uk\ Wjt+2 = Wit+lJ W*+3 ^ 'Uk+2', ■ • • ; 

or, each term beyond Uk is at least as large as the preceding term. 
Hence, we cannot have limitn-*<x> u„ = 0, and, therefore, by Theorem I, 
page 252, it follows that the original series does not converge. 

Proof of (C). If /? = 1, we can draw no conclusion about the 
convergence of the given infinite series because, as will be seen later, 
there are both convergent and divergent series for which /? = 1. 
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Illustration 1. By later methods, it can be shown that = 1 for the 
harmonic series 1+ 4 + J + * • * , which diverges, and also that R = 1 

• • , which converges. 


for the series 1 d" ^ ^ "t" 


To abbreviate the statement becomes infinite as n becomes inr 
finite,*' we write 

limit fn - 00 . 


n-»oo 


In this case, although r„ has no limit in the normal sense as n ^ co, 
nevertheless ( 6 ) is true if n is sufficiently large and hence ( 1 ) diverges. 
For convenience, we may think of this case as being included under 
(B) for = 00. 

Note 1. Even if r„ has no limit, or if limiln-*to = 1, nevertheless if 
Tn ^ 1 for all values of n then (1) diverges, because (6) is a suitable founda- 
tion for the proof of (B). This modification of (B) is sometimes useful. 

, « T .1. • 1 . 22, 32 

Illustration 2. In the senes 2 '^ 2^"^ 2^^ ’ " * * 


Un = 






(n + l)2 . (n + l)V 2 


2n+l 


Un 


2nH 


n 


Therefore, « = 


.. ..n‘ + 2n + l 

= 


To evaluate the limit, divide both numerator and denominator by n^, the 
highest power of n in them, and apply (III) and then (I) of page 250: 


R = limit 

n— ►« 


1 + - + 4 

n 


1 + 0 - 1-0 


1 

2 


Hence, since B < 1, the series converges. 

Comment. We could also find R in Illustration 2 as follows: 

K = limil = \ limit 5 f 

n-t® 2n2 2 rt— ® \ n / 2 n-® \ n/ ^ 


2 1 


1 

2 


1 2 ! 3 ! 

Illustration 3. In the series 5 + o? + oi + ‘ 


Un - 


n\ 


n > 


tin+1 = 


3 ■ 3* ■ 32 
(n + l)!. u,M-. (« + l)l 3”_(n_+il!. 


3n+l 




3«+i 


n ! 


3‘n( 


1.2-3* ••»•(« + I) 1 »• •j^ + ^ — frt 

R = limit ; 9 o „ • 5 = ^tmtt 


1 • 2 *3* • 3 

Since R> 1, the given series diverges* 
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Illustration 4. In the harmonic series 1 + i + § + ■ • • , 


1 


1 


“"“n! ’'»+> = ^, + 1- 


Wn+l 

ttti 


1 


n 


n 


n + 1 1 ' n + 1 
On dividing both numerator and denominator by n, we obtain 


R = limit 

n— ^op 


1 


1 


i+i 

n 


1+0 


= 1 . 
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Since R - 1, the ratio test gives no information concerning the harmonic 
senes, although (as proved previously) it diverges. 


EXERCISE 98 

Find the limit of the fraction as n becomes infinite. 


1 . 


5 - 3n* + 6n’ 
2n3+ 1 


2 . 


(n + 1) ! 
3n(n !) 


3. 


1 + 2 " 
1 + 


Test for convergerux by the ratio ted: if the test fails, apply some other 
test or state a conclusion from previous knowledge. 


• m 


^ I ^ 

1 + 1 I 

..2H.| + f + 

'• 2 ^ 3 4 ‘ 

8 3 J- 3' _L 3=* , 

8- i5 + ^ + ^ + 

9 2 4- 2' , 2> 

®-^ + 2T + 3! + 


A + ri + ^ + 

ll.^ + 2! + l^+. 

5 ^ 5* ^ 5® ^ 

12.1 + 3V^,+ ' 

i3.y + ^ + i' + 

2 ^ 22 ^ 2^ ^ 


• 4 


24. 


1! 


15. j~ + ^ + ^ + 
16.1 + |j + l+.... 


\/9 -v/^ 

'^•l+3f + S + 


• 44 


Ifl U4.^4.3J , 
AO. H" 22 * 32 * 


4 4 • 


1-2, 2-3 . 3.4 , 


20. 


' +-L- + 


1 + 1- ' 2 + 22 

2! 


1 r 

21 . + 


1 + P 2 + 22 


+ 


22 . 


1 


+ 


1 


+ 


2! 


23. 


+ 


V 2 - 1 ' Va - 1 
1 + vT . 2 + 


1! 

3! 


+ 


2 ! 


+ 


+ 


• 4 4 


1-2 + vl 3-4 + v^ 5-6 + V3 


+ 
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+ 


+ 




(2-8)-5^ (4-5)-52 ' (6-7)-5^ ' 



★26. Prove Part R of the ratio test by introducing a divergent comparison 
series in powers of h and a procedure like the proof given for Part A. 


CONVERGENCE TESTS FOR SERIES WITH 
POSITIVE AND NEGATIVE TERMS 

224. Series of negative terms. If all terms are negative in a 
series, we settle the question of its convergence or divergence by 
considering a new series of positive terms formed by changing the 
signs of the given terms. If 5 is the sum of the new series, then 
— iS is the sum of the original series. 


226. Alternating series. An alternating series is one whose terms 
are alternately positive and negative. 


Theorem I. An alternating series converges if the absolute value 
of each term is less than that of the 'preceding one and if the nth term 
approaches zero, as n becomes infinite. 

Proof. 1. Let the series be ui - z /2 + ^3 — • ■ where u\, uz, 
Uz, • * • are positive and u\> ui> uz> •• •, If 2A: is any even 

positive integer, then 

& = (ui — 1 / 2 ) + (U3 “ W 4 ) + * * * + (W2*-l “ 

& = Wi - (U2 - Ms) - (^4 - Wfi) - * • ■ - (2) 

Since Wi > hence, Mi - M 2 > 0. Similarly, in (1) and (2) each 
difference in parentheses is positive. Tnus, we see from (1) t a 
Sik continually increases as k increases and, from (2), that Szk < 
for all values of k. Therefore, by the convergence assumption of 
page 255, S 24 approaches a limit S bs k becomes infinite. 

2. Consider the sum of an odd number of terms: 


>52^-1 = ^2* + M2*+1. 

By hypothesLs, ua+i = We have already proved that 

limitk-yaa Sik = 5. Hence, 

limit 52jt+i = liT^il + W 2 *+i) = S + 0 = S. 

A— *« A— ♦« 

Since the partial sums Sn of even index, n = 2k, and aho tho^ 
of odd index, n = 2A: + 1, approach 5 as a limit when * 

follows that, without restriction as to the character of n, we have 
Sn = S. Hence, the series converges. 
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Note 1. It is left as an exercise for the student to prove Theorem I for 
a series “ uj — • • whose first term is negative. 

Corollary 1. Under the hypotheses of Theorem I, the absolute 
value of the error made in accepting a partial sum Sn as an approxima- 
tion to Sis ai most w„+i. That isj 

I ^ I ^ Wn+1. 

Proof. Since Sn is the sum of the first n terms, 

I ^ 1 ~ Wn+l — W„+2 + Wn+3 ~ ] 

I 5 - I = Un+l - (u„+2 - U„+3) - {UnJ^ - U^+s) “ * * * ^ W„+l. (3) 

The ^ in (3) is a consequence of the same variety of reasoning 
as was employed in ( 2 ) . 

Summary. To apply the test of Theorem I, it must be shown that 

Un > Un +1 and that limit Un - 0. 


Illustration 1. In the series 1 ^ ^ ''e have 




1 1.1 

(n + 1)!’ n! ^ (n + 1)!' 

Hence, u„ > Un+i because n + 1 > n in the denominators, and 

Un = 0 ; 

therefore the given alternating series converges. 


226. Absolute convergence. A series 

Ul + W2 + ' ’ * + + * • • (1) 

is said to be absolutely convergent, or to converge absolutely, if the 
series 

I Ui I + I U2 I + • • * + I Wn I + • • • , (2) 

formed by taking the absolute values of all terms, is convergent. 
The notion of absolute convergence is important because of the 
following result. 

Theorem I. A series converges if the series formed from the abso- 
lute values of the terms converges. Thai is, if a series is absoluiely 
convergent then it converges in the ordinary sense. 
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Proof. 1. By hypothesis, (2) converges; we wish to show that 
(1) converges. Let the sum of n terms in (1) be and in (2) be r„. 

2, In Sn, let Pn be the sum of the positive terms and be the 

suin of the absolute values of the negative terms. Then, 

Sn = Pn-Q. and rn=P„ + Q„. (3) 

3. Since (2) converges, it has a sum T, or limitn-*a3 Tn = T* 
Since all terms in (2) are positive, Tn ^ T. Hence, from (3), 
Pn-\-Qn ^ T and therefore 

P„ ^ T and Qn ^ T. (4) 


Moreover, as n increases, Pn and never decrease. Therefore, by 
the fundamental convergence assumption of page 255, P„ and Qn 
approach limits P and Q respectively as n becomes infinite. 

4. Since = P„ - Qn, therefore 

limit Sn = limit {Pn Qn) = P ~ Q- 


Hence, Wi + Ws "b ws "b * ' * converges, and its sum is P Q. 

The preceding Steps 3 and 4 also establish the following result. 


Corollary 1. If a series converges absolutely ^ then, separately, 
the series formed by the positive terms converges to a sum P and the 
series formed by the negative terms converges to a sum Q, and the sum 

of the given series is P — Q. 


Illustration 1. 


By the ratio test, we proved that the series 




converges. Therefore, by Theorem I, the alternating series 


converges absolutely, and hence converges in the ordinary sense, because 
(5) is the series formed by the absolute values of the terms in (6). 

Illustration 2. By the test for alternating series, ne 6nd that the 

alternating harmonic series 1 - i + i converges. But, the senes of 

absolute values of the terms, 1 + ^ + J + • • • , does nof converge. Hence, 
the alternating harmonic series converges, although U does not converge abs^ 
Intel, J. Such a series is said to be conditionally convergent In an advanced 
treatment of infinite series, the distinction between absolutely convergent 
and conditionally convergent series becomes important. 
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227. General ratio test. Let + 1^2 -t~ * * * he any senes of real 
valited term, and suppose that 


limit 

n— 


Wn+l 

Un 



{A) 1/ ie < 1, the series converges. (B) If R > the series diverges. 
(C) If R ^ Ij no conclusion can be dravm. 


Proof of (il). Notice that ^ is the test ratio for the series 

U’ti 

I I + I W 2 1 + • • •, where all terms are positive. Since i? < 1, this 
series converges, by the ratio test for a series of positive terms. 
Hence, the given series converges, because it is absolutely convergent. 

Proof of {B). Since > 1, it follows that, for all values of n , 
sufficiently large, 

' Wn+l 


U 


> 1, or I Un+I I > Un 


That is, beyond a certain place in the series, each term is larger, 
numerically, than the preceding term; hence, we do not have 
limitn-^eo Un = 0. Therefore, by Section 217, the original series di- 
verges. 

To prove Part C, we could repeat the remarks concerning Part C 
of the ratio test for series in which all terms are positive. 


2 2 * 2 * 

Illustration 1. In the series ri — ^ 

1 ! o ! 


On On^l 


Un+\ 

Un 


n+ 1 


we have limit 


n— »» n -|- 1 


= 0; hence the series converges. 


Summary of tests for convergence. 

1. If Un does not approach zero as n—^cc, the series diverges. 

2. TJie test for convergence applying to alternating series. 

3. The ratio test, in the form of Section 227. 

4. The comparison test for series of positive terms. 

If the ratio test fails to apply to a series containing both positive 
and negative terms, we then consider the series of absolute values 
of the terms and attempt to apply the comparison test. If the 
new series converges, the given series converges absolutely. 



.a <! 


( 1 ) 


268 INFINITE SERIES 

228. Power series. If co, ct, cj, • • • are constants, then 

Co + ClI + ClX^ + • • ■ + + CoX" + • • • 

called a power series in x. Any series of type 1 converges if x = 0. 
power series in x may converge for all values of x, or for no values 
except X = 0, or the series may converge for some values of x besides 
I = 0 and diverge for other values. The ratio test is used in finding 
the values of x for which a power series in x converges. 

Example 1. Test for convergence: 


1 - 


X‘ 


+ 


• • • 


2-2* ‘ 3-2* 

Solution. 1. In order to apply Section 227, we obtain 

1“^' I " (n + 


tin I - 




n-22- 


.- 2 > 


limit 

ft— »« 


Un+l 


— itWlt M 1 « 

4 n + 1 

Un 


= il. 1 = - 
4 4 


2. By the ratio test, the series 


converges if 
diverges if 


— < 1 * 
4 ^ ’ 

> 1* 
4 > 


or X* < 4; 


or 


x\<2; 


or 


x“> 4; or | a: | > 2. 


4 * 


or 


X “ ± 2. 


3. The ratio test fails if 

4. Test for x = ± 2: the series becomes 1 - i + § - J + • • ■, wUch 

converges, by the test for alternating series. 1 

converges if - 2 ^ x £ 2 and diverges if K - 2 or if x > 2. finai 

conciusion is represented graphicaiiy in the foiiowing diagram. We piace 
a star at x = 2 and at x = - 2 to emphasize that the senes converges for 

these values of x. 


DimOEfl 


ooKmocfl 


Dimon 



-2 


Note 1. For any power series in x, by advanced methods it can be prov^ 
ihat, when the vres of x for which the senes converges are repjj^ 
;raphicaUy, these vaiues form an interval (with zero at its ^ 

interval of convergence of the series. A senes may or may not converge for 
the vaiue of x at either end point of this intervai. In investigating tn® 
vergence of a power series by means of the ratio test, the end values of any 
interval of convergence must be tested separately. 
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EXERCISE 99 

Te^t the oltemaHng series for convergence, xising Section 225 if it applies. 

1 1 


1-2 2-3 ^3-4 


3. 




4 . 


1 

1* + 1 
1 


2* -I- i 32 + 1 


+ 


1 


6 . 


1-3 


+ 


■n/I +2 V2+3 V3.+4 

1-3-5 


2-4 2-4-6 ' 2-4-6-8 


• « 


• • 


. 1* 22 , 3* 

II 2!'*'3I 

P 22^32 


a -L _ 1 . 1 ■ 

^'1.1 1.11'^ 1.111 

9 2!_il , 6! 

^'5^ 52+55'‘^‘“- 


• • • 


Find the interval of convergence, giving a separate discussion for the ends 
of the iiderval, and represent the results graphically. 

A _ _ 


10.1 + 1 + 1 + 


■ » 


Z . X 


12. 1 + 2i + 2^12 + 


13. 1 + I + |-^ + . . . 




• « 


■ • 


16. l + | + ^+ 

16.1 + f, + ?l+. 




IQ ? 4_ ? 1 ^ I 

2 1 3 2 ' 4 " 3 * * * • 

91 1 _L ^ ^ 1 _1_ 

22. 1! + a:(2!) H-a:2(3!) + 

23. 1 + 22x + 32j=4- 


24 ?.?! , 2 J.xf 2_4.6,x^ 
13^135^1357^ 

_ 1-3 1,3-5 x2 W , 1:9 ^ , 
2-4*2'^4-6 4 "*"6-8 6 "*"8-10 8*^ 

Oft 1 X^ I 1 X^ , 1 ^ . 

2®' 1.2*13 ■*■3-4 '33 "^5-6 53 • 

27 i + 


3-22 


32 32 


33 . 4‘ 


28. Prove that the binomial series for (1 + x)* converges if | x ( < 1, for 
all values of k. 
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CHAPTER TWENTY 

Method of Least Squares 
and Related Topics 


229. Minimum value of a quadratic fimction. If p, and t are 

cmstants * and p > 0, the function pz^ + sz + ^ has its least value 
if and only if z = - s/2p. 

Proof. Let /(z) = pz^ sz-{-t. Then, on adding and also sub- 
tracting s2/4p to complete a square, we find 

fiz)-{pz^ + sz + Q + t-^ 

Hence, /(*) = p('' + 

Since p^z + ^ 0 for all values of z, we see that/(z) has its least 

value when and only when 

, + ^.0, or z=-^. 

Illustration 1. Let/(x) = Sx* - 2x - 7. The minimum value of/(x) 
is attained when 

- 2 1 
^ 6 3* 

Hence, on tlie iiarabola which is the graph of fix), the abscissa of the vertex, 
or lowest point, is x — i* 

230. The arithmetic mean of n numbers (xi, x^, • • • , Xn) is d^ 
fined as the sum of the numbers divided by n. U A represents this 

arithmetic mean, 

^ ^ X 1 + X 2 H \-Xn (1) 

n 

* In this chapter, all numbers will be real. 

270 
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Illustration 1. The arithmetic mean of (2, 5, 7, 16) is 

A = i(2 + 5 4- 7 -t- 16) = 7§. 

If a: and z are any numbers, we shall call x-z the deviation 
of X from z. 

Theorem I. TJw sum of the squares of the devtcUions of the n numbers 
(xu Xz, • • • , Xn) from their arithmetic mean is less than the sum of the 
squares of their deinatioris from any other number. 

Proof, 1. Let z be any number and let 

S(z) = (xi - z)“ + (xa - z)a + • ■ • + (Xn - z)^ (2) 

S( 2 ) is the sum of the squares of the deviations of the x’s from z. 
We wish to show that jS(z) has its least value if z = A. 

2. On expanding in (2), we obtain 

5(z) = (zi^ - 2xiz + z2) + (xoZ - 2 z 22 + 22) + . . . + (x„2 - 2XnZ + 2^) ; 

= [Xi^ + + . . - + x„2) - 2z{xi + Xo + • • • + x„) -f nz^. (3) 

From (1), Xi + X 2 + • • • + x„ = n*4. Hence, from (3), 

S{z) = nz^ - 2nAz + (xi^ + 4- h x„2). ( 4 ) 

By use of Section 229, it follows from (4) that the least value of 
5(2) results if and only if 2 = — = This proves Theorem I. 


Definition I. The standard deviation, or root-mean-square 
deviation, of (xi, X 2 , • • x„) is the square root of the arithmetic mean 

of the squares of the demotions of the x’s from their arithmetic mean. 


If we let <T represent the standard deviation, then 

^2 (xi - .4)* 4- (xa - ■ 4- {Xn - A)^ 

a - - (5) 

From (2) and (5), a- = 5(A)/n. Hence, from (4) with 2 = A, we 
obtain the following useful formula: 


n 



From (5) we see that a is small when the deviations of the x's 
from their arithmetic mean are small. Thus, if the x’s cluster 
closely about their arithmetic mean, then their 0 will be relatively 
while, if the x’s are widely dispersed, their a will be relatively 
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large. Hence, the standard deviation of a set of numbers may be 
used as a measure of their dispersion. 

Illustration 2. The numbers (7, 6.5, 4, 5.2, 8, 7.5, 4.8, 5.8) are repre- 
sented graphically below. By use of (1) and (5) we find A — 6.1 and o' 1.3. 
Notice that the given numbers are scattered widely about their arithmetic 
mean, and that o- is relatively large. 



Illustration 3. The numbers (7.3, 7.6, 6.9, 6.8, 7.1, 7.5) are repre- 
sented graphically below. For these numbers, A = 7.2 and <x = .3. Notice 
that the given numbers cluster closely about their arithmetic mean and 
that <T is relatively small. 



231. Best approximation in the sense of least squares. 

Illustration 1. Suppose that the following results, in degrees, have 
been obtained in six measurements of the latitude of a certain point on the 
earth: (73.9,74.0,74.0,73.8,74.1,74.2). We may then ask on (Ae 
of these measurements, what is our best estimate of the laiitudef” Before this 
is answered, we should define what we mean by a best estimate, because these 

words by themselves are indefinite. 

Definition L A number w will be called the best approximation 
to a set of numbers (x„ X 2 , • • x.), or the best represenUUive far the 

set, in case the sum of the squares of the deviations of the x s from w is 
less than the sum resulting if w is replaced by any other number. 

In view of the possibility of other definitions of a best approxi- 
mation, we shall say that Definition I describes the best approxima- 
tion in the sense of least squares. In Defimtion I, the use of the 
squares of the deviations instead of the demotions themselves has 
the desirable effect of making the sign of a deviation immaterial. 
The numerical value of a deviation, and not its sign, is of importance 
in the sense of Definition I. On comparing Theorem I, Section 230, 
and Definition I, we see that, in the sense of least squares, the best 
approximation to (xi, X 2 , • • • , Xn) is the arithmetic mean of the x s. 

Illustr.\tion 2. Our best approximation in Illustration 1 is 

A = ^73.9 + 74.0 + 74.0 -|- 73.8 + 74.1 + 74.2) = 74.0 
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232. A notation for sums. To abbreviate a sum of a sequence of 
terms like Mi + uj + • • • + we write which is read “the 

sum of the numbers Ui for all values of i from \ to n.’’ We refer to 

capital sigma, S, as the sign of summation, and call i the variable 
or the index, of summation. “S ” abbreviates the word sum. Some^ 
times we omit writing the index of summation beside S. 

Illustration!. 2/=, i), = «, + r, + », + d) 

' r% = Vi + Uj + Oj + 1)4 -)- -|- 115. (2) 

P + 2^ + 32+ ••• +„2. 


From Section 230, 




A = 


n 




-AY 


(3) 


Ccmment From (1) and (2) we notice that the letter used for the index 
of summation has no effect on the value of the sum. 

Illustration 2 . If {xi, xi, • • - , x„) represent a set of values of x, then 
2x = xi 4- ii 4- • • ■ 4- Xni 2x2 = xi 2 _|_ ^^2 _l_ . , . _|_ ^^2 ( 4 ) 

In (4), we read ‘'2x” as the 5um of all values of x; “Zx^” means the su?n 
of the squares of all values of x. 

Illustration 3. From formula 6, page 271, the standard deviation, a, of 
fe, Xi, • • • , Xn) satisfies the equation 

2 x2 


0-2 = 


n 


- A2. 


233. Use of a new origin for computing A and <r. Let c be selected 
arbitrarily and let (yi, 7 / 2 , * * *, Vn) be the corresponding deviations of 
{xi, x%, •••, x„) from c; that is, yi=Xi-c in all cases. Since 
® Vi 4- c, the arithmetic mean of the x’s is gi\’en by 

^ (yi 4- c) 4- (?/2 4- c) 4- • • • 4- 4- c ) . 



2y 4- nc 
n 




Let a represent the arithmetic mean of the y's; then we have 

^ and, from (1), 
n 

A = a-\-c, (2) 

That is, if c is any constant, the arithmetic mean of the x*s equals c 
plus the arithmetic mean of the deviations of the x’s from c. Thus, 
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the relation Xi = yi-]r c leads to the similar relation A = a + c 
between the arithmetic means of the x's and of the y’s. To ob- 
tain a corresponding new formula for a, we observe that 

= (yi + c)2 + ( 2/2 + c)2 + h {yn + cf 

= {y^ + 3 / 2 ^ + 1 - yn) + 2c(yi + 2/2 + h 2/n) + nc2. (3) 


Since from (3) we obtain 

= 2?/^ + 2cna + tic^. 

Since = A^, from (2) and (4) w'e obtain 


( 4 ) 


n 


0-2 = 


22/^ + 2ac?i + nc^ 


n 


— (o^ + 2ac + c^) ; or 


n 


( 5 ) 


But, the right member of (5) is exactly the square of the standard 
deviation of (t/i, 2 / 2 , • • as given by (6) on page 271. Hence, if 
c is any constant, the standard deviation of the x’s is the same as the 
standard deviation of the deviations (t/i, y^y • • * , yn) of the x^s from c. 

Note 1. A constant c, as introduced in this section, is sometimes referred 
to as the x-coordinate of an arbitrary origin for describing the data, because 
if two variables y and x are related by y = x — c, then y = 0 if x = c. 
Also, c is sometimes spoken of as an approximate mean, or an assumed mean. 
Frequently, the subtraction of a suitable number c from all x's of our data, 
or the use of a convenient new origin, greatly reduces the size of the numbers 
involved in computing A and <r. 

Illustration* 1. To compute A 
and c for the set of values of x in 
the adjoining table, we choose 
c = 1900 (which is a convenient 
number near to those of the given 
set). In the table, y represents 
the de^^ation of x from c. We 

have o = ^ = 1.76. Hence, by 

use of (2), A = 1901.76. By use 
of (5), 

(7= = - (1.76)2 = 4,59. 


X 

y 

f 

1903.0 

3.0 

9.00 

1903.0 

3.0 

9.00 

1902.5 

2.5 

6.25 

1900.6 

.6 

.36 

1898.7 

- 1.3 

1.69 

1905.2 

5.2 

27.04 

1899.3 

- .7 

.49 


Xy = 12.3 

^ 53.83 


<7 = ^ 4.59 = 2 . 14 . 
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EXERCISE 100 


Find iU minimum value of the funclion. Then verify the result by graphino 
the functum. ^ e •v 

1. 3x» - lac + 4. 2. 5x» + lOx - 8. .3. 3:^^ - 9x + 1. 

Find the arithmetic mean of the numbers. 

4. 175; 215; 310; 42; - 50. 6. - 36; - 28; 13; 27; 15. 


TTrite the sum abbreviated by the symbol 


6. 2 V?. 

8. 

6 

2 On. 

10. 

n 

2 x<*. 

ft*"l 


n-l 



7. 2nl 

9. 

4 

2 X,'. 

11. 

n 

2 biCj. 

n^l 


<*i 




12. 2 Xiyi. 

<=1 


13. 2 ini 
«»1 


14. 2 (2 - Xi)i 
1*1 


16. 2 (3j - 1). 

J = 2 


16. If (a:i, xj, ‘”,Xn) are given values of a variable x, what sum is meant 
by 2x®; 23x; 2(x — c), where t is a constant? 

given values of two variables 

X and y, write the sum abbreviated by Xxy; 2xV; 2(x — y). 


Abbreviate by use of using an index of summation 

18. ^ JI 3 I ^ 71^2 ^ 7Jj2 ^ ^ 

19. Vi^ + V2^ -\~ + Vi^ + Vf,^ + 

20. /iXl -\-f 2 X 3 -\- • • - + fnXn. 

21. 3x|2 + 3xj2 + 3^:32 4- . . . 32.^2_ 

22. (yi — ay 4* (^2 — a)* + • ■ • + (f/„ — ay. 


Find the standard deviation of the num6ers by use of (5), page 274. Then, 
plot the numbers and their arithmetic mean on a scale. 


23. - 3, 3, 5, 9, 6. 

24. 6, - 3, 4, 9, 14. 


26. 3.5, 3.8, 4.1, 3.6, 3.9, 3.3, 4.5, 4.2, 3.7, 3.4. 
26. 2.8, 3.2, 3.3, 2.7, 2.6, 2.8, 3.4, 2.3, 2.9, 3.0. 


Compute the standard deviation and the arithmetic mean of the numbers by 
w«e of a new origin for the data. 

27. 1327, 1329, 1322, 1326, 1332, 1321, 1325, 1319. 

28. 4267, 4264, 4271, 4273, 4266, 4265, 4268, 4269. 

29. 3.17, 3.19, 3.16, 3.18, 3.20, 3.15, 3.17, 3.21, 3.14. 

30. - 4.28, - 4.25, - 4.29, - 4.23, - 4.22, - 4.21, - 4.24. 

31. Suppose that a set of numbers consists of Xi repeated f times, x» 
repeated ft times, • • ■ , Xn repeated fn times (the number /, is called the fre- 
Ticncy of the number x^). Show that 




276 LEAST SQUARES AND RELATED TOPICS 

32. The following table gives the monthly index number of the United 
States Department of Labor for retail food prices from July, 1942, to June, 
1943. The index number is a percentage, based on average prices in 1935- 
1939 as 100%. Find A and a- for the given entries. 


July, ’42 

Aug. 

Sept. 



Dec. 

Jan., '43 

Feb. 

Mar. 

Apr. 

May 

June 

125 

126 

127 

130 

131 

133 

133 

134 

137 

141 

143 

142 


33. State and prove a theorem like that of Section 229, page 270, referring 
to the largest value of a quadratic function. 

34. Prove that the sum of the deviations of (xi, Xj, *-*,Xfl) from their 
arithmetic mean is zero. 


234. Approximate solution of a system of more than n linear 
equations in n unknowns. For illustration, consider the following 
system where x and y are the unknowns. 



f aix + hiy = Cl, 
Oax + h2y = Ca, 
+ hzy = cj. 


Note 1. If the coefficients in (I) are selected at random, usually any two 
of the equations would have a single solution (x, y ) , but, it would be unusual 
if this pair of values satisfied the remaining equation. That is, in general, 
a system of more than two linear equations in two unknowns is inconsistent, 

as has been seen in Section 208, page 240. 


Let hi, hy and h be defined as follows: 

hi = aix + biy — cij ih — "f b2y ” caj ^3 = + hjiy — Ct. (1) 

If 2 /) is a solution of (I), then hi = hz^ 0. Otherwise, the 
numerical value of any one of the A’s indicates the extent to whic 
(x, y) fails to satisfy a corresponding equation in (I). If i^y v) 
a given pair of values, we caU the h*s the corresponding residuals 
for (I). Admitting that (I) is probably inconsistent, we propose 
the following problem: 

Problem I. To find a set of values of the unkrwvms suxk that the 
sum of the squares of the corresponding residuals is a minimum. 


Solution, 1. Let/(x, y) = hi^ -f- Aj* 4- V. From (1), 

= Oi-x^ 4- _ 2aiCiX — 26iCiy 4~ ^a\h\xy', 

4- cP — 2ajCjX — 26jCjy 4" 2fli5jxy; 
Aj* = 4- 4- cP - 2o3C3X - 2biCiy 4- 


( 2 ) 

(3) 

(4) 
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2. On adding (2), (3), and (4), we obtain 

fix, y) - + 2/^262 + _ 2xJ:ac - 2yXbc + 2xylab ( 5 ) 

3. In f(x, y), for the moment think of y as a constant. Then fix v) is a 

quadratic function of x: ’ 

fix, y) = + 2x(^2a6 — 2ac) + other terms. (6) 

4. If X has a value such that /(x, y) has its minimum value, then, by 
Section 229, x must satisfy 


X 


_ _ y^ab — 2 qc 
2 a* * 


or x2o* + y2ab — 2ac. 


(7) 


SimUarly, by use of Section 229, we find that, if y has a value such that 
fiXt y) has its minimum value, then y must satisfy 

x2a6 H- y26* = Xbc. (8) 

Hence, in order for (x, y) to be a solution of Problem I, it is necessary * that 
(x, y) satisfy the system 


jj f x2a* + y2a6 =: 2ac, ( 9 ) 

\x2a6 H- yZ6* = 26c. (10^ 

A solution (x, y) of (II) is an approxvnale solution of (I), and, 
for short, will be called the solution of (I) in the sense of least squares. 

Note S. The method by which we obtained (II) would establish the 
validity of the following method; we shall omit the demonstration. 


Method I. To obtain an approximate solution of a system of more 
than n linear equations in n unknowns x, y, • • ■ by the method of 
squares. 

1. Multiply each equation by the coefficient of x in it and add corre- 
sponding sides of the resulting equations; call the final equation 
thus obtained the normal equation corresponding to x. 

2. Repeat Step 1 for each unknown in turn, thus obtaining as many 
normal equations as there are unknowns. 

3. Solve the system consisting of the normal equations. 

Illustration 1. For a system in three unknowns where each equation 
IS of the form o,x + 6,y + c,z = d,-, the normal equations arc 

( xXo’ + y2a6 + z2ac = 2ad, 

I x2a6 + yXb’ + z26c = 2td, 

[ x2ac + y26c + z2c* = 2cd. 

* It is beyond the scope of this text to prove that [(0), (10)] are also sufficient 
conditions, but we shall assume this fact without proof. 
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Illustration 2. In the following system in the unknowns a and 6, 

2a-f 6 = 12, (11) 

0-6=3, (12) 

, 6a - 26 = 9, (13) 


to obtain the normal equation corresponding to a, we multiply both sides of 
(11) by 2, of (12) by 1, and of (13) by 6, and add: 


4o+ 26 = 24, 
a — 6=3, 

36a - 126 = 54. 


? {add): 


41o - 116 = 81. 



Similarly, we obtain the normal equation corresponding to 6: 

-lla + 66=-9. (15) 

In the sense of least squares, the best approximation to a solution of the 
system [(11), (12), (13)] is the solution of [(14), (15)], which we find to be 

(a = 3.10; 6 = 4.18). 

Comment. With (a = 3.10, 6 = 4.18) in [(11), (12), (13)], the residuals 
are found to be 

6i = 2aH- 6 - 12 = - 1.62; A* = - 4.08; 63 = 1.24. 

We obtain + 6^2 + As* = 20.81. This is the smallest sum of the squares 
of the residuals which can result for any choice of values for (a, 6). 


EXERCISE 101 


By the method of least squares, solve for the letters in the system. 


2a + 26 + 3 = 0, 
1. ^ — 3o -|- 6 -|- 9 = 0, 
a + 36 + 6 = 0. 


2 . 


' 2x + 3y - 2 = 0, 
2a: — y + 3 = 0, 

^ — j H- 3y — 5 = 0. 


' 2x + y = 4, 

3x — 2y = 0, 

5y = 7, 

, ~ X + y = - 2. 



2a — 6 + c = — 1, 
a + 6 — 2c = 3, 

- 3a + 26 = 4, 

0 — 6 + 0= — 2, 

— 2a — 3c = — 1. 


3o = 5, 
o — 26 = 3, 

3o + 6 = — 2, 
- a - 26 = 1. 



a: - 2y - 2 = 4, 

3y + 22 = - 2, 

— 2x + y — 2 = — 1, 
3a: - 2 = 2, 

, — X — y + 2 = 1. 


7. By use of the symbol 2, write the normal equa- 
tions for the solution of the adjoining system for the 
unknowns a and 6 by the method of least squares 
Xj, • • • , yi, yj, ■ • • are given constants). Then, solve 
the normal equations for (o, 6). 


yi = axx + h, 
y* = axj + 6, 
ys = 0X3 + 6, 
y* = 0X4 + 6, 
ys = ox# + 6. 
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23B. Determination of polynomials with assigned values. 

Illus'^tion 1. To find a and 6 so that the graph oiy = ax + h passes 
through (1, - 3) and (- 2, 3), we substitute the given values for x and v 

when(x = l,y= -3): _ 3 = a + 6, \ 

when(x= -2,y = 3): 3 = - 2a + 6. / 

From (1), (a = — 2, 6 = ~ 1) ; the desired line is 

y = ~2x 

Illustration 2. To determine a quadratic function y = ai* -j- Jx -j- (. 
whose graph passes through (1, - 2), (- 1, 2), and (2, 5), we would obtain 
three equations in the unknowns (a, 6, c) by substituting {x = l,y = — 2) 
etc. my = ax^ -\-hx + c. Then, we would solve for (a, by c). * 

Note 1. Illustrations 1 and 2 are special cases of the following problem: 
Problem I. To find a polynomial of degree n or less, 

y = Oor" + aix^~' + a,x^-^ ^ Ony (2) 

whose graph passes through m given points. 

Solution. On substituting the coordinates of the given points in (2), we 
obtain m linear equations in the (n + 1) unknown coefficients a^, aj, • • • ’ a„. 
Usually, this system of equations would have one and only one solution if 
+ 1) as in Illustrations 1 and 2; infinitely many solutions if we have 
< n + 1; 710 solution if m > n because a system containing more 
equations than unkno\\'ns usually is inconsistent. In this case, we are led to 
consider approximate solutions, which are treated in the next section. 

236. Curve fitting in the sense of least squares. 

Definition I. A function y = f(x) of a specified type will be 
called a best fitting function for a given set of points (ti, iji), (x 2 , 2 / 2 ), 
’**> i^n, Vn), if the sum of the squares of the distances, measured 
parallel to the y-axis, from the graph of f{x) to the points has the 
least value possible for this type of function, y 

The straight line case of Definition I. 

Suppose that the specified type of function is 
y — 01 + 6, where a and b may be any constants. 

When X *= xi, the ordinate of the graph of the 
function is axi + b. Let hi be the distance from 
the graph to (xi, yi): then, from Figure 32, 

= y, - (oxi + b). 

If we think of y = ax + 6asa formula from 



Fio. 32 
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which we estimate the ordinates of the given points, then h\ is the error, or 
residual, of our estimate when x = Xi. Thus, corresponding to the given 
points we have the errors 

hi = yi - {axi + h)‘, h, = yz - ( 0 x 2 h)‘, ■ • • ; h^ = y^- (ac„ -f- h). 

By Definition I, ac + 6 is a best fitting linear function if o and h have values 
for which has its least value. This condition on (o, h) is the same as 
that specified by the method of least squares, of Section 234, for the ap- 
proximate solution of the following system in the variables (a, 6): 

2/1 = oxi + h, ' 

2/2 = ax2 + h, 

» • « • • 

yn = aXn + h. 



Hence, to obtain the coefficients ( 0 , h) of the best fitting function y = ax -\-h, 
we solve (1) for (a, h) by the method of least squares. We notice the useful 
fact that (1) can be obtained mechanically hy suhsiiiuling the coordinates of 
each given point, in turn, for (x, y) in y = ax -{• b. 


Note 1. Since each coefficient of 6 in (1) is 1, the normal equations for 
(1) have the following simple form: 

'Zxy — + hZx, 

J,y = oZx + nh. 


Example 1. Find the linear function y — ax -{-h which best fits the 
points (1, — 2), (— 2, 3), (4, — 2), and (— 1, 1). 


Solution. On substituting in y = ux -b 6, we obtain 


when (x = 1, y = ”2): 
when (x = — 2, y = 3) : 
when (x = 4, 2 / = — 2) : 
when (x = — 1, y = 1): 

The normal equation for o: 
The normal equation for b: 


— 2 = a + 6; 

3 - - 2a -f 6; 

— 2 = 4a 4 - 

1 = — a + 6. . 

r 22a + 26 = - 17, 
\ 2a + 46 = 0. 


( 2 ) 

( 3 ) 

( 4 ) 


The solution of [(3), (4)] is (a = - if, 6 = H). The best fitting function 
is y = _ 4- if. The student should graph this Une and notice the 

extent to which the given points cluster about it. 


Let/(x) be a function involving a certain number of undetermined 
coefficients linearly. For instance, w’e might have ^ 


/(x) = Oox” 4* aix” * 4- • • • 4 - Om-ix 4- Om. 

The following method may be Justified by remarks like those for 
the straight line case of Definition I. 
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Method I. To find the* best filling function of the type y = f(x) 
for a set of points fe, j,.). (xj, yf), ■ • (x„, y„), 

1. SuhstUute each pair (x,, y,) for (x, y) in y = f(x) and thus ob- 
tain a system of linear equations in the coefficients of f{x ) . 

2. By the method of least squares, solve the system of Step 1 for 
the unhnoum coefficients, which give the best fitting function. 


E^ple 2. Find the quadratic function y = ax^ bx c which best 
fits the points ( 1 , - 1 ), (- 3, - 1 ), (- 6 , 2), and ( 5 , 3 ). 

Partial solution. We apply the preceding method. We obtain a sys- 
tem of equations by substituting in y = ox^ -f 6 a: -|- c: 

when(x = l,j,= - 1 ): - 1 = a + j 

when (x= - 3 , 2 /= - 1 ); - 1 = 9a _ 36 + c, 

when(x= - 6 , y = 2 ); 2 = 36a - 66 + c, 

when (i = 5, y = 3): 3 = 25a + 56 + c. J 

This system should be solved by the method of least squares. 


237. Trend lines. We refer to a set of data as a time series if it 
gives the values of some variable y for a set of values of the time t. 

Illustration!. The 2d 
row of the table gives the 
assets of all life insurance 
companies in the United 
States on December 3 1 of the 
various years. In the data, 

*12 means 1912. The unit 
for assets is $100,000,000. 

Thus, 59 means $5,900,- 
000,000. This time series 
is represented by the black 
points in Figure 33. 


*12 

*13 

’14 

’15 

’16 

’17 

’18 

’19 

’20 

’21 

’22 

’23 

’24 

~44~ 

47 

49 

52 

55 

59 

65 

68 

73 

79 

87 

95 

104 


The graph of the best fitting linear function y = at + b for a 
time series (^i, y\), {k, 1 / 2 ), * ■ ■ is called the trend line for the series. 



The word "a" would be more proper than ^Uke” becau.se there might 
be more than one, or perhaps no best fitting function. However, in all cases 
met in this book a single result is obtainable. 
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Example 1. Find the equation of the trend line in Illustration 1. 


Solution. 1. If we count time from 1912 as zero, the given points are 
(f = 0,2/ = 44); {/ = l,y = 47), 

2. To find the best fitting line of the form ^ = of + 6, we write the fol- 


lowing system: 

when (f = 0, y = 44) 
when (f = 1, y = 47) 
when (i = 2, y = 49) 


44 = 6, 

47 = o + 6, 

49 = 2o + 6, 



when (f = 12, y — 104) : 


104 = 12a -h b. 


The solution of (1) by the method of least squares is (a = 4.81, 6 = 38.6). 
The best fitting linear function is y = 4.81f -|- 38.6, whose graph is AR in 
Figure 33. The trend line is AB. 


EXERCISE 102 

Find a line of the form y = ax -\-b whose graph passes through the points. 
1, (i = 2, y=— 1); (x = 3, y = 2). 2. (a: = 3, y = 3); (i=— 3, y = 7). 

Find a parabola of the farm y = ai* H- 6a: -h c whose graph passes through 
the given points {the x~€ixis is horusonUd ) . 

3. (- 1, 1); (1, 3); (3, - 19). 4. (6, 2); (- 2, 10); (4, - 2). 

Each column in a table gives the coordinates of a point. For each set of 
points, (1) find the best fitting function y - ax + b; (2) graph the function 

and the points on a coordinate system. 


X * 

5 

- 1 

3 

8 

7. 

X 

2 

- 3 

0 

5 

5 

y 

- 1 

4 

0 

1 

1 

y 

- 1 1 

- 2 

1 

~2 

4 

X 

- 2 

1 

2 

4 

8. 

X 

0 

- 2 

3 


ss 

y 

2 

1 

2 

5 

1 

y 

-2 

- 2 

3 

D 

B 


Find the best fitting line of the form y = mx for tke data. 

9. In Problem 7. 10* 1“ Problem 8. 

11. The following table gives the daily average number of exchange mes- 
sages, in hundreds of thousands, transmitted by the Bell Telephone ys m 
for the indicated years. Count time from 1925 as a zero, and determme 
the trend line. Then plot the data and the trend line, and estate the 
number of messages for 1920 (the actual number was 31,800,000). 

* Due to the violent economic depression in the years following 1929, the 
trends observed in Examples 11 and 12 did not continue. 
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Year 

1925 

1926 

1927 

1928 

1930 

Number of Messages 

467 

500 

526 

562 

624 


fK TT -r J o; r ^ and loan associations in 

the United State for certain years. The unit for assets is $100,000,000 

Determine the trend hne for the data. Plot the data and the trend line 
and estimate the total assets for 1929, ’ 


Year 

’20 

’21 

’22 

’23 

’24 

’25 

’26 

’27 

’28 

Assets 

25 

29 

33 

39 

48 

55 

63 

72 

80 


FM the best fitting function of x of the form y = ax^ + bx + cfor the points 
*ifui then graph the points and the parabola. * 


13. Points of Problem 6. 14. Points of Problem 8. 

16. The second row of the table gives the general wholesale price index 

numter of the United State Department of Labor for the critical depression 

months from June, 1930. to June, 1931. Let 1 month be tlie unit of time 

with June, 1930, as zero. Determine the trend line for the data. Graph’ 

the data and the trend line and estimate the value of the index number 

for July, 1931. A value like “8G.8” means tliat the wholesale price level is 
86.8% of the average level in 192C. 


JVNB '30 

Jolt 

AOO. 

Sept. 

OCT. 

Nov. 

Dec. 

1 

Jan. *31 

FEB. 

Mar. 

Apr. 

May 

June 

86.8 

84.0 

84.0 

84.2 

82.6 

80.4 

78.4 

77.0 

75.5 

74.5 

73.3 j 

71.3 

70.0 


16. Find the trend tine for the data of Problem 32, Exercise 100; use 
1 month as the unit of time, with July, 1942, as zero. Plot the trend line. 

★For each set of points, find the best fitting function (1) of ike form 
y ~ ax^ bx c, and (2) of the form y = ax^ bx- cx d; plot the 
resulting functions and the points. 


X 

0 

- 1 

2 

- 2: 

3 

y 

- 5 

- 3 

- 3 

- 7 

13 


x 

0 

1 

1 

2 

- 2 

- 1 

y 

2 

0 

4 

24 

10 


ieFind the best fitting function of the form y = a log x b where a and 
b are undetermined constants and log x means logio x. Graph the resulting 
function and the data. Use four-place logarithms. 


X 

10 

7 

5 

4 

y 

1.6 

1.2 

1.0 

.6 


X 

4 

0 

m 

i 

8 

1 

10 

y 

1 

1.4 

1.6 

1.8 

1 

2.2 
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238. Regression lines. Think of the data (xi, yi), fe, 2 ^ 2 ), 

{Xn, Vn) plotted as points on an {x, y) coordinate plane. In the 
theory of statistics, the line of the form 2 / = ox -f & which best fits 
the points in the sense of least squares, if distances are measured 
parallel to the j/-ajds, is called the line of regression of y on x. Im- 
partial treatment of x and y leads us to determine a line of the 
form X = cy + d which best fits the points if distances are measured 
parallel to the x-axis; this line is called the line of regression of x on y. 

Note 1. Let tr* be the standard deviation of the x’s and Cy that of the y*3 
in the data. Then, in this and the next section, we assume that ff* 7 ^ 0 and 
<Ty 7 ^ 0 , which amounts to saying that neither all the x's nor all the y's are 

equal. 


Line of regression of y on x, 
2 / = ox + 6: 

To determine a and b: 

iVi ^ oxi + 6, 

t/2 - oxa “h 6, 


(1) 


• • • 


t t/n = OXn + 6. 


Normal equations for (a, b) : 

( Xxy = oSx* + 62x, 
\ = a 2 x + rib. 


Line of regression of x on y, 

X ~ cy d-. 

To determine c and d: 

f xi = c|/i + d, 

X2 — cyi-\- d, 


(3) 


I - cyn + d. 


Normal equations for (c, d) : 

(A\ / ^y* 

\ 2 x-c 2 y-bnd. 


In an explicit problem, to find the lines of repession, we compute 
2x, 2y, 2xt/, 2xS and and use the results in (2) and (4) to find 

(a, b) and (c, d). 

Note 2. In the following Example 1, it will be seen that the lines of 
gression for a given set of points may not coincide. Moreover, smce a 
of regression is a line of best fit, we obtain the following resu . t/ 0 of 
given points lie on a straight line, then this line is the line of regression of y on 

and also of x on y. 


Example 1. Find the lines of regression for the foUowing data: 


X 

- 1 

- 1 

1 

1 

in 

1 

2 

3 

4 

5 

4 

6 

y 

3 

5 

1 

4 

6 

2 

4 

1 

3 

-2 

1 


Solution. 1. We find 2x = 25; 2y = 28; 2x* = HI; - 122; 
2xy = 36. From (2) and (4) of Note 1, 
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(5) / + 256, 

\ 28 = 25a + 116; 

(6^ / 36 = 122c + 28d, 

1 25 = 28c + lid. 

2. From (5), (a = - .510, 6 = 3.70). 

3. From (6), (c = - .545, d = 3,66), 

4. The line of regression of t/ on x is 

y ~ — .510x + 3.70 {AB in Figure 34). 

5. The line of regression of x on y is 

x = - .545y + 3.66 {CD 


Y 



in Figure 34). 


sail of I 2'>)> fe. S'O, • • • as merely a 

Ld thf Z tiafue 0 / y whenever x hae an assigned value. 

^d, the Ime of regression of x on y, or x = oy + d, furnishes a 
ionauU for estimcUing X if y is given. urnisnes a 

Let the arithmetic mean of (x., x„ .... be x, and of 

nol;f; ■ ?V f ’ r *he average 

point for the points (x., yO, (x,, y,), .... (i., 


Theorem I. The regression lines pass through the average point. 

Proof. Since x = 2x/n and y = 2y/n, on dividing by n in the 
second equation of (2) we obtain y = ax + b. This equality states 
that y = ax + 6 IS satisfied by (x = x, y = y). A similar proof 

employmg the second equation of (4), shows that the line of re- 
gression of x on y also passes through (x, y). 


Illustration 1. In Example 1, x = 2.27 and y = 2.55. In Figure 34 
we verify that the lines of regression pass through (2.27, 2.55). 

Notes. In addition to the lines of regression, we may consider a third 

line which best fits the given points in the sense of least squares if distances 

rom the points to the line are measured perpendicular to the line. It can 

be proved* that this geometrically best fitting line intersects the lines of 
regression at the average point. 


239. Coefficient of correlation, f Suppose that there exists a 
ear equation gx-\- hy = k, where g, h, and k are constants, which 

• See B. H. Camp's Elementary Statittics, D. C. IIeati! and Company 
T i-or a complete treatment of the coefficient of correlation, see Camp, op. cit. 
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is satisfied by all of the given points (xi, t/i), (x 2 , 2 / 2 ), • • (xnj Vn)* 
Then, it is said that the given data exhibit perfect correlation between 
% and y. That is, there is perfect correlation between x and y if 
and only if the given pairs of values of x and y, when plotted as 
points, fall on a straight line. 

The symbol r, which is defined below, is in common use as a 
measure of the degree to which a given set of pairs of values of x 
and y approximates the condition of perfect correlation. In the 
following equation 1, 

_ Sx , _ Sy 

X = — and y « — • 
n ^ n 


We call r the coefficient of correlation of x and y. 


r = 




( 1 ) 


If we let Xi = Xi — X and Yi = yi — y, then 

'EXY 

Vxx^' 


( 2 ) 


Illustration 1. In Example 1, Section 238, from (1) we find r — — .63. 

Let the arithmetic mean of the squares of the distances from 
the given points to the line of regression of y on x be S^j and to 
the line of regression of x on y be where these distances are meas- 
ured parallel to the y-axis and to the x-axis, respectively. It can be 

proved* that 

(3) 

r = cr,2(l - r^). 

The positive numbers S and T which satisfy (3) are the natimaJ 
measures of the closeness with which the corresponding regression 
lines fit the given points. 

Theorem I. For any set of points, — 1 ^ r ^ 1. 

Proof. From (3) it follows that (1 — 7**) ^ because is 
positive while ^ 0. Hence, 1 ^ r*; or — 1 ^ r ^ 1. 

Theorem II. = 1 when and only when the given points lie on a 
straight line. That is, there is perfect correlation when and only when 
r = ± 1. 


• See CAiiP, op. ciL, Chapter IX. 



LEAST SQUARES AND RELATED TOPICS 287 

Proof. 1. From’ (3) if = 1 then = 0, and hence all of the 
given points lie on the line of regression of y on x. 

^ straight line. Then 

this IS the hne of regression of y on x, and hence S‘‘ = 0. Thus, 

(r,2(l - r^) = 0; 1 - = 0; = 1. 

i^ofe 1. Consider altering a given set (i., y,), (x„ y,), • . . b such a way 
that c. and o, remam constant, but | r | changes. Then, from (3), if I r I 
tncrcoscs the vbues of S and T decrease, or the fit of the regression lines 
to the dato is improved. The smaller the numerical value of r, the poorer 
the fit. These remarks, in connection with Theorem II, show that r may ap- 
propnately be caUed a measure of the closeness with which either regression 

ne fits the data. A more advanced discussion would lead to a similar com 
elusion concerning the connection of r with the closeness of fit of the geo^ 
metncally best fitting line. We recognize that the extent to which the given 
points cluster about their geometrically best fitting line is the natural measure 
of the extent to which the data approximate the condition of perfect cor- 
relation, Hence, we are led to make the following statement: 

TAc value of r for a set of pairs of values of x and y may be taken as a measure 
of the degree to which the data approximate the condition of perfect correlation. 
1/ r =! 1 or r = -- 1, there is perfect correlation and the given pairs satisfy 
a linear equation in x and y. The smaller the numerical value of r, the less 
do the data approximate the ideal of perfect correlation. 

Note S. If r = + 1, we say that there is perfect positive correlation be- 
tween X and y. In this case, as a consequence of certain results wliich are 
obtained in problems of the next exercise, it follows that x and y satisfy an 
equation of the form y = mx b, where m > 0. Hence, when r = 1, if 
(xi, yi) and (i*, j/j) are pairs for which Xi > Xi, then yi > y-.; that is, the 
larger the value of x, the larger is the corresponding value of y. If r = — 
we say that there is perfect negative correlation between x and y; in this 
case X and y satisfy an equation of the form y = rnx -h 6 where m < 0. 
Hence, when r = — 1, the larger the value of x, the smaller is the value of y. 
The closer r is to + 1 (or, to — 1), tlie closer do the data approximate the 
condition existing under perfect positive (or negative) correlation. 

Note 3. We see that r is defined in terms of the deviations x* — x and 
Vi ~~ y of the x’s and y's from their arithmetic means. If we add the same 
number, c, to all of the x’s, we obtain new x’s whose arithmetic mean is 
changed to x + c, but the deviations of the new x’s from their arithmetic 
inean are the same as the deviations of the original x’s from x. Hence, the 
value of r is not altered if a constant is added to all of the x’s, or to all of ike y*a. 
This fact is frequently employed in computing r. 
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Note 4' Suppose that the and y’s are the results of measuring two 
associated quantities. Then, it follows from (1) that the value of r is ii^ 
dependent of the unit in terms of which the x's, orr the y*s, were measured. For, 
a change in the x-unit, or y-unit, would introduce a constant factor in the 
numerator and the same factor in the denominator for r, and hence would 
leave r unaltered. From this fact and the result of Note 3, it follows that r, 
for (x, 1 /), is unaltered if (x, y) are transformed to (x', y") by equations 
(x = Ax' + ib, y = ny' + y) where A, A, n, and v are constants. 


EXERCISE 103 

In each prohlemt find the lines of regression and the coefficient of correlation 
of X and y. Plot the data and the lines of regression. 


X 2 5 - 2 - 1 


y 1 3 



2-2 


- 5 


0 


X I 


y 3 4 



- 2 


6 




1 

CO 

CO 

4 

1 

1 

2 

2 

6 

6 

2 


X 

- 2 i 

- 1 

y 

3 1 

2 






3 

2 

1 

2 


5 4 11 


6. The table below gives the average values of certain index numbers 
for the wholesale cost of food (x) and of farm products (y) in the United 
States for the years 1932 to 1943.* Compute the coefficient of correlation 

of X and y. 



61.0 60.5 70.5 83.7 82.1 85.5 73.6 70.4 
48.2 51.4 65.3 78.8 80.9 86.4 68.5 65.3 



’41 

’42 

’43 

82.7 

99.6 

106.6 

82.4 

1 

105.9 

122.6 , 


Suppose that, on two examinations in a course, students I to X received the 
grades given in the table. In each problem, compute the coefficient of correlation 
of the grades on the two examinations. 



Student 
6. Exam. 1 


Exam. 2 


ir 

III 

IV 

V 

VI 

VII 

67 

70 

1 

72 

75 

77 

78 

57 

55 

71 1 

73 

63 

75 


82 83 


• From the Statistical Abstract of the United States for 1943. The indices 
are averages based upon the average for 1935-1939 as normal. 
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Student 

I 

II 

III 

IV 

V 

VI 

VII 

VIII 

K 

X 

Exau. 1 

83 

82 

81 

78 

77 

75 

72 

70 

67 

65 

Exam. 2 

63 

55 

81 

71 

86 

75 

61 

78 

73 

1 

57 


JVote 1 In Problem 6, r is near to -f 1. and we notice that this corre- 
sponds to the fact that, on the whole, a high grade on Examination 1 is 
associated with a high grade on Examination 2. In Problem 7, r is nearly 
zero, and this corresponds to the fact that there is little consistency be- 
tween the grades on the two examinations. In Problems 6 and 7, where 
the data consist of so few pairs of values, a mere inspection of the data tells 
us at l^t as much as we learn from computing r. On the other hand, in 
a problem with a large amount of data, usually one can obtain little in- 

tormation by mere inspection. In such a case the coefficient of correlation 
becomes extremely useful. 

8 . By use of the definition of the standard deviation, prove that 

j. ^ - x){y - 

nCxffy 

9 . From (6), page 271, prove that o- = — {Xx)^/n. 

10. By use of Problems 8 and 9 show that 

r = nZxy - {Xx){Xy) ^ ^ ^ 2xy - nxy 

— (2x)2 V TiZy- — (2y)2 ’ n(Tz(Ty 

11. By use of (2) and (4), page 284, show that 

O’r 

240. The fitting of exponential and power functions* to a set 
of points (xi, yi), (x 2 , 2 / 2 ), • • •, (x„, i/„). 

Note 1. Certain difficulties prevent us from easily finding the best fitting 
function (in the sense of least squares) of the form y = ab^, or of the form 
y = ax^. However, if the points are situated so that it is sensible to fit them 
with a type y — ab*, or with y = ox*, a satisfactory result can be found 
by use of the following methods. 

If y = a6*, and if we let log y = 7, log a = A, and log b = B, 
then 

log y = log a + z log 6, or 7 = A + Bx. 

Recall that the (z, log y)-graph of y = ah* is the straight line which 


* Sections 175 to 178, inclusive, are prerequisite here. 
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is the graph of Y = A-\- Bx on an (x, Y) system of rectangular 
coordinates. This suggests the following procedure. 

Method I. To find numbers a and 6 so that the function y — aJf 
will approximately fit a set of given points. 

1. Find the line Y = A-\- Bx which best fits the corresponding 

points {x, Y = log y) in the sense of least squares. 

2. By use of A - log a and B = log b, find the values of a and b 

corresponding to {Ay B) as found in Step 1. 

Example 1. Determine a function y = to fit the points 
(x = 0, y = 210); (i = 5, y = 130); (x = 10, y = 70); (x = 20, y = 30). 

Solution. 1. If y = o6*, then 

log y = log o 4- X log 6. (1) 

2. Let log 0 == A and log 6 = and substitute the given values of 
(x, y) in (1) : 

log 210 = Ay ] 2.3222 = A, 

log 130 = A + 55 ^ 2.1139 = A + 55 

log 70 = A + 105, 1.8451 = A + 105, 

log 30 - A + 205. J 1.4771 = A + 205. 

3. The least-square solution of (2) is (A = 2.313, 5 = — .0426). 

4. Since log a = 2.313, hence a - 206. 

5. Since log 5 = — .0426 = 9.9574 — 10, hence 6 = .907. 

6. The function obtained is y = 206(.907*). 





Fiq. 35 


Fio. 36 
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^ gi^en i“ Example I 

and ,s the graph of y = 206(.907*). In Figure 36, R’, S', T, and V' 

are the points obtamed on plotting the given pairs of values of i and v on 

an {x, log y) system of semilogarithmic coordinates. In Figure 36 Une W 

IS the log j,)-graph of y = 206(.907'), or is the or^nary graph of 

s/in fT 2-313, B=- .0426). We do not claim that 

AF m Fi^re 35, is a best fitting curve, in the sense of least squares. We merely 

say that the solution is useful because of the close geometrical fit. 

Wote ^ A method like that of this section would apply in fitting a func- 
tion of the form y = a5*c**, or y = ab‘c‘^d*\ etc. 


If y - ox*, then log y = log a + 6 log x. If we let log y = F 
log a~A, and log x = Z, then Y=A-\-bX. Recall from page 191 
that the (log x, log y)-graph of y = ox^ is the straight line obtained 
as the graph of F = A + feZ on an {X, F) system of rectangular 
coordmates. This suggests the follo;Wng procedure. 


Method II. To find values of a and b so that y = mil approxi- 
mately fit a set of given points. 

1. Find the coefficients A and b in the equation Y = A bX which 
best fits the points {X = log x, F = log y) in the sense of least squares. 

2, Find a from log a = A, where A has the value found in Step 1. 

Example 2. Find a power function of the form v = ox* to fit the points 
(x = 1, y - 3): (x = 5, y = 350); (x = 3, y - 100). 

Solution. 1. If y = qx*>, then log y = log a + 6 log x. 

2. Let log a s= A and substitute the given values of (x, y) in (3) : 

log 3 =A+61ogl, ] .4771 = A, ] 

log 350 = A + 6 log 5, > Or 2.5441 = A + .69906, 
log 100 = A + 6 log 3. J 2 = A + .47716. J 

The least-square solution of (4) is (A = .500, 6 = 2.995). 

3. Since log a = .500, a = 3.16. The function obtained is y = 3.16x*-”*. 


(3) 

(4) 


Note S. Each of the equations y = ab^ and y = ax^ involves two unde- 
termined constants. Hence, if we seek an equation of one of these types to 
fit two given points (xi, yO and (xi, yz), either Method 1 or Method 2 leads 
us to two linear equations in two unknowns. Thus, if yi and yz are positive 
(so that we may use their logaritluns), usually there is one and only one 
exponential function y = ob^ who.se graph passes through (xi, yd and (x^, yi). 
If Xi, Xi, yi, and y 2 are positive, usually there is one and only one power func- 
tion y = ax^ whose graph passes through (xi, yd and (X2, yz). 
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Note 4 . In curve fitting, to decide whether or not the exponential type 
would give a good fit, plot the given pairs (x, y) on a system of semilogarithmic 
coordinates. To decide whether or not a power function is the proper type to 
use, plot the pairs (i, y) on a (log x, log y) system. If the resulting points 
cluster about some straight line, then a good fit probably will result by use 
of the specified type. 


EXERCISE 104 

In any problem, the first number of each pair within parentheses is a value of 
X and the second is a value of y. Find a function y — ab* to fit the points. Plot 
the resulting function and the given data (1) on an (x, y) system of rectangular 
coordinates, and (2) on an (i, log y) system of semilogarithmic coordinates. 

1. (2,12); (5,96). 4. (2,1.2); (4,22); (6,675). 

2. (- 2, 28); (- 3, 56). B. (1, 240); (2, 110); (8, .35). 

3. (2,20); (3,50); (5,500). 6. (1,25); (3,5); (7, .033). 

Find a function y — ax^ to fit the points. Plot the resulting function and the 
given data on an (x, y) system of rectangular coordinates and also on a double 
logarithmic (log x, log y), system of coordinates. 

7. (4,118.4); (9,899.1). 9. (2, .11); (10,4); (25,16). 

8. (8,4.6); (27,6.9). 10. (8,5); (10,3); (216, .65). 

In Problems 11 and 12, find a function y — ab* to fit the data, where t is the 
time in years and y is the tabulated quantity; plot the resulting function and 
the data on a {t, log y) system of semilogarithmic coordinates. 

11. The table below gives the number of students (y) enrolled in high 
schools in continental United States per 100 of the population aged 14- 
17 years, for the indicated years. From the final graph, estimate the value 
of y for the year 1925. Use 1910 as i = 0 and 10 years as 1 unit for t. 


Year 

1900 

1910 

1920 

1930 

1940 

y = 

11 

15 

32 

51 

73 


12. The table below gives the gross revenue in milhons of dollars in the 
United States Postal Service for the indicated yeara. Use 1900 as f - 0. 
From the final graph, estimate the gross revenue for 1927.* 


1 

Year 

1900 

1905 

1910 

1915 

1920 

1925 

Postal Reventte 

102 

153 

224 

287 

437 

600 


* The trend shown by these data was interrupted by the economic depression 
starting in 1930. 





Appendix 


Note 1. The Irrationality of V2 

If there ejdsts a rational number which is a square root of 2, then there 
exist two positive integers m and n, such that 



where - is a fraction in lowest terms. In other words, if \/2 is rational 

there exist two integers m and n, without a common factor, such that (1) 
IS true. Let us show that this assumption leads to a contradiction. 

1. Square both sides of (1): 

o 

2 = -,; or 

271* = m*. (2) 

We that 2 is a factor of the left member of 2n^ ^ hence 2 is a factor of 
the nght member. Therefore 2 is a factor of m because otlierwise 2 could 
not be a factor of rn^. That is, m = 2k, where k is some positive integer. 

2. Place m = 2km (2): 


2n2 = (2*)* = 4A2; 

n2 = 2*2 (3) 

Consider n* = 2 **; since 2 is a factor of the right member, hence 2 is a 
factor of n. 

3. We have shown in Steps 1 and 2 that m and n have 2 as a factor. This 
contradicts our original assumption that 7n and n had no common factor. 
Hence, the assumed equation 1 has led us to a contradiction, and it follows 
that (1) itself must be false. Therefore no rational number exists which is a 
square root of 2, or, V2 is an irrational number. 

Comment. We easily verify that (1.4)2 — pggj (1.41)2 = 1.9881; 
(1.414)2 = 1.999396; (1.4142)2 = 1.99996164; etc. On considering the se- 
quence of numbers 

1.4, 1.41, 1.414, 1.4142, 1.41421, (4) 

we see that the square of each number in (4) is less than 2 but that, on pro- 
ceeding to the right in (4), the squares of the numbers approach 2 as a 
mut. Each number in (4) is a rational number, a decimal fraction; we 

refer to these numbers in (4) as the successive decimal appro.ximations 
to v^. 
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Note 2. Extension of the Index Laws to 
, Rational Exponents 

A complete proof that the index laws hold for any rational exponents 
could be constructed by showing, in succession, that the laws hold if the 
exponents are (1) any positive rational numbers and (2) zero, or positive or 
negative rational numbers. Without giving a complete discussion, we shall 
indicate the nature of the methods involved by proving some of the necessary 
theorems. For convenience in details, we shall assume that the hose is 
positive. In our proofs, we use the index laws for positive integral exponents 
and the definitions of Sections 46, 47, and 48. 

( m\p 

flnj ss a f» . 


Proof. (a")*' = [(a") ]'’ = (a») ^ C(4), page37; (II), page 6] 

/ m\p ^ 

or — a . 

Theorem II. If m, n, p, and q are positive integers, then 


C(4), page 37] 


Proof. 


m p m p mq+np 

o"o« = = a . 


/ m 2\n? / m\nqf gNn* 

= (o"/ 


[(IV), page 6] 
(Theorem I) 

[(I), page 6] 


( m j>\fig 

a^av = 

Therefore, by the definition of an n^th root, 

mg/ \± mq+pn 

o"a« = = a . 

( m\p 

anjq = a^. 

Suggestion for proof . Compute ■ 

In the remainder of this note we shall assume that the index laws have 
been completely established for all positive rational exponents. 

Theorem IV. Law I of Section 14 holds if the exponents are any positive 
or negative rational numbers. 

Comment. We are assuming that Law I has been established if both 
exponents are positive. Hence, it remains to show that, if h and k are any 
positive rational numbers, then and a*a“* = u* *• 

Incomplete proof. By the definition of a negative power. 


® ® “ a* o* 0*+^’ 


or 
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Note 3. Extension of De Moivre’s Theorem 

to Rational Exponents 

We detoed on page 36 in caae a is real and o» has a real nth root; 
also, we have dehned (- P)i as tVp if P > o. Beyond these cases, no 

meamng has been given previously to a\ Now, if a = fl(cos 9 + t sin 9), as 

‘L* f ^rnbol to represent any one of the 1th 

roots of z, obtained from (6) on page 131 vdih A: = 0, 1, 2 • • • (n - n 

Similarly, if m/n is a rational number in lowest terms, with n > 0 for con- 
venience, let s- represent any one of the nth roots of 2 ". By De Moivre’s 

foJS r 20, page 130, 2 " = i2"(cos m9 -t- i sin mff) 

all positive and negative mtegers m. Hence, from (6) on page 131, one 

value of a" is 


a^ = P»(cos^ + fsin^); 

\ n n / ' 


( 1 ) 


(m9+^V', successively by 

hat ■' + (» - 1)360”]. Formula 1 states 

m raixoml number, one value of ZR(cos 6 + i sin is 

n 10 Q ^ statement generalizes De Moivre's Theorem of 

page 128 to the case of rational exponents. 


Note 4. Proof of the Theorem on Imaginary 

Roots Occurring in Pairs 

We wish to prove that if (a + 6i) is a root o(f{x) = 0, with real coefficients, 
then (a — bi) also is a root. 

^roof. 1. Let D{x) = [x - (a + fri)][x - (o - H)2 

= x^ - 2ax + 6 *. 

2. Divide /(x) by D(x) until the remainder is a linear function, cx -f- d, 
and let Q(x) be the quotient. Then, 

fix) = Dix)Q(x) + cx + d, (1) 

where c and d are real because D(x) has real coefficients. Since (o + bi) 
? ^ root of fix) = 0, hence fia + bi) = 0. Since D(x) has the factor 
— (a + hence D(a + bi) = 0. Therefore, if we place x = (a + fri) 
“1 (1), we obtain 0 = 0 + c(a + &i) + d, or 

(oc + d) + ibc)i = 0. 

3* By use of statement 1 on page 121, it follows from (2) that 

oc + d = 0, and be = 0. 


( 2 ) 
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4. By hypothesis, (a + &i) is imaginary and therefore 6 7 ^ 0. Since 
be = 0, hence c = 0. Since c = 0 and (oc + d) = 0, hence d = 0. There- 
fore, the remainder ex -f- d in ( 1 ) is zero, and thus D(x) is a factor of /(x). 
Hence, /(x) has the factor [x — (a — 6 i)] because this is a factor of D{x). 
Therefore, /(x) is zero when x = a ~ or (o — bi) also is a root of f(x) = 0. 

Note 5. Proof of the Auxiliary Theorem for 

Descartes’ Rule of Signs 

Theorem. If ^^(x) is any polynomial and r is positive, then (x — r)g(x) 
has at least one more variation of sign than g{x). 

Proof. 1 . Suppose that * 

^(x) = +4- + H |- + + d 1 (1) 

where in place of each term we merely write its sign. Then, 

xg(x) = + H- + H + + H ; (2) 

— r^(x) = 1- + + H [- + +• (3) 

(x — r)g{x) = + ±±±— (4) 

To obtain (4), we add corresponding members of (2) and (3). In (2), (3), 
and (4), we arranged each right member in descending powers of x and then 
wrote merely the sign of each term in place of the term itself. The signs for 
terms involving the same power of x are arranged in columns in (2), (3), 
and (4). 

2. The first of each group of " -f- ” terms in (2) is part of a ” term in 
(4). The first of each group of “ — ** terms in (2) is part of a — term in 
(4). The intermediate terms are indicated “ in (4) because each one is 
+, or — , or zero, depending on the values of r and of certain coefficients 
in g{x). 

3. We shall not overestimaU the number of variations of sign in (x - r)gix) 
if we assume, in (4), that each ambiguous sign is the same as the preceding 
unambiguous sign. Under this assumption, the signs of (x — r)g{x) are 

+ + + + + + + + +• 

These are the signs of ^(x) with an additional sign at the right-hand end 
which is unlike the last sign in g(x), because the last term in (x — T)g{x) 
equals the last term in ^(x) multiplied by — r. 

* The statements of this proof are general in their application, even though 
they refer to a special polynomial whose signs arc given in (1). In rea ng e 
proof for the first time, assume that in g(x) no power of x is missing. If ce n 
powers of x are missing in < 7 (x), the proof holds without alteration if a zero is 
listed in (1), (2), and (3) for each missing power. 



APPENDIX 


297 


4. Hence, m (5) we have all the variations of sign of g{,x), with one ad- 
itional variation due to the last sign in (5). Therefore, (x - r)j(i) has 
al hast one more variation of sign than g(x). 

Note 1 A more refined discussion would show that, if (i - r)g(x) has 
mom variations of sign than ,(x), then the excess is even nSer “ 
vanations. On the basis of this fact, Descartes’ Rule of Signs can be stated 
m the Mowing strong form: The number of positive roots of fix) = 0 cannot 
exited tiu number of variations of sign in fix) and. in any case, differs from 
the number of variations by an even integer* 


Note 6. Theorems on Inversions and Related Proofs 

of i^ogers {or letters), if two adjacent 
tnUgers {or letters) are interchanged, the number of inversions is increased by 
OT decreased by i. ^ 

Illustration 1. In (1. 5, 3, 2, 4) there are four inversions; on inter- 
changing^2 and 3, we obtain (1, 5, 2, 3. 4), ^^■ith only three inversions. 

Proo/.* Let x and y be adjacent integers in the permutation AxyB 
where A denotes the group of integers wliich precede and B denotes tliose 
mat tollow xy. On interchanging :r and y we obtain AyxB. Any inversions 
m A, or m B, and any due to the fact tliat A precedes x and y, or that Axy 
precedes B, are present in both AxyB and AyxB. The only change in inver- 
sions IS due to this: if xy is an inversion, then yx is not, and AxyB has one 
more inversion than AyxB; or, if xy is not an inversion, tlicn yx is, and 
hence AxyB has one less inversion than AyxB. 

In dealing with determinants, we represent elements by letters witli sub- 
scripts attached, as Ci, 63, Cj, etc. Let T denote any ])roduct of sucli elements 
in which all letters and subscripts are different. In T, let s and I be tlie 
number of inversions in the subscripts and in the letters, respectively. 

^ Theorem II. // two adjacent factors in T are intercJianged, Own the com- 
bined number (s 1) of inversions in subscripts and in letters is increased by 

2, or by - 2, or by 0. 

Illustration 2. If T aMiO., then (s -|- /) = 3 -f- 1 = 4; on inter- 
changing di and c*, we obtain T = ai64C2d3, where (s -f ?) =2 + 0 = 2. 

Proof. If we interchange two adjacent symbols in T, we interchange two 
adjacent letters and two adjacent subscrijits. Hence, by Theorem I, we 

increase s by ± 1 and Z by ± 1. Therefore, we increase (s + Z) by (± 1 ±1), 

which is either + 2, or — 2, or 0. 

Theorem III. For any product T, the combined number of inversions in 
UUers and in subscripts is either always even, or always odd, regardless of the 
of the factors of T. 

• This proof obviously applies to the case of the theorem referring to letters. 
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Proof. Any order for the factors can be obtained from any other order 
by successive interchanges of adjacent factors. Each interchange increases 
(s + 0 by + 2, or — 2, or 0, each of which is even. Hence, if (s -|- /) is even 
(or odd) for one order of the factors, it is even (or odd) for all orders. 

Proof of Property I, page 229. In a given determinant D, suppose 
that the letters used in the columns are in alphabetical order from left to 
right. Let D' be obtained by interchanging corresponding rows and columns 
of D. We wish to show that D = D'. 

Write out the terms of D with their factors arranged as directed in Step 2 
of Definition I, page 227, and the terms of D' with their factors arranged as 
directed in Note 1 on page 228. Then, except perhaps for its sign, any term 
T' of D' can be obtained by rearranging the factors of a corresponding 
term T of D. 


Oi 

6 , 

Cl 

Gl 

Ot 

03 

Illustration 3 . If D = ch 

62 

Cl 

, and D' = hi 

bi 

63 

03 

63 

C3 

Cl 

Cj 

C3 


one term of D is T = — 026103 and the corresponding term of D' is 


T ~ — h\(hCz. 

There are no inversions among the letters in T, nor among the subscripts 
in T. ^Moreover, by Theorem III, the combined number of inversions 
among subscripts and letters is either even in both T and T or else odd in 
both. Hence, the number of inversions among letters in T and the number 
of inversions among subscripts in T are either both even or both odd. Hence, 
T has the same sign in the expansion of D' that T has in D. Therefore, 
D = D', because terms of D and of D' with the same factors also have the 

same sign. 

Proof of Property V, page 229. Part I. First, let us prove that 
if D' is obtained by interchanging two adjacent columns of D, then D — ~ D < 
Write out the terms of D and of D' with their factors arranged as directed 
in Step 2 of Definition I, page 227. Apart perhaps from sign, any term 
T' of D' can be obtained from a corresponding term T of D by interchang- 
ing two adjacent letters in T. This also interchanges two adjacent subscripts 
in T. 

oi 61 Cl Cl bi 

Illustration- 4. If D - qj 61 C2 , and D' ~ oj 6 j » 

03 63 C3 03 C3 bi 

one term of D is T = 036102; the corresponding term T' o( D' is T = — 030161. 

Hence, by Theorem I, the number of inversions among the subscripts 
in T' is even or odd according as the number of inversions among the sub- 
scripts in T is odd or even. Therefore, by Step 2 in Definition I, corresponding 
terras in D and D' have opposite signs. Hence, it follows that D = “ D . 
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CJ to the left of i anHitV^cdui^^ L^Tu Ind ^Te' 

th T ' ^ -d 

C/, and with the A columns originally bUTen "and K “ 

By Part I, the interchange of U and V causp<i ( 9 h -l u «i, 

dir.: Z ?': /■■■ »p!»«yjn -dddd, .d.. 


D- 


fll 

6i 

Cl 

di 




Oi 

h 

Ci 


1 

Cz 

dz 

03 

hz 

Cz 

dz ' 

II 

Cz 

dz 

04 

b. 

Ci 

d4 

1 hi 

Cl 

di 


Any term of D containing a. is of the form ± a,6,c,dt, where (t i k) i, 
permutation of (2, 3. 4). Hence, there are 6 different terms invol^ng a, 
bemuse there are 3 1 or 6 permutations of (2, 3, 4) taken all at a time 

nf n fi arranged as directed by Step 2 

of Defimtion I. and let T be any term. Then, apart perhaps from sign, 

S “"'y f™m each row and 

column of Z). 


Illustration 5. - b^Cidj is a term of Ai; - ai62C4d3 is a term of D. 

Smce the subscripts in T are a permutation of (2, 3, 4), the number of 

mversioM in the subscripts of T is the same as in a,T, because the subscript 

on fli does not change the number of inversions. Hence, the sign of T in 

Ai IS the correct sign for aiT in the expansion of D. Therefore, since Ai 

contains 31 or 6 different terms, the 6 terms of the product ojA, are the 
0 terms of D which involve Oi. 




es 


AND ROOTS 


Wo. So. 


So. 

Root 


Cob 


Cube 

Root 


Root 


Cube 


Cobb 

Root 


18 

19 

20 
21 
22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 
36 

36 

37 

38 

39 


1 

4 

9 

16 

25 

36 

49 

64 

81 


1.000 

1.414 

1.732 

2.000 

2.236 

2.449 

2.646 

2.828 

3.000 

3.162 

3.317 

3.464 

3.C0C 

3.742 

3.873 


1 

8 

27 

64 

125 

216 

343 

512 

729 


65 

66 

67 

68 
69 
60 
61 
62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 


2.601 

2.704 

2,809 

2.916 

3.025 

3.136 

3.249 

3.364 

3.481 

3.600 

3.721 

3.844 

3,969 

4,096 

4.225 

4.356 

4.489 

4.624 

4.7CI 

4.900 

5.041 

5.184 

5.329 


3.708 
140.608 I 3.732 
3.756 
3.780 
3.803 
3.826 
3.848 
3.871 
3.893 
3.915 
3.936 
- 3.958 
250.047 3.979 
262.144 4.000 
274.625 4.021 
4. 

4. 


328.500 

343,000 

357.911 



405,224 

421.875 


456,533 


493.039 


571,78 

592,704 

614.125 


4.179 

4.198 

4.217 

4.236 

4.254 

4.273 

4.291 

4.309 

4.327 

4.344 

4.362 

4.380 

4.397 

4.414 


704,969 


830.584 

857.375 

884,736 

912,673 

941.192 

970.299 

1 . 000.000 
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Prop. Pts. 


0212 

0253 

0607 ' 

09691 

1303 

1614 

0645 

1004 

1335 

1644 

1903 

1931 

2175 

2430 

2672 

2900 

2201 

2455 

2695 

2923 

3118 

3139 

5 

6 


3.8 

7.0 

11.4 
15.2 
19.0 
22.8 
26.6 

30.4 


10.8 

14.4 
18.0 
21.6 
25.2 
23.8 

32.4 


10.8 

13.5 
16.2 
18.9 

21.6 

24.3 


2.6 

5.2 

7.8 

10.4 
13.0 
15.6 
18.2 
20.8 

23.4 


2.5 

5.0 


12.5 

15.0 

17.5 

20.0 

22.5 


15 I U 


1.4 
2.8 
4.2 
5.6 
7.0 

8.4 
9.8 

11.2 



6.0 

5 



3.5 

7.0 

10.5 

14.0 

17.5 

21.0 

24.5 
28.0 


3.3 

6.6 

9.9 

13.2 

16.5 

19.8 

23.1 

26.4 


9.6 

12.8 

16.0 

19.2 

22.4 

25.6 



4.8 


3 
4.6 
6.9 


2.2 

4.4 

6.6 

8.8 

11.0 

13.2 

15.4 

17.6 



2.6 

3.9 


1.2 

1.1 


2.2 

3.6 

3.3 

4.8 

4.4 

6.0 

5.5 

7.2 

6.6 

8.4 

7.7 

9.6 

8.8 

10.8 

9.9 


Proportional Parts 
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20 .3010 3032 

21 .3222 3243 

22 .3424 3444 

23 .3617 3636 

24 .3802 3820 
26 .3979 3997 


26 .4150 4166 


27 .4314 4330 

28 .4472 4487 

29 .4624 4639 

30 .4771 4786 


31 .4914 4928 

32 .5051 5065 

33 .5185 5198 

34 .5315 5328 


36 .5441 5453 


36 .5563 5575 

37 .5682 5694 

38 .5798 5809 

39 .5911 5922 


40 .6021 0031 


3054 


3263 

3464 

3655 

3838 


4014 


4183 

4346 

4502 

4654 


4800 


4942 

5079 

5211 

5340 


5405 


5587 

5705 

5821 

5933 


0042 


6149 

6253 

6355 



3 


3284 

3483 

3674 

3856 


4031 


4200 

4362 

4518 

4609 


48 


4955 

5092 

5224 


3096 


3304 

3502 

3692 

3874 


8 


4216 

4378 

4533 

4683 


5353 


5478 


5599 

5717 

5832 

5944 


0053 


0160 

6263 

6365 


4969 

5105 

5237 

5366 


5490 


5011 

5729 

5^3 

5955 


6064 


3324 

3522 

3711 

3892 


4065 


4232 

4393 

4548 

4698 


4983 

5119 

5250 

5378 


2 



3345 

3541 

3729 

3909 



4249 


4409 

4564 

4713 





4997 5011 
5132 5145 
5263 5276 

5391 5403 
5514 5527 


5635 5047 


3160 3181 


3365 3385 3404 
3560 3579 3598 
3747 3766 3784 

3927 3945 3962 
4099 4116 


4265 4281 4298 

4425 4440 4456 
4579 4594 4609 
4728 4m 4757 

4886 4900 


5024 5038 
5159 5172 
5289 5302 


0075 


5752 

5866 

5977 


0085 


0191 

6294 

6395 


5763 

5877 

5988 


6 


6201 

6304 

6405 


5416 5428 
5539 5551 


5658 5670 

5775 5786 
5888 5899 
5999 0010 


6107 


44 .6435 64-14 6454 6464 6474 6484 649316503 

6501 6571 

46 .6628 6637 6646 6656 6665 6675 6684 6693 6702 6712 

47 .6721 6730 6739 6749 6758 6767 6776 6785 6794 6803 

48 .6812 6821 6830 0839 6848 

49 .6902 0911 0920 6928 6937 


50 

57 

58 
69 


60 


.6990 

6998 

7007 

7016 

7024 

.7076 

.7160 

.7243 

.7324 

7084 

7108 

7251 

7332 

7093 

7177 

7259 

7340 

7101 

7185 

7267 

7348 

7110 

7193 

7275 

7356 

.7404 

7412 

7419 

7427 

7435 


6767 6776 6785 
6857 6866 6875 
6946 6955 6964 

7033 7042 7050 


7118 

7202 

7284 


7135 

7218 

7300 


6794 6803 
6884 6893 
6972 6981 


7059 7067 


7143 

7226 

7308 



7380 7388 


7459 7466 ( 7474 

7513 7520 7528 7536 

7589 7597 7604 7612 
7664 7672 7679 7686 
7738 7745 7752 7760 

7818 7825 7832 7839)7846 
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LOGARITHMS OF NUMBERS 


Prop. Pts. 









0.7 

1.4 

2.1 

2.8 

3.6 
4.2 
4.9 

5.6 





0.6 
1.0 
1.6 
2.0 
6 
3.0 
.6 
.0 
.6 




60 .7782 7789 

61 .7853 7860 

62 .7924 7931 

63 .7993 8000 

64 .8062 8069 


66 .8129 8136 
66 .8195 8202 


7796 7803 7810 7818 

7868 7875 7882 7889 
7938 7945 7952 7959 
8007 8014 8021 8028 

8075 8082 8089 8096 


8142 8149 8156 8102 
8209 8215 8222 8228 


67 .8261 

68 .8325 

69 .8388 


70 .8451 


71 .8513 

72 .8573 

73 .8033 


8267 

8331 

8395 


8457 


8519 

8579 

8639 


8274 

8338 

8401 


8403 


8525 

8585 

8645 


8280 

8344 

8407 


8470 


8531 

8591 

8651 



74 .8692 8698 8704 8710 
76 .8751 8756 8762 8768 
76 .8808 8814 8820 8825 





77 .8865 8871 

78 .8921 8927 

79 .8976 8982 


80 .9031 9036 

81 .9085 9090 9096 

82 .9138 9143 9149 

83 .9191 9196 9201 

84 .9243 9248 9253 
86 .9294 9299 9304 
86 .9345 9350 9355 


8876 8882 
8932 8938 
8987 8993 


9042 9047 


87 .9395 

88 .9445 

89 .9494 


90 .9542 


91 .9590 

92 .9638 

93 .9685 


9400 

9450 

9499 


9547 


9595 

9643 

9689 


9096 9101 
9149 9154 
9201 9206 

9253 9258 


9309 


9360 

9410 

9460 

9509 


9405 

9455 

9504 


9552 


9600 

9647 

9694 


Pglig 



94 .9731 9736 9741 


96 .9777 9782 9786 
96 .9823 9827 9832 


9605 

9652 

9699 

9745 


9791 


9836 


97 .9868 9872 9877 9881 

98 .9912 9917 9921 9926 

99 .9956 9961 9965 9969 


8287 

8351 

8414 


8476 


8537 

8597 

8657 

8716 


8774 


8831 

8887 

8943 

8998 


9053 


9106 

9159 

9212 

9263 


9315 


9365 

9415 

,9465 

9513 


9562 


9609 

9657 

9703 

9750 




9841 

9886 

9930 

9974 


8293 

8357 

8420 


8482 


8543 

8603 

8663 

8722 


8779 


8837 

8893 

8949 

9004 


9058 


9112 

9165 

9217 

9269 


9320 


9370 

9420 

9469 

9518 


9566 


9614 

9661 

9708 

9754 


9800 


9845 

9890 

9934 

9978 


7825 


7896 

7966 

8035 

8102 


8169 


8235 

8299 

8363 

8426 


8488 


8549 

8609 

8669 

8727 


8785 


8842 

8899 

8954 

9009 


9063 


9117 

9170 

9222 

9274 


9325 


9375 

9425 

9474 

9523 


9571 


9619 

9666 



9805 


9850 

9894 

9939 

9983 


7832 


7903 

7973 

8041 

8109 


8176 


8241 

8306 

8370 

8432 


8494 


8555 

8615 

8675 

8733 


8791 


8848 

8904 

8960 

9015 


9069 


9122 

9175 

9227 

9279 


9330 


9380 

9430 

9479 

9528 


9576 


9624 

9671 

9717 

9763 


9809 


9854 

9899 

9943 

9987 


7839 7846 


7910 7917 
7980 7987 
8048 8055 

8116 8122 


8182 8189 


8248 8254 


8312 

8376 

8439 


8500 


8561 

8621 

8681 


8319 

8382 

8445 


8506 


8567 

8627 

8686 


8739 8745 


8797 8802 


8854 8859 


8910 

8965 

9020 




9128 

9180 

9232 


8915 

8971 

9025 


9079 


9133 

9186 

9238 


9284 9289 


9340 


9385 1 9390 


9435 

9484 

9533 


9581 


9628 

9675 

9722 


9440 

9489 

9538 


9586 


9633 

9680 

9727 


9768 9773 


9814 9818 


9859 9863 

9903 9908 
9948 9952 
9991 9996 


Prop. Pts. 
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TABLE in. AMERICAN EXPERIENCE TABLE OF MORTALITY 


Age 

Nitmber 

Liyinq 

10 

100,000 

11 

99,251 

12 

98,505 

13 

97,762 

14 

97,022 

15 

96,285 

16 

95,550 

17 

94,818 

18 

94,089 

19 

93,362 

20 

92,637 

21 

91,914 

22 

91,192 

23 

90,471 

24 

89,751 

25 

89,032 

26 

88,314 

27 

87,596 

28 

86,878 

29 

86,160 

30 

85,441 

31 

84,721 

32 

84,000 

33 

83,277 

34 

82,551 

35 

81,822 

36 

81,090 

37 

80,353 

38 

79,611 

39 

78,862 

40 

78,106 

41 

77,341 

42 

76,567 

43 

75,782 

44 

74,985 

45 

74,173 

46 

73,345 

47 

72,497 

48 

71,627 

49 

70,731 

50 

69,804 

51 

68,842 1 

52 

67,841 1 


NdM' 

BER 

Dt- 

XMO 


Yearly 
PROBA- 
BIUTT OF 

Dtinq 


749 0.007 490 
746 0.007 51G 
743 0.007 543 
740 0.007 569 
737 0.007 596 

735 0.007 634 
732 0.007 601 
729 0.007 638 
727 0.007 727 
725 0.007 765 

723 0.007 805 
722 0.007 855 
721 0.007 906 
720 0.007 95S 
719 0.008 011 


Yearly 
Proba- 
bility OF 
Living 


Age 


0.992 

0.992 

0.992 

0.992 

0.992 

0.992 

0.992 

0.992 

0.992 

0.992 


5101 

484 

457 

431 

4041 

366 

339 

312 

273 

235 


718 0.008 065 
718 0.008 13U 
718 0.008 197 

718 0.008 264 

719 0.008 345 


0.992 195 
0.992 145 
0.992094 
0.992 042 
0.991 989 


0.991 

0.991 

0.991 

0.991 

0.991 


935 

870 

803 

73() 

655 


720 0.008 427 0.991 573 

721 0.008 510 0.9914901 


723 0.008 607 
726 0.008 718 
729 0.008 831 

732 0.008 946 
737 0.009 089 
742 0.009 234 
749 0.009 408 
756 0.009 586 

765 0.009 794 
774 0.010 008 
785 0.010 252 
797 0.010 517 
812 0.010 829:0.989 171 


0.991 393 
0.991 282 
0.991 169 

0.991 054 
0.990 911 
0.990 776 
0.990 592 
0.990 414, 


53 

54 

55 

56 

57 

58 

59 

60 
61 
62 

63 

64 

65 
6G 

67 

68 

69 

70 

71 

72 

73 

74 

io 

76 

77 

78 

79 

80 
81 
82 


828 0.011 163 
848 0.011 562 
870 0.012 000 
896 0.012 500 
927 0.013 106 

962 0.013 781 


0.990 206 83 
0.989 992 84 
0.989 748 85 
0.9S9 483 86 
87 


0.988 837 
0.988 438 
0.988 000 
0.987 491 
0.986 894 

0.986 219 
0.985 4:>9 
0.984 611 


88 

89 

90 

91 

92 

93 

94 

95 


Num- 

Num- 

Yearly 

Yearly 

ber 

ber 

l^ROBA- 

Proba- 

Living 

Dy- 

BILITY OF 

bility or 


ing 

Dying 

Living 

66,797 

1,091 

0.016 333 

10.983 667 

65,706 

1,143 

0.017 396 

• 0.982 604 

64,563 

1,199 

0.018 571 

0.981 429 

63,364 

1,260 

0.019 885 

■ 0.980 115 

62,104 

1,325 

0.021 335 

■ 0.978 665 

60,779 

1,394 

0.022 936 

0.977 064 

59,385 

1,468 

0.024 720 

0.975 280 

57,917 

1,546 

0.026 693 

0.973 307 

56,371 

1,628 

0.028 880 

0.971 120 

54,743 

1,713 

0.031 292 

0.968 708 

53,030 

1,800 

0.033 943 

0.966 057 

51,230 

1,889 

0.036 873 

0.963 127 

40,341 

1,980 

0.040 129 

0.959 871 

47,301 

2,070 

0.043 707 

0.956 293 

45,291 

2,158 

1 

0.047 647 

0.952 353 

43,133 

2,243 

0.052 002 

0.947 998 

40,890 

2,321 

0.056 762 

0.943 238 

38,569, 

2,391 

0.001 993 

0.938 007 

30,178! 

2,448 

0.067 6()5 

0.032 335 

33,730 

2,487 

0.073 733 

0.926 207 

31,243 

2,505 

O.OSO 178 

0.919 822 

28,738' 

2,501 

0.0S7 028 

0.912 972 

26,237,' 

2,476 

0.094 371 

0.905 029 

23,761 ' 

2,431 

0.102 31! 1 

0.897 689 

21,330: 

2,369 

O.lll 0641 

0.888 936 

18,961 : 

2,201 1 

0.120 8271 

0.879 173 

1G,670!: 

2,196 ( 

0.131 7341 

0.S68 266 

14,474! 

2,091 ( 

0.144 4661 

0.855 534 

12,383 : 

1,904 ( 

0. 158 005 ( 

0.841 395 

10,419 ; 

L,S16 ( 

0.174 207 ( 

).82o 703 


8,603 1,648 [0.101 56110.808 439 
6,955 1,470 !o. 21 1 359]0.788 641 
5,485^1,292 '0.235 552|0.764 448 
4,193'l,114 iO.265 68Ij0.734 319 


3,079 

2,140 

1,402 

847 

462 

216 

70 

21 

3 


933,0.303 02010.696 980 


744 

555 

385 

246 

137 

58 

18 

3 


0.346 

0.395 

0.454 

0.532 

0.634 


692 

863 

545 

468 

259 


0.734 177 
0.857 143 


0.653 

0.004 

0.545 

0.467 

0.305 
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137 

455 

534 

741 


0.265 823 
0.142 857 


1.000 000,0.000 000 
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TABLE IV, TRIGONOMETRIC FUNCTIONS 
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Answers to Exercises 

NoU. Answers to odd-numbered problems are given here AnswPi^ in pvon 

Exercise 1. Page 6 


7. 1 - 2x. 

13. - 7 - 9a:. 

21 . 

c 

31. A. 

41 t 

“• T 

Bl- jV- 


Exercise 2. Page 8 


1. 

16. 

3. 

100,000. 

6. 

- 32. 


7. 

A* 

9. 

iV- 

11. 

" i 

13. 

il 


16. 

48. 


17. 


19. 


21. 

k»k». 

23. 

a«6’. 


26. 



27. 

dK 

29. 

1 












2* 

31. 

a\ 

33. 

a* 

Ig' 


36. 

81 


37. 

25, A 

39. 

- 8k0. 

41. 

9a* 

166«' 

43. 

c»z’ 

125a’ 


46. 

36aSj/’. 


47. 

- 126’c*. 

49. 

6a’^*6’. 

61. 

SuAc. 

63. 

1 


66. 

52* 


67. 

16?/* 

69. 

92’ 

61. 
A A 

10. 


4a’^ 





32 


4uj^ 


63. 

1 



66. 

y^- 


67. 

2z^. 

69. 

i 


71. 

a. 



73. 

2x*. 


76. 

8fiV. 

77. 

6 


79. 

• 



81. 

2* 


83. 

5 

• 


X 


7 




y* 


3x 

86. 

32* 

2a:*’ 


87. 

9a 

fz 



89. 

32’ 

2i/’z 


91. 

lOx//^ 

710* 


1. 62* - 14a:. 

6. 8a> + 1 . 

3- i/* + Zy^ A 5y- 3. 
13. + 

2y^ 


Exercise 3. Page 11 

3. 15i/ — 30xy — lOi/^ 

7. oa* - 17a’ + 13a’ + oa - 6. 
11. - 3a’ + 66. 

16. 3a -f- 2 + ^7-^- 

2a — 1 
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ANSWERS 



17. 

_ 3-2 _ 4_ 

19. 2 

- 5j/. 



21. 32 + 82 + 9. 

23. 

X* — 2x^ + — Sx 

+ 16. 

26. 

15o 

- 20 y. 


27. 

— 2hx + 


29. 

a* - 

■ 2 ax + a: 2 . 


31. 

4A2 - I2hk + 


33. 

a 2 - 

■ 2 a 6 + 62. 


36. 

4 - 9x®, 

37. 8 - 6 a 

-Ha 2 . 


39. 

- 10 + 19x - 6x2. 

41. 

4x2 — 25y2. 

43. 9x2 _ ] 

L 6 a 2 y 2 . 


46. 

X 2 — 

47. 

x 2 — 4x^ + 4xW. 


49. 


§Z + 2 =. 


61. 

9a2 + 18a6 + 962. 


66 . 

c* + 

2 cj/ + t /2 . 

- 4. 

67. 

a® — 2 a 6 + 6 ® + 10 a 

- 106 + 25. 

59. 

4a2 + 12a6 — 4ax + 96* — 66 x + x*. 

61. 

160 * + 62 + c 2 - 8 a 6 

— 8 ac + 26c. 

63. 

9a2 

- + 8 y 

- 16. 

65. 

c 2 — 4c(f + 4^2 — a 2 ■ 

- 2 ax — x 2 . 



4 


67. 

4^2 4 . 952 ^ 10^2 + 12a6 + 16ac + 246c. 




69. 

9a2 + 462 + 9c2 - I 2 a 6 + 18ac - 

126c. 





Exercise 4. Page 14 


1. 

a(x + y). 3, x(6 - 

■ a). 

6. i(i 

1 

Cf2 - 

4a). 

7. (2x - y)(2x 4 - y)- 

9. 

(2a + 36)(2a - 36). 

11. 

(32 4- i) (3z - 

■i)- 

13. 

{5w 4" cd){Sw — cd). 

16. 

{w + 6)2. 

17. 

(X 4- 



19. 

(2x 4- 32)2. 

21. 

(06 - 3x)2. 

23. 

(x 4- 5)(x 

+ 3). 

26. 

(X - 3)(x 4* 2). 

27. 

(2x + l)(x + 3). 

29. 

(3a 4- 4) (5a - 

-2). 

31. 

(x 4- y)(3a - 56). 

33. 

(x + y){b + 26). 

35. 

(x — 6)(46 — 

5c). 

37. 

(X - 2)(x - l)(x 4- 1). 

39. 

(x - y){x + y)(6 + c). 



41. 

(c - 

7a- 

76) (c 4* 7a 4- 76). 

43. 

{6a — 56)(a — 6). 



46. 

{8a 

- 3c)2. 

1 

47, 

r(5A - 2)(36 - 1). 



49. 

(5x* 

- I)(x2 - 3). 

61. 

2c(2a - 3c) (2a + 3c). 



63. 

{9c2 

4-4rf2){3c4-2d)(3c - 2d). 

66. 

(2a + 3 - 5x)(2a + 3 

+ 5x). 

67. 

(26 ■ 

- 3a 4- 2)(26 4* 3a - 2). ' 

69. 

iy + z - 2x){y + z + 

2x). 


61. 

(2a ■ 

- 3z - 

■ l)(2a 4- 32 4* 1). 

63. 

(5 - 3z - 3u;)(3 + 2z 

4- 2u;). 

65. 

(a 4 

■ 1)^ 


67. 

2(5x + 5y — 3ty)(2x + 2y 

— w). 

71. 

(22- 

- z 4- 

1)(22 4- 2 4- 1). 

73. 

(22 - 22 - 1)(22 4- 22 ■ 

- 1) 

• 

76. 

(a2- 

- ay - 

■ 4y2)(a2 + ay - 4y*). 

77. 

(tc* - 2tyx + 2x2) (ty2 + 2u;x + 2x*). 








Exercise 

6 . 

Page 17 

1. 

a 2 

4 - a 6 4 - 62 . 3 . x* 4- x®y 4- 4- y®- 6 . c* 4- 7. 270* c*. 

9. 

id 

~ y)i(P + dy 1 /). 

11. 

(1 - y)(l 4- y + y*). 

13. 

(z 

4- 10)(22 - lOz 4 - 100 ). 

16. 

( 6 x — y 2 ) (36x2 Qxyz 4* y* 2 *). 

17. 

c“ 

4- 3c2d 4- 3cd2 + d\ 

19. 

125 - 75y 4- ISy® - y®. 

21. 


- 9xy2 4- 27x2y - 27x2. 

23. 

c® 4- 96*c2 4- 276V 4- 276®. 

26. 

a^ 

— a^y 4- a 2 y 2 - ay® 4- y^. 

27. 

x^4-ri’4-x®4-x4-l. 

29, 

a® 

4- 2a*6 4- 4a262 4 - 86 ®. 

31. 

(a — c)(a^ 4- a®c 4- a®c2 4- ac* 4* c*)- 

33. 

iy‘ 

' + 9)(i/ - 3){y 4- 3). 

35. 

(6 4 - fc)( 6 * - 66 4- 6 ®) ( 6 ® - 6 * 6 ® 4- 6 «). 

37. 

(a 

- 3x 2) (a® ^ 3 ^j ^ 9 a. 4 ). 

39. 

( 2 x® - 2x 4- l)(2x» 4- 2x 4- 1). 

41. 

Prime. 43. (4x2 _j_ y*)(2i 

% 

y»)( 2 x 4- y»). 



ANSWERS 
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Exercise 6. Page 19 


1* 5a. 


3.-? 

a 


11 . 


19. 


26. 


31. 


4x - 4y 

• 

c 

g 

^ - 3x2/ 4- 3 j/2' 

8x^ + 8 

(2x + 3)(3x — 2) 

^ 

(n + 4)(l -n)‘ 


13. 


6- -i 

m — 3 

• 

m — 4 

96x — lOay 


21 . 


27. 


33. 


6a6 
12o - 6 
a — 2 

ax + 12a 


7 

9. * + 2. 

2 

16. 

17. “ + 

2a 4- X 

X 4- 2o 

23.?5L 

— 20c 4* 24c3 4" 4ac 


3x(4 - x)(4 + x) 


4ac 

29. ^ ~ ^7x + 1 

+ X - 12 ’ 

<IK i?_+ 39 x + 25x* + 12x3 

^-8x3 


1 . 


9. 


KW 

ck 

• 

aw 


3. 


15 (q - x)(5a - x) 

b 


21 . 1 . 

a 


29. 


36. 


41. 


47. 


2x - 3a 
2a - 36 


0*63 

1 


5d — 3a 
5 

0 4- 3 


23. 


b ^ a 


Exercise 7. Page 22 


26. 


yi^xy 4- 2) 


X # 

5rf3‘ 

- hw 

6. -r-* 

3a 

^ (x- l)(i + 4) 

11. 

(6 4- 3)(x 4- w) 

X 

.. 2(i-1)2 

15(4x - 1) 

3(3 -A) ■■ 

17. 


19. 1 

362/2 - 9 


31. 3a(3a - 2), 

37. 

6a 4- 2c 

43 (x + I)(2x3 + x4- 1) 

x3(2x3 4- a:) 


27. a6(a26» 4- 1), 
33. 4c^d(c^ 4- Serf 4- Orf*). 
39* ~ 

45 ^ xf6x3 - 5xy - 15v^) 
3x - 72/ 

51 (1 4- a)(13a — 3) 
2a(5a — 1) 


1. 

f. 

Z. 

0. 

13. 

2. 


16. 

23. 

26 

o 


26. 


0 — 

a 


33. 

y = 

7 4" 3x 

T 


2x4-5' 


37. 

5. 


3i 

47. 

a = 

/ 

4 

m 

49. 


Exercise 8. Page 27 
5. - f 7, - I 

3. 17, - I 

5c a 4" 1 


6 — 2a 
7 - 5?/ 


22/ 


s — k 


9. .11. 

19 - I 21 . 


27. 


29. 6 - ab. 


31. 


11. 3. 
36 4- 5a 
c 

c~ d 
a 4- 6 


36. 2/ = ?£±i- ^ + 4 

2x - 2’ "" 22/ - 3 

41. - 43. 2. 46. - 5. 

61. - 2n. 


63. 


66. 283.46 
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ANSWERS 


1 . 32 ^; 35 ^'. 

6. m da, 

13. 490 lb. 


21. 15 mi. per hr. 

29. $8300 at 5%; $3700 at 3% loss 


Exercise 9. Page 29 

3. 13 nickels; 39 dimes; 36 quarters. 

7. 20 gal. 9. 9:3 GBa.m. 11. 63§lb. 

16. $42,857.14. 17. $1000. 19. $3000. 

23. 20 yr. 26. 200 mi. per hr. 27. 3f hr. 

31. 10|J min. 


Exercise 10. Page 36 


1. 



3. 16a»*. 




6. .09c*d«. 




7. 

a* 

6*‘ 

9. 

0^' 

11. =b 

8; 

±7; ± 

9; 

±§; 



13. 

2; 3; 

- 1; -e 

•; h 5- 


16. 

6. 



17. 3. 



19. 

26. 

21. 

2x. 

23. 

- 4. 


26. 

6. 


27. 

2. 

29. 

5. 

31. 

- 1. 

33. 

20. 

« 

35. 

— 

i 

37. 

i 

39. 

f. 

41. 

y^- 

43. 

2x. 


46. 

3a“. 

47. 

X 

2* 

49. 

ah 

3 

61. 


63. 

3x*. 


66. 



67. 

2xt/®. 

69. 

.5. 

61. 

ix. 

63. 

.2x*. 


66. 

— 

A- 



67. 

5j» 

• 


I* 

69. — 


71. 

4 

^ • 

n 






22« 


y 



ay 

£ 






Exercise 11. Page 38 


1. 

5. 

3. i 

6. 7. 

9. i 

11. 

- 2. 

13. 8. 

16. Y- 17. .6. 

19. 1. 

21. 

- 5. 

23. 4. 

26. 32. 27. if- 

29. 9. 

31. 

1 

6*' 


35. ~ 37. 

a’d*. 

39. 

30=* 

2x^' 

41. 5y-*. 

43. 3-1 ■ 4a*x-*j/-*. 

46. c(x — hy)~y 

47. 


49. a"^. 

61. al 

63. v^xy. 




.. 125 

66. 

(a + b)^. 

67. X*. 

69. 1. 

61. — • 
a® 

63. 

x^. 

«5. 

«'• a.x«- 

9w« 

69. -r* 

X* 

71. 

256* 

73. 625. 

”-l6' 

X* 

I25* 

79. 

1 

af 

1' 

a* 

v' 

86. 

x*y^ 

87. 


89. 9aj*. 

9L 9m*. 

93. xV- 


27 
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95 . 


a + b 


97. 


ab 

103. X-* + V-*. 

109. I* — 4a:*y~i + 4y"*. 
113. {x - y-i){a: + y-i), 
117. (x - y“i)». 

121. x-« - y-«. 


6 * — 0 * 
a’6* 


99. 


1 - o»6 
1 +o»6 


101 . 


4a 


t 2^5 or 4.472. 


a 4 

106. xi - yi. 107. ai + 2ai6 + 6». 

111. a> - 6i 

116, (2ai - 36i)(2ai + 36^). 

119. (2ai - 56i)». 

123. + 0^6* + 6l. 

Exercise 12. Page 41 

3. 3's/3 or 5.196. K ATAO 


7. Z<^ or 4.761. 

9. - 3V2or - 

•w • w \JA «VIV< 

• 3.780. 11 . a*Va. 

13. x^<^. 

16. 2a V^. 

17. 2ay*V3ay. 

19. 3yV^. 

21 . - 3a*V^. 

23. xy* VsiT*. 

26. 2ay*<^. 

27. .5x*Vj. 

29. VsT*. 



2 y* 

31. - ^ 

00* 

33. xV27 - z*. 

36. 2a*\ 

37. ~ Vex + 2dy\ 

39. 8 V 2 . 

41. 8 V 3 . 

«. (3 - x) 

46. V6 or 2.449. 

47. 3 V 5 or 6.708. 

49. 45. 

61. - 2V9or - 

4.160. 63. V 3 or 1.732. 

66 . or 2.080. 

67. V 5 or 2.236. 

69. 1 

61. 3xVS. 

63, 32a. 

£ 

66 . 7V5 - 9. 

67. 18 + 13 V 6 . 

69. 27 + lOV^. 

71. 14 - 4 V 6 . 

73 . — xyz'C^. 

76. VI^. 

77. V^. 


Exercise 13. Page 43 

1. iV3 or .577. 

3. iV6or.272. 

6 . - *V70or - .4121. 

7. or .4642. 

9. *V30or.l095. 

11. jVs or .577. 

13. f Vs or 2.683. 

16. §V3 or 1.155. 

17. i Vis or 1.291. 

19. fVlSor 1.549. 

21 , fV2or 1.890. 

23. i(9 - 5 V 3 ) or .057. 


26. J(4 - 6v^ - Ve + 3 V 3 ) or - .347. 
29. iVfe. - 


36. 


41 . 


3a* 

I0a6 


31. 


37. 


27. *(17 + 4 VI 0 ) or .689. 

4ah- 


Sx 


33. 


2b 


39. I •^'14 or .344. 


43. - 


5a5 


46. 


2 vA(a 4- x) 


a + X 


47. 


2S 

X* 
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26 



1^* 



V5b(5o« - 96) 
Sab 


67. i(2V3 + V30 - 3V2) or 1.175. 



1 . 

9. o''^'xV* 

17. 

26. •'/Sa. 

33. 2V2. 
41. 

49. 


67. 


Exercise lA Page 46 


3. 5-^. 

6. a-^. . 

11. 2a*6»\^. 

13. VJ. 

19. Vd. 

21. 

27. V^. 

29. c». 

36. 25V5. 

37. 4x*V2x. 

43. 

46. 

61. a^yi. 

63. -I— 

0 

69. . 

61. iViO. 


7. 2^5^. 
16. 

23. V2. 

31. 

39. 

47. 

66 . 






x» ' 

6 ~ 



81. 2a»'^. 83. aV2. 


87. 2Vz + 2 V 2 . 


91. (2x - b)<^. 93. (o - 2)V3 x. 


69. 3^. 71. 3^. 


77. 79. 



(y - 2x)<G 

2x 




3g + ^ + '^3a(o + 6) + -M 

6 - 2a 

(g + 2)Va* -T 

a{a + 1) 


Exercise 16. Page 48 


1 . <. 


3. <. 


Exercise 17. Page 62 

1. 7; - 3; f ; 

3 . 9; b<-b‘ + 3; — ~ 4i‘ - 6i + 5. 

cP 

r 5 + 2 c» + 2 3x + 2y Ca + 2){1^ 

■ 2(1 -s)M -c»* y-3x ' (1 -a)(5 + 2) 

7. 0; 3a + 45. 
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15. (a) y 
19. I - y 
26. Slope 
29. Slope 


Exercise 18. Page 54 
6; y = - 4. 17. y = j,. 

23. Slope = — i. 


« - 2 , 


Slope — — f; y-intercept 
- f ; y-intercept - 0. 31. Parallel. 

Exercise 19. Page 66 




nf solutions of systems of equations in this answer book values 

of the unknowns will be arranged m their natural alphabetical order. 


3. (- 1, - 3). 

11. (“ i ^). 


1. (3, 2). 

9 . ( 0 , 0 ). 

17. (.7, 1.2). 

26 - 3a 2a - 36\ 

' 6« - aV 
29. Inconsistent. 

36. 1st, 3 lb.; 2d, 6 lb. 


19. (5, - 3). 


6. (0, - 4). 7. (2^ 2). 

13. (-i-i). 16. (-Jf, -V). 

36 + A: hk 




“■(i 


— > 


.96 + 2k 

26. (a + 6 , 6 ). 27 


96 + 2k. 

£ 

2 c, 

31. Dependent. 33 . Dependent. 

37. 40 lb. silver; 80 lb. lead. 39 , 04 


• (r i) 


1 . ( 1 . 2 . - 2 ) 
9. (i, - f). 


Exercise 20. Page 69 

3. i). 6. a, 3, 2). 

11 . ( 2 , 


7. (- 2, 3, 3). 


13. 465. 


19 . ( 0 , 0 ). 


Exercise 21. Page 61 


Exercise 22. Page 62 
1. - 9. 3. _ 42, 

6 . dibsCi + dibsCi + dsbid — djbjCi — ^16303 — dtbiCt. 

Exercise 23. Page 63 
+ c — a a + c — 6 a-j-6 — c 


2 a 


26 


2 c 




1. 5t. 

9. ,3t. 
17. ± It. 

27. 10. 


Exercise 24. Page 66 


3. tV^. 

11 . 

19. ±?tV7. 
29. 13. 


6. H 


7. 


tV^ 


^7. (10 + 3i)V2. 


2 

13. 8ixVV2. 16. =t 9i. 

21. - i. 23. - 1. 26. - 1. 

31. 7 + 24i. 33. 7 - 24i'. 36. 4 + 19i*. 

39. (4i - 19); (- 34 - 60: (- 66 - 70i). 
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Exercise 26. Page 67 


1. ±5. 

3. ifcSi. 

6. 

it ft. 

7. 

9. zlziV2. 

11. 

13. 

. Va(d + c) 

2a * 

16. 

17. - 3. 

19. 0; |. 

21. 

0; f. 

23. 

26. - 4; |. 

27. 1; 1 

29. 

1: -f. 

31. 

33.0; 

36. - b. 

37. 

36 6 

2a' o' 

39. 


± 

5; -2. 

I; i 

1; -i 
-3; f; 



1. - 7; 1. 
6. 3 ± 2i. 


11. - ib; 36. 

16. 1; - §. 

21. J(- 1 ± •^): .138; 
26. i(l ± 2iV3). 


Exercise 26. Page 70 

3. i(- 1 ± ■^): -138; - .805. 
7. 9. i(2±tVlO). 


13. 


- fc ± - 4^ 

2h 


17. 1 ± 3z. 19. §. 

- .805. 23. i(4 ± ^)' -419; 3.581. 

27. I: -§. 29. - j; 


31. 


3ifc ± V9A* - 120jt 
lOA: 


36. i; 

39. i(2 ± V5): .847; - .047. 
43. (6 ± V4I): 12.403; - .403. 


47. 


— a ± Va* + 6^5 


33. 

37. 

41. 

45. 

49. 


61. i(2A - 1); Hy + 2). 

66. 8.138 rd. 67. 43.8 mi. per hr. 


5 2 

3' 1 + a' 

^(1 ± VI9): 1.786; - 1.120. 

0 ; h 

- 4. 

- iA; - A. 

63. 14; 31. 

69. A ± .6v^; 17.32 sq. ft 


Exercise 27. Page 73 

1. Vertex, (0, 0); axis, x = 0; min. = 0. 

3. Vertex, (2, 3); axis, x = 2; min. = 3. 

6. Vertex, (— 1, 8); a.xis, x = — 1; max. » 8. 

7. Vertex, (0, 5); axis, x = 0; min. = 5. 

9. 2; — 4. 11. No real roots. 

13, 1.6; - 4.1. 16. Min. = - 1. 

17. Max. = 17. 19. Vertex, (2, 0); a.xis, y = 0. 

21. Parabola with axis parallel to x-axis, concave in direction of positive x-axis 
if a > 0, etc. Value of y at vertex is — 6/2a. 

23. 30; 30. 26. 7i' by 15'. 
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Exercise 28. Page 76 

1. Disc. = 9; real, unequal, and rational. 

3. Disc. = — 59; imaginary and unequal. 

6. Disc, = 64; real, unequal, and rational. 

7. Disc. = 0; real, equal, and rational. 

Si; .."it •” 1- P.. 

»1. Oi - H. i,. 5. 

Exercise 29. Page 78 


6. Sum = - J; prod. |. 7. x* + 4i _ 21 = n 

9. 28x« + 41x + 15 = 0. 11. x« + 9 = 0 

13. x» + 4x - 41 = 0. 16. 2x» - 4x - 7 = 0 

17. 2* — 2ax + a* + 6* = 0. 

19. No factors of the specified t5q)e. (Why?) 

21. f. 23. - i. 26. A = - i. 27. ^ ^ ^ 

29. A = ± 3 Vs. 31. (4x + 9) (3x - 4). 33. (9x - 8y) (3x + 2v). 

36. (2x - 3 + V2)(2x - 3 - V2). 41. A = 2. 43. A = 0; A = - 

Exercise 30. Page 80 

1. ± 3; ± 2. 3. ± i V2; ± 3.. 6. ± i; ± J. 

1- ±J; ±J.. 9. ±1; ±J. 11. ^JV5; ±v^. 

«■ 1; 2; - 2; - 3. 16. 1; _ 3; J{- 3 ± Ve). 

2; - 1; i(- 5 ± V33). 19. ± ± fl. 

21. h i(- 5 ± 5>v^). 23. - f ; *(3 ± 3iV3). 

26. (± 2, ± 20; (± 3, ± 30; (± i, ± iO. 


± ± i 

11. d: J-x/S; = 
■ 3 ± v^). 

3fV3). 


v^, 


Exercise 31. Page 82 


1. 

22. 


3. - 15. 


6. 3V5. 

7. |. 

9. 

-3; 27. 


11. 2. 

13. 

No solution. 

16. - 1; i. 

17. 

0. 

19. 

4; f. 

21. 

2g* ^ 2s 

23. a. 

26. 


27. 

iV- 

29. 

A- 

31, 3; - 5. 

33. 

4. 

35. 


37. 




Exercise 32. Page 87 

(4; .5); (- 2.8, 2.9). 3. (- 4.1, - 7.1); (2.1, - .9). 

(1, ± 1.1); (- 1, ± 1.1). 7. (3.2, 3.7). 

9. No real solution. 
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Exercise 33. Page 88 

1. (4,3); (5,0). 

3. [i(2 + iV3), i(6 - [i(2 - iVs), J(6 + »V3)]. 

6. (- 2, - 1); (- 6, 3). 7. (2, 1); (i, J). 9. (2, 5); (2, 5). 

11. [i(a - 6), (o + b)J; [i(a + b), (a - b)J. 

Exercise 34. Page 89 

1. (1.837, ± .790): (- 1-837, ± .790). 

3. {jv^, ±Ji); (-i^2, ±Ji). 

6. (Vs, ± 1 ); (- Vs. ± 1 ). 7. (± V 2 , V3); (± VS, - Vs). 

9 . ( 4 Vs, ± 4 V 3 ); (- 4 V 3 , ± 4 ^). 11 . (V 3 , ± j-Vt); (- V3, ± jVt). 

Exercise 36. Page 90 

1 . (^/ 2 , - VS); (- VS, VS); (fVs, 4 V 5 ); (- t A - lA). 

3. ( 4 , 1 ); (- 4. - 1 ); (- A 4 A); (A, - 4 A. 

6. (14,-4); (-4.-1); (-14,4); (4,1). 

7. (4,-4); (4,-4); (-1,4); (-4,4). 

9. (4A 4A; (- 4A - 4A); (2, S); (- 2, - 5). 

11. (2, 3); (2, - 4); (f, 4); (4, - §)■ 

13. 81. IB. a, - 4); (4, - i). (4, ± 1); (- 4, ± !)• 

Exercise 36. Page 92 

I . (- 4 , S); ( 4 . - 3 ). 3. (4Vl5, §vi5); (- 4 VI 5 , - fVlS). 

6. (- 1,3); (6, - 4); (3, - 5); (- 2,0). 

7. (4, 2 ); (- 4, - 2); (1, 1); (- 1 , - D- 9- (8, - <); (- 2, !)■ 

11 . (± 4, 2 , - 1 ); (± 4, 2, 1); (±4, - 2, - 1); (± 4, - 2 , V- 

13. ± 2S. IB. c = ± Vg + 4m*. 17. c = ± Vo> + 

19. (3, 1); (- 3, - 1); (- 1,-3); (1,3). 

Exercise 37. Page 93 

B. - i; 4 . 7. 4(1 ± lAS). 

9. Real, unequal, and irrational; - 5 and — 2. 

II. Real, equal, and rational; 5 and 

13. 8t. 16. V; 0. 17. ± 2. 19. 20a:» + 7x - 6 = 0. 

21. I* - 6x + 13 = 0. 26. (2, 3); (I 4). 

27. dl - 2i); (- If. 2J). 29. (- If, - 2.1); (2J; - Sf). 

31. (|v^, ± iV35): (- ± iV35). 

33. (i - 2); (4, - 7). 36. 1. 37. ±2; ± f . 89* » * 
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Exercise 38. Page 84 


1- i 3. i 

11> 72 and 54. 

17. ± 1. 



7. n- 


13. 5500 sq. in. 


19. ±4i. 




15. 28.7'. 


i.£r = ^. 

ID* 


3. Z = 


Exercise 39. Page 96 

k\G 

6. X + 2 * 


yi 4 — 

9. y is proportional to uj. ^ 

11. to is directly proportional to x and y> and inversely proportional to x. 

_ 27xy 


7. tu = 


13. P = |x». 

19. 784 ft. 21. 2700 lb. 

29. A stone 5J ft. in diameter. 

33. (32, - 16, 40). 


16. U = 


2z» 

23. 270 lb. 
31. 47.43'. 


17. 

26. 8.82'. 


36. (6, - 2, 4) or (- 6, 2, - 4). 


Exercise 40. Page 100 

1. !« + 6x^ + 15x*u* + 20x»u’ + 15x*u* + exu* + u«. 

3. c* - 4c^d -f- - 4cds + d*. 

6. x< — 8x^a + 24x*a» — 32xa* + 16a*. 

7. 64z« - 192x^6 + 240x*6* - leOx^fti + 60x*6* - 12x66 + 6« 

9. X* + 2x66» + ^x=6* -f- ix6« + *6*. 

11. x« - 6x>V + 15xV - 20x»y® -f 15x*y« - 6x*j/W ^ yu 
13. if — 10x*j/f -f 40xfi/ — 80xi/f + 80xfy5 — 32j/f. 

16. rf + 8r -f- 24rf -f 32rf + 16. 

17. X* — 4x6y-i -f- 6xV* — 4xy-^ + y-*. 

19, af — lOofx + 40ax* — SOa^x* + 80afx* — 32x® 

21.1-i2 + ±_i. 

X* 6x* 6*x 66 

26. a“ — 45a“ + 945a“. 27. m" 60m^ + ITlOm^® 

29. 3« - 2916V3 + 16,038. 31. a"* + 8a-Tx-^ + 28a-»x'*. 

33. x» + nx^~iy + 35 ^ ^ h(k - 

2 

Exercise 41. Page 102 

E n(n - l)(n- 2)(n - 3)(n - 4) . . . 
B. 


1. 126x«y*. 

7. 36wjV. 


3. 70x*z^. 
9. 56x®i/6. 


11 . Hx\ 


13. .000028. 
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16. - 20iV- 35 x^^. 21. 203^K 

23. - 35a*6’; 35a«6\ 26. 96,059,601. 27. 226,981. 29. 1,219. 31. .961. 


1. 15; 18; 21; 24. 

6. 5 = 645; I = 78. 

9. 5 = 46.86; I = .78. 


Exercise 42. Page 105 

3. 17; 14; 11; 8. 

7. -S = - 882; Z = - 72. 
IL d = 16; 5 = 5460. 


13. 

S = 323; a = 

3 — 

19. 

16. Z = - 99; d = - 

-2. 


17. 

- 1. 

19. 

(5, 8. 11, 14). 

21. (10.5, 6, 1.5, - 

3, - 

7.5. - 

23. 

22. 

26. 

7. 

27. 21. 

29. 

136th 

31. 

e- 

33. 

36,270. 

36. 25,250. 

37. 

425. 

39. 

$23,200. 

41. 

3780. 

43. $53,250. 






Exercise 43. 

Page 108 



1. 

(5, 15, 45, 135). 


3. (16, 8, 4, 2). 



7. 

(i) the result 

is a 

G.P. with r = 3. 




9. 

26,244. 



11. Z = f; 5- W- 



13, 


s — 



= ox". 





.. (1.06)” - (1.06)‘ 



17. 

6558. 



.06 

• 


21. 

1 - (1.02)-'» 
.02 

• 


^3(1.02)”-!. 
(1.02)i - 1 



26. 

S = 242; n 

= 5. 


27. 0 = 25; n = 5. 



29. 

S = n 

= 11. 

31. 1280. 




33. (12; 36; 108). 

36. (1; 10; 100; 1000; 10,000; 100,000). 

37. Viu or — according as x and y are positive or negative. 

39. 10. 41. (I, I, I). 43. W- 46. $450; $3600. 


1 . $ 10 , 000 . 



1 - X 


21. 135,760.57. 


Exercise 44. 

3. 2900 ft. 

9. $11,360. 

23. 15.5%. 


Page 110 

6. $80; $200; $500; $1250; $3125. 
11. 55.34 in. 17. 852. 

26. 20%. 


!• i» 'Af' 

7. 2. 


Exercise 46. Page 112 , 

3. A: i: i: i ®- * 

9. 16. 14- 18- 
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L 9. 

IL A. 

21. HF. 


3. 

13. V. 
23. A. 


Exercise 46. Page 116 

7. I 

17. m- 

26. 280'. 27. 5mi; 6 . 


9. H. 
19. 


Exercise 47. Page 119 

l-ect. 3. 12>I. 6 . -3<Z. 

11. x< i|. 13. 5 < ^ 

17. 2 < 9 . 19. - 5 < X < 5. 21. X < - 3 

23 . 1 1 1 <6; between - 6 and 6. 26 . j j [ > 7. 

29. X < - 5 and x > 5. 31. _ 2 < x 

33. X < - 1 and X > 4, 36. x < - J 

37. No solution. 41. | x i > 10 . 43. | x | ^ 4 . 

^ 6 - * g 2 and x ^ 3. 47. Real if U I > 5 


49. (a) k^± f; ( 6 ) \k\< i; (c) \k\>l 

6 L ( 0 ) ft = ± Vld; (b) \ k \<Vld; (c) 1 ft 1 > VlO. 


6 . - 3 < X. 7. _ 2 < X. 
13. 5 < X. 16. X < 3. 

. 21. X < — 3 or 3 < X. 

26. I X [ > 7. 27. X <l 

31. - 2 < X < 4. 

36. X < — J and x > 0. 

43. |x|^4. 

47. Real if | ft | ^ 2; imag. if I ft I <2 

t ^ -I ' * 


1. 5i. 

IL - 1 . 

21. - 9. 

29. X = i; y 

36 . i - a. 

- f i. 

A + Ai. 


Exercise 49. Page 122 

3* 8 tx. 6 . =1= 9f. 7. ± 5iV3. 9 . ± 

13. — i. 16. — 15i. 17. 243i. 19. 26 + 7i. 

23. — 4 + 2i. 26. 6 . 27. x = 2; y = — 3 . 

= 0. 3L X = 2; y = 33^- A - H?. 

37. - A + Hf- 39. - A “ Hi. 

43. -t. 46.729. 47. - 11 - 2i. 

61. 63. a — bi. 


Exercise 60. Page 126 

17. 5 + 5t. 19. 5 + 2f. 21. 7 + 3i. 23. 12f - 3. 26. 1 + 2i. 


Exercise 61. Page 127 


!■ f + iiV3. 3. 4 + Oi. 6 . 6 + Of. 

3* — .839 + .545i. 11. 5^2(008 

13. 6 Ccos 0 ® + i sin 0 “). 16. 3 (cos 270' 

17. 2(cos 30'^ + i sin 30°). 19, 2Ccos 240' 

31. 5(cos 323.1'* + i sin 323.1°). 23. cos 330'* H 

36. V2(cos 45'* + i sin 45°); v^(cos 315° + i sin 315°). 
27. 2(cos 120° + I sin 120°); 2(cos 240° + i sin 240°). 

29* ( 1 ) 180°; ( 2 ) 270°. 


6 . 6 + Of. 7. >/2 

11. 5 V2(cos 45° + i sin 45°). 
16. 3(cos 270° + i sin 270°). 
19, 2Ccos 240° + i sin 240°). 
23. cos 330° + i sin 330°. 


- 


1* 3 + 3fV3. 

- 8 + 8tV3. 


Exercise 62. Page 129 

3. 6(cos 20° + i sin 20°). 6. 4 + 4iV3. 

9. 324(cos 180° + i sin 180°), or - 324. 
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13.-1 + 1^3. 


16. 12(co3 130° + ism 130°). 


11. 16 + 16iV3. 

17. i'/S - Si. 

Exercise 63. Page 132 

1 2(cos25° + tsm25°): 2(cos 115° + i sin 115°); etc. 

3 aV2 + UV2 ) : 3(cos 165° + i sin 165°) ; 3(cos 285° + i sin 285°). 

5. 2; (- 1+ i^): (- 1 - 

9. 2* 2(cos 72° + i sin 72°); 2(cos 144° + i sin 144°); etc. 

11 . {V2±i^); (- 

13. 2(cos 105° + i sin 105°); (- V2 - 2(co3 345° + i sin 345°). 

16. V5(cos 76.7° + i sin 76.7°); V5(cos 166.7° + i sin 166.7°); etc. 

17 3- 3fcos 72° + i sin 72°); 3(cos 144° + i sin 144°); etc. 

I9 1- (cos 40° + i sin 40°); (cos 80° + i sin 80°) ; • • • ; (cos 320° + i sm 320 ). 


Exercise 64. Page 134 

1 . R = 29. Z. R = 48. 

7. Yes; z* + 2x + 4. No. 9- “ h i 


6 . Yes; z* — 3z + 1. 


Exercise 66. Page 136 


65 


1 . 2z* + 6z + 20 + — «• 


3. 3z + 8 + 


29 


z — 3 


9 


z — 3 

6.2z* + 7z + 12 + ^- 7.3z*-2z + 4. 9. 2^» + 2z - 3 + ^^ ^ 1 

11. 68; - 292. 13. 7; - 84. 16. x« + z« + z^ + + z» + z + 1 


11. 4.2; - 1.2. 


Exercise 66. Page 138 
13. 4; 1.4; - 1.5. 


16. .17. 


Exercise 67. Page 141 

1.2; -5; - 7 . 3 . 0; - 4; i(- 7 ± iv^). 

6. z« + 3i’ - 25z* - 39z + 180 = 0. 

7. 12z* + 7z^ - 28zs + I2z = 0. 

11. 9x* - 12z3 + U8z* - 192z + 64 = 0. 

13. z* - 4z» + 2x= - 4x + 1 = 0. 16. z» - 6z» + 15z 1 

17. i3 + 6z2 + 12z + 8 = 0. 19- 9x^ - 54 x> + SOz* + 6z 9 

21. -2-4i. 23. -3 + 4t. 26. z^ - 8z> + 27z» - 38z + 26 


9. z" + z* - 12 = 0. 


0 . 

0 . 

0. 


Exercise 69. Page 144 

3. 4z* - 3z* - 2z - 4 = a 

7. 3z^ + 2z< + 5z = 7. 


1. 2z» + 5z> + 3z + 5 = 0. 
6. z* — 3z “ 5 = 0. 
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Exercise 60. Page 145 

X* One pos. and two imag. 

3. (a) Four imag. or (6) two imag. and two pos. 

5. (a) One pos., one neg., and two imag. or (6) four imag. From a very rough 
graphical consideration, (6) is ruled out and hence (a) is true. 

7. (o) One pos., one neg., and two imag. or (6) four imag. A rough graph 
rules out (b) and hence (a) is true. 

9. (a) One pos., one neg., and four imag. or (b) six imag. A rough graph 
rules out (b) and hence (a) is true. 

11. (o) One pos., one neg., and two imag. or (b) four imag. A rough graph 
rules out (b). 

13. Six imag. 

16. (a) One pos. and six imag., or (b) one neg. and six imag., or (c) two pos., 
one neg., and four imag. A rough graph shows one neg. root. Hence, 
(6) and (c) are the only possibilities. 

17. Three pos. 19* Two pos. and three neg. 

21. Two imag. 23. Four imag. 


Exercise 61. Page 147 

1. Upper — 3; lower = — 5. 3. Upper = 6; lower = 0. 

6. Upper = 4; lower = — 1. 


Exercise 62. Page 149 


1. 1; - 2; - 3. 

7. 7; 1; - 2; - 6. 

13. i; (1 ± iV2). 


3.-2; ± 3. 
9. None. 

16. ± §: Ml ± 


19. - 7. 21. None. 

« 


iV3). 

23. 1. 


6. - 2; M3 ± i^)- 

11. S; (- 1 ± i). 

17. 1; M* -M 


Exercise 63. Page 160 

1. 3x* + 4x* - 20x + 24 = 0. 3 . - 2 := + Ox" - 40 = 0. 

13- i; - i; i 


Exercise 64. Page 163 

Note. For the convenience of the student, results are given more accurately 
than requested in the text. 

1. 1.213. 3. .802. 

9.-2; - .150; - 1.724; 3.874. 

13. 1.427; 1.757; - 5.184. 

13. - .50; .63; 2.34. 

23. (1.82, .66); (2.63,2.46). 26. 1.37' or 2.61'. 27. 1.77'. 


6. 2.357; 2.692. 7. 2.154. 

11. ± 1.720. 

16. 6.350. " 2.770. 

21. - 8.22; 3.43. 


29. 637®. 
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Exercise 66. Page 166 

1. 2x> + 8 j» + 5a: + 42 = 0. 

3. a:* + 1.2a:> - 2.46x* + 3.30&r = 5.7619. 

6. 3x> + 1.73a:* - 2.1119x + 5.061719 = 0. 

Exercise 66. Page 169 

3. x< + 2x*-5i*-4x + 6=0. 

6. - 7. 3; - 3; - 4. 9. 1; 2; 4. 

Exercise 67. Page 162 

L - 2; (1 ± 2iV3). 3. 4.13; - 9.52; - .61. 

6. K- 1 ± ± 7.-3; - 3; - 4; 1. 


1. 10». 3. 10 

9. .31427; .314. 

16. 38,500. 

21. 3.57(10-^). 

27. 8.1385 and 8.1395. 

33. 9.3250(10*); 9.32(10*). 


Exercise 68. Page 166 

3 . 6 . 10 ". 

11. 195.64; 196. 

17. .0001935. 

23. 566.5 and 567.5. 

29. 31.54; .586. 

36. 2.3500(10’); 


7. 15.326; 15.3. 
13. .034564; .0346. 

19. 3.807(10*). 

26. 566.95 and 567.05. 
31. 3.8; .78. 

2.35(10’). 


Exercise 69. Page 167 



3. 


5. T^* 


13. 5 = log, N. 

19. log, 64-3. 

26. 25. 27. 216. 

37. 2. 39. i 


16. logio N - 
21. log, 27 = 
29. 1. 

41. 3. 


49. a - 4. 


61. a = 10. 


67. N = 729. 69. N = 10. 


7. ai 9. 5i 11. lOi 


- 3. 

3. 

31. iV* 
43. 2. 
63. a 


17. logio iV - — .4. 

23. log, ^ 

33. 2. 36. 5. 

46. i 47. - 4. 

27. 66. a = 25. 


61. a = 100. 63. a - i. 


1. .7781. 

9. - .1549. 
17. .2817. 


Exercise 70. Page 170 


3. 1.4771. 
11. 1.4065. 
19. _ .4771. 


6. .3680. 
13. .9542. 
21. .3820. 


7. .5441. 
16. 1.4313. 
23. - .2720. 


Exercise 71. Page 174 


1. Ch. = 2; man. = .9356. 3. Ch. = 15; man. = .2162. 

6. Ch. = - 2; man. = .700. 7. Ch. - - 3; man. - .2356. 

9. 9.2562 - 10. It 4.4932 - 10. 13. 5. 16. - 4. 

17. - 6. 19. 1.6355. 2t 7.8949 *- 10. 23. 0.9759. 
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25. 4.2504. 27. 8.9345 - 10. 29. 5.0043. 3t 5.1959. 

33. 243. 36. 4660. 37. 1.43. 39. 74.0. 

41.,. 302. 43. .00589. 46. .0960. 47. .000900. 

49. .00500; .0200. 61. 2.29820. 63. 0.14270. 66. 8.04844 - 10. 

67. 9.40875 - 10. 69. 4.77525. 61. 6.25527 - 10. 63. 9.9Q363 - 10. 

66. 3.61993. 67. 6.00000. 69. 0.69897. 71. 17.83. 

73. 48,460. 76. .2674, 77. .003097. 79. 4.577. 

81. 4159. 83. .0003600. 86. 1.299. 


Exercise 72. Page 177 

t 3.2615. 3. 2.7261. 6. 1.5556. 7. 9.4790 - 10. 

9. 9.7503 - 10. 11. 8.1939 - 10. 13. 4.9546. 16. 7.1581 - 10. 

17. 6.0910 - 10. 19. 6.4950. 21. 1725. 23. 1.459(10*). 

26. 1379. 27. 39.95. 29. .0002162. 31. .4693. 

33. 7695. 36. 1.030. 37. .00009738. 39. .4236. 

41. 4.26865. 43. 0.72605. 46. 9.47898 - 10. 47. 0.67374. 

49. 8.86666 - 10. 61. 9.87715 - 10. 63. 7.60274 - 10, 66. 6.89570 - 10. 

67. 5.98538. 69. 9.78533 - 20. 61. 163.64. 63. 21.747. 

66. .45007. 67. .0087124. 69. (1.0782)10*. 71. 9.3402. 

73. .10200. 76. 1.7398(10-“). 


Exercise 73. Page 179 

Note. Results obtained by use of 5-place logarithms are given in blackface 
type in the remainder of this chapter. 

1. 24.91; 24.909. 3. .07942; .079410. 6. .2009; .20086, 

7. - .007667; - .0076660. 9. 51.10; 61.098. 11. .8142; .81422. 

13. .1406; .14061. 16. .003069; .0030681. 17. 5542; 6644.4. 

19. 1.047(10*); 10.464. 21. 27.61; 27.609. 

23. - 2.627(10-*®); - 2.6266(10“*). 26. 1.580(10"*); 1.6802(l(r*). 

27. 38.96; 38.966. 29. (a) 4.792(10*); 4.7922(10*): (6) 8.065; 8.0662. 

31. (a) 5.616(10"*); 6.6160(10'*): (6) -.1626; -.16263. 

I 

Exercise 74. Page 181 


1. 5358; 6369.6. 3. .4107 

7. .9500; .94986. 9. 1.315 

13. 28.93; 28.936. 16, .1585 

19. 50.32; 60.324. 21. 41.47 

26. 2.111; 2.1111. 27. 1.041 

31. 50.12; 60.466. By preliminary : 


.41082. 

6. 1.044; 1.0440. 

1.3168. 

11. .6030; .60296. 

.16849. 

17. - 1.010; - 1.0099. 

41.470. 

23. .1266; .12668. 

1.0412. 

29. .8630; .86268. 

>e of 7-place table, the results are .5050; 


.60604. 

33. 141.9; 141.82. 

39. .001352; .0013626. 


36. 215.1; 216.08. 37. .4971; .49714. 

41. .9388; .93896. 43. .3986; .39882. 
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46. - 1.916; - t9166. 47. 21.76; 21.768. 49. 134.9; 134.84. 

61. - 136;* - .1366.* 63. 1.118; 1.1177. 66. 4.908; 4.9086. 

67. .1730; .17294. 

69. By 4-place table; (o) 2.219(10*); (6) 3.222(10-*). 

6L .02323; .023229. 63. .0007867; .0007869.* 

66. (o) .09960; .099698 (sec.): (6) 1396; 1396.3 (cm.). 

67. 145.6; 146.66 (lb. per sec.). 

Exercise 76. Page 184 

1. 1.341; 1.3410. 3. 1.319; 1.3194. 6. - 5.195; - 6.1923. 

7. ± 1.100; ± 1.1001. 9. 11.3; 11.30. 

IL 2.617; - .617;* 2.6166; - .6166.* 

13. 1.153(10»); 1.1636(10*). 16. 5.63;* 6.634.* 

17. (a) 11.72; 11.722 (mm.): (5) eiS.Q®; 613.91". 

19. (a) 11.06; 11.067 (cm.): (5) .842; .8412 (cm.). 

Exercise 76. Page 186 

1. 4.317; 4.3176. 3. 1.291; 1.2911. 6. 2.303; 2.3026. 

7. - 1.449; - 1.4496. 9. - 14.2;* - 14.20.* 

IL (a) 8.382; 8.3822: (6) 1.474; 1.4743. 

Exercise 80. Page 193 

I. 360. 3. 32. 6. 24. 7. 24. 9. 120; 60. 11. 20,160. 

13. 216. 16. (1) 2520; (2) 360; (3) 720; (4) 1440. 17. 600. 

19. 2400. 21. 144. 23. 144. 26. 60. 27. 7200. 29. 72. 

Exercise 81. Page 197 

1. 20. 3. 6. 6. 1320. 7. 4200. 9. 30,240. 11. 60. 

13. 420. 16. (a) 5040; (b) 40,320. 

17. (a) 360; (b) 60; (c) 120; (d) 120. 19. 48. • 21. 1440. 

23. 2880. 26. (a) 3600; (b) 1440. 27. (a) 14,400; (6) 2880. 

29. 336. 31. 483,840. 

Exercise 82. Page 201 

1. (a) 4; (c) 6 3. 21. 6. 20. 7. 4. 9. 20. 

II. (a) 105; (b) 2450; (c) 110. 13. 1,127,251. 16. 5040. 

Exercise 83. Page 203 

1. (a) 20; (6) 42. 3. 81. 6. 1440. 7. 60,480. 

9. (a) 840; (6) 1316. 11. 10,080. 13. 27,720. 16. 1880. 

17. 1152. 19. 91. 21. 151,200. 23. (a) 21; (5) 64. 

* The computation does not yield reliable results beyond the last digit given 
in the answer. 
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26. 480. 

33. 252,000. 

41. Check the answer. 


27. 2520. 
36. 21,000. 


29. (a) 35; (6) 64. 31. 132. 
37. 1728. 39. 240. 

43. Check the answer. 


Exercise 84. Page 206 

1. x' + + 35iV + 35x»y* + 21a:V + 7xi/* + y’, 

,3. - 10x«i/« + 40x«i/« - 80x^1^ + 80x»y“ - 32y«. 

6. - 126xV. 7. 165wV. 

9. x^* + hCiX^*!/ + + 1- 


11. 255. 


1. (a) h (b) i 

7. (a) §; (6) §; (c) S40. 

11. (a) (6) 1^. 

17. (a) (6) 

21. i- 23. itlr- 

29. (a) (6) (c) 

33. m; Hf. 3 


Exercise 86. Page 210 

6. (a) *; ib) 1 %. 

9. (a) (b) h (c) if. 


<|0 91.192 

98.50 6 * 


16 &Al91t 
94 . 089 * 


39. In his 74th year; 


19. (a) A; (b) If; (c) 3%; (rf) if. 

26. If. 27. H. 

r- 31. (a) ii: (6) (c) 3^. 

36. (o) (6) 37. 

r. 41. f. 43. tHt. 


1. (a) *; (6) fV- 3. 

9. (a) i; (6) f. 11. 
17. (a) (6) iV: ttVt* 

21. A, i; B. i; C, i; D, i- 


Exercise 86. Page 216 

3. 6. (a) *: (6) i. 


13. ti. 
19. f. 
23. f. 


7. if^. 

16. (a) (6) ii 


Exercise 87. Page 219 

1* (a) Hf: (6) (c) §m- 3. (a) if: (6) ii; (c) ii, 

6. (o) (5) ff. 7. 1 o?o*6 0 • ®* siy. 

,, (65706)^137841) __ 

(89751)3 - 13* Wf- 


Exercise 89. Page 228 


1 . 6 . 


3. 3. 


Exercise 90. Page 234 


1. For 2d column: 



Ct 

vz 

! 

Cl 

Vi 


Cl 

Vi 

mi 



+ mj 



— mi 




cz 

Vi 


Cj 



c* 

Vi 


6. - 63. 
13. - 35. 


7. zyix — l)(y - 1)(!/ - x). 
16. (x — y)(y - w)(w - x). 


3. 42. 
11. 146. 


9. 60. 
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1 . ( 1 . 2 , - 2 ). 

7. (2, -1,-1, 2). 


Exercise 91. Page 238 

3. (2, - 4, i). 

9. (i 1, - 1, 2. 2). 


3. (2, - i 1, 2). 


Exercise 92. Page 241 

1, Nontrivial solutions exist. 3. No nontrivial solutions. 

11. 1; 13. ±2. 


Exercise 93. Page 246 


X - 4 2x + 1 

6 2,2 4 

‘ y y + 3 (» + 3)» 

9 ^ I 2 3 

(X - 1)« ^ I - 1 I - 2 


3.-^ + -^. 

X - 7 X + 2 

7 2 2 1 
(x - 1)> ^ (x - 1)« I - 1 


Exercise 94. Page 247 


1 ^ I 

2x-5^x’ + 2* 
g 3x + l 1 2 

*i* + 3 x + l"^(x + 1)*' 

9 1^1 ^ 

‘ 1 - 5x 1 -h 3x (1 + 3 j)* 

13 1 2 1 X + 5 


3 ^1 

'x-2"^x* + 2i + 4 
7 3x 2x + 1 
■ x*H-5'^2x* + 3' 

11 1 I 2x + l 

' 3(2x + 1) ^ 3(4x* - 2x + 1) 


16. 


9x - 8 


6x + 5 


17. 


3(x* + x + 4) 3(x* + 2x + 5) ; 

19 5 3x-7 

* X* + 3x + 1 {x» + 3x + 1)* 

21. ; i ? 

(x - 1)2 2x* + X + 1 (2x» + X + 1)* 

23 ^ _ 2 3 _ 2 

* (3x + 2)* 3x + 2 (x - D* X - r 

26 L ■ 3 .5 

’ (2x - 1)* 2x - 1 “*■ (x - 3)» X - 3 


x + 1 2x 
X* + 2 (x* + 2)* 


Exercise 96. Page 264 

1- 1037. 3, .947. 6. 1.649. 7. .479. 9. .100. 

Note 1. In Problems 11-19, the answers are given correct to three decimal 
plac^ for use in case the instructor desires to request greater accuracy than 
specified on page 255. 

11. 1.049. 13. .971. 16. 1.013. 17. 10.488. 19. 2.289. 
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Exercise 97. Page 269 


Note 1. 


21. C. 

23. D. 

26. D. 

27. 



Exercise 98. Page 263 


1. 3. 

3. 1 

6. C. 

7. D, 

9. C. 

11. C, 

13. D. 

16. D. 

19. C. 

21. D. 

23. C. 

26. C. 



Exercise 99. Page 269 


1. C. 

3. C. 

6. C. 

7. D. 


31. C 


17. C. 


11. - 1 ^ a; < 1. 


13. - 4 < K 4. 


17. - 00 < I < CO ; i.e., converges for all values of x. 

2t - 3 ^ I g 3. 23. - 1 < a: < 1. 

27. - 3 g a; - 2 ^ 3, or - 1 ^ X g 5. 


9. D. 

16. - V2 < X < y/2. 
19. - 2 < X < 2. 

26. - 1 < X < 1. 


Exercise 100. Page 276 

- 8. 3. - 6. - 1.8. 

7. 1* + 2> -I- 3* + 4’ + 5* = 225. 9. x, + + :r, + x,. 

11. 6iCi -f" 6iCj + * • • + 6nCn. 

13. i(l>) + i(2=) + i{32) -f - . . + i(7») = 70. 

16. 5 -f 8 + 11 + 14 = 38. 

17. Xxy = xipi + xtyt + • . . + x„i/n; 

2iV * H h Xn*yn*; 

2(1 - y) ~ (xi - IJi) + (jj - t/a) + 1- (Xn - Vn). 

13. ^Uvi*. 21. 23. .4 = 4; <r = 4. 26. ^ - 3.8; <r = .36. 

27. A =* 13251; tr = 4.045, 29. A = 3.174; tr = .02166. 


Exercise 101. Page 278 

1. (1.90, - 2.90). 3. (1.21, 1.39). 6. (.492, 2.60, .0634). 

7 ^ , 52xy - (Zx)(2y) _ f2//)(2:x») - (Sx)(2j?/) 

SSx* - (2x)* ' ^ 5:2x^ - {2x)* 

Exercise 102. Page 282 
!• y « 3x - 7. 3. y = - 3x* + X + 5. 

5* y = - .4094x + 3.035. 7. y = .5726x - .2308. 9. y = .5397x. 

11- y * 31.36f + 466.8; in 1920, about 31.0(10«). 

13. y = .2667x* - .0267x + .8667. 16, y = - 1.394i + 86.982. 

17. y = 1.227x* + 1.682X - 6.091; y = x» - 3x - 5. 

13. y = 2.3 log X - .7. 
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1. For y on x: 
For X on y: 

3. For y on x: 
For X on y: 

6. .993. 


1. y * 3(2»). 3. 

9. y = .0303x* ‘«i. 


Exercise 103. Page 288 

= .367x 4- .633. 

= .786y -h .214. r = .537. 

y - |x + 2. 

X == .973y - 1.946. r = .854. 

7. .055. 

Exercise 104. Page 292 

= 2.14(2.96*). 6. y = 664(.390*). 7. y = 3.70x»-» 

11. y = 10.57(1.6500 where i = (year - 1900) -f- 10. 
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proof of, 206, 225 
Binomial series, 253 
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Change of base for logarithms, 185 
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Common logarithm, 169 
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polar form of a, 126 
powers of a, 128 
roots of a, 130 
Conditional equation, 23 
^njugate imaginaries, 75, 122 
Constant, 48 
Convergence, 251 


Coordinates, 
logarithmic, 190 
rectangular, 47 
semilogarithmic, 187 
Correlation coefficient, 285 
Cubic, general solution of, 160 
Curve fitting, 279 
with exponential functions, 289 
with linear functions, 279 
with power functions, 291 

Degree of a polynomial, 18 
Degree of a term, 18 
De Moivre's theorem, 128, 295 
Dependent equations, 55 
Dependent variable, 49 
Depressed equation, 148 
Descartes’ rule of signs, 144 
Determinant, 
of nth order, 227 
of second order, 60 
of third order, 61 
Discriminant, 75 
Divergence, 251 
Dividend, 2, 10 
Divisor, 2, 10 


Ellipse, 84 
Equation, 23 
of a curve, 53 
of a line, 53 

Equivalent equations, 24 
Exponential equations, 183 
Exponential function, 185 

semilogaritlimic graph of an, 188 
Exponents, 6, 36 
laws of, 6 
positive integral, 6 
Extraneous root, 26, 81 

Factor, definition of a, 2 
Factor theorem, 134 
Factorial n, 100 
Factoring, 12 
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Ferrari’s solution of quartic, 161 
Fractions, 4, 18 
Function, definition of a, 49 
Functional notation, 51 
Fundamental theorem of algebra, 138 


Irrational function, 34 
Irrational number, 33 
Irrational roots, 
obtained graphically, 151 
obtained by Hornei^s method, 156 




Gauss, 138 
Geometric mean, 182 
Geometric means, 108 
Geometric progression, 107 
Graph, 

of an equation, 52 
of a function, 49 
of a polynomial, 137, 142 
of a quadratic equation in two vari- 
ables, 83 

of a quadratic function, 71 
Graphical solution, 
of an equation, 72, 138 
of an inequality, 118 
of a quadratic equation, 72 
of a system of equations, 55, 86 

Harmonic means, 112 
Harmonic progressions, 112 
Harmonic series, 258 
Highest common factor, 18 
Homogeneous linear equations, 239 
Horner’s method, 156 
Hyperbola, 84 

Identical equation, 23 
Imaginary number, 32, 64, 121 
Imaginary roots, theorem on, 140 
Inconsistent equations, 55, 240 
Independent variable, 49 
Index laws, 6, 38 
Index of a radical, 33 
Inequalities, 116 

Infinite geometric progression, 112 
Infinite geometric scries, 114 
Infinite scries, 114, 249 
alternating, 264 
convergence of, 251 
divergence of, 251 
sura of an, 251 

Integral rational equation, 25, 133 
Integral rational function, 133 
Integral rational terra, 7 
Interpolation, for a logarithm, 175 
Inversion, 227 
Irrational equation. 80 


Limit of a sequence, 249 
Limits for real roots, 146 
Limits, theorems on, 250 
Line of best fit, 279 
Line of regression, 284 
Linear equation, 25 
Linear equations, systems of, 
in n unknowns, 235 
in three unknowns, 58 
in two unknowns, 55 
Linear function, 50 
Location of real roots, 150 
Logarithm, 

characteristic of a, 170 
definition of a, 166 
mantissa of a, 170 
Logarithmic coordinates, 190 
Logarithmic equation, 183 
Logarithmic function, 185 
Logarithmic scale, 186 
Logarithms, 

base of a system of, 166 
change of base of, 185 
common, 169 
Naperian or natural, 172 
properties of, 168 
use of a five-place table of, 173 
use of a four-place table of, 173 
Lowest common denominator, 19 
Lowest common multiple, 18 


Mantissa, 170 

Mathematical expectation, 209 
Mathematical induction, 220 
Maximum value, 71, 137 
Mean proportional, 95 
Method of least squares, 
for curve fitting, 279 
for solution of systems of equations, 
276 

Minimum value, 71, 137 
of a quadratic function, 71, 270 
Minors of a determinant, 231 
expansion of a determinant by, 232 
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Modulus, 

of a complex number, 126 
of a system of logarithms, 185 
Monomial, 7 
Mortality table, 209 
Multiple root, 140 


Naperian logarithms, 172 
Napier, 172 

Natural logarit hms ^ 172 
Numbers, 
complex, 65, 121 
imaginary, 32, 65, 121 
pure imaginary, 65, 121 
real, 1 

Numerical value, 3 

Ordinate, 48 

Origin of coordinates, 48 

Parabola, 71 

Parallelogram law for vectors, 124 
Partial fractions, 243 
Pascal’s triangle, 100 
Percentage, 28 
Perfect square, 8 
Permutations, 193 
circular, 196 
linear, 196 
Polynomial, 7 
factored form of a, 139 
integral rational, 133 
Power function, log-graph of a, 191 
Power series, 268 

Present value at simple interest, 29 
Prime factor, 12 
Principal root, 33 
Probability, 207 

of dependent events, 214 
of independent events, 215 
involving successive trials, 217 
of mutually exclusive events, 213 
Progressions, 
arithmetic, 103 
geometric, 107 
harmonic, 112 
Proportion, 94 
Proportionality, 95 
Pure imaginary, 65, 121 
Pure quadratic equation, 66 


Quadratic in one unknown, 66 
discriminant of a, 75 
formula for solution of a, 69 
graphical solution of a, 72 
Quadratic equation in two variables, 83 
Quadratic form, equation in, 79 
Quadratic formula, 69 
Quadratic function, 71 
Quotient, 2 


Radicals, 8, 33 
properties of, 34 
simplification of, 45 
Radicand, 8, 33 
Ratio, 2, 94 

Ratio test for convergence, 260, 267 

Rational function, 34 

Rational number, 33 

Rational roots, 147 

Rationalizing a denominator, 42 

Real number, 1 

Reciprocal, 21 

Regression lines, 284 

Remainder, 10 

Remainder theorem, 133 

Repeating decimal, 114 

Resolvent cubic, 162 

Root of an equation, 24 

Root of a number, 32 

Roots of complex numbers, 130 

Series; see Infinite series 
Semilogarithmic coordinates, 187 
Significant digits, 163 
Signs, laws of, 3 
Simple interest, 29 
Simple root, 139 
Slope of a line, 54 
Slope-intercept equation, 54 
Solution, algebraic, 
of the cubic, IGO 
of the quadratic, 69 
of the quartic, 161 
Solution, defined for, 

an equation in one variable, 24 
an equation in two variables, 55 
an inequality, 116 
Square root, 8, 32 
Standard deviation, 271 
Summation notation, 273 
Synthetic division, 135 
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Systems involving quadratics, 83 
Systems of Uneatr equations, 
in n unknowns, 235, 240 
in three unknowns, 58 
in two unknowns, 55 


Trinomial, 7 


Unknowns, 24 


Tartaglia, 161 
Theory of equations, 133 
Trend line, 281 

Transformation of an equation, 

to change the signs of the roots, 143 
to decrease the roots, 154 
to multiply the roots, 149 


Variable, 48 

Variation, language of, 95 
Variations in sign, 144 
Vieta, 161 


Wessel, 125 
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